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ABSTRACT. We develop a theory of analytic rings relative to connective Eos-algebras in
condensed spectra and apply it to the construction of a six-functor formalism for solid
quasicoherent sheaves on spectral algebraic stacks. This extends work of Clausen—Scholze
in the case of static rings, and of Hansen—Mann, L. Mann, and Rodriguez Camargo in

the animated setting.
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1. INTRODUCTION

1.1. Results. This work concerns the construction of a six-functor formalism for
solid quasicoherent sheaves in spectral algebraic geometry. The geometric objects
of this setting, the spectral algebraic stacks, carry a natural theory of quasicoherent
sheaves and their cohomology. Our main result, stated here with some imprecision, is
that once quasicoherent sheaves are replaced by their solid analogues from condensed
mathematics, this cohomology theory upgrades to a six-functor formalism.

Theorem (6.30). Let x be an uncountable regular cardinal. There is a six-functor
formalism X +— QCohy(X) on the (oo, 1)-category Stk, of x-small spectral alge-
braic stacks for the faithfully flat and finitely presented topology, assigning to each
X its closed symmetric monoidal (0o, 1)-category QCoh,(X) of solid quasicoherent
sheaves, with the following properties:

(1) For every morphism f : X — Y there is an adjoint pair
f*: QCohy(Y) = QCoh,(X) : f

with f* symmetric monoidal.

(2) For every morphism f : X — Y that locally in the faithfully flat and finitely
presented topology factors as an integral morphism followed by a finitely
presented morphism, there is a further adjoint pair

fi : QCoh,(X) = QCoh,(Y) : f*

satisfying proper base change and the projection formula.

(3) For every morphism f : X — Y that locally in the faithfully flat and finitely
presented topology factors as Spec(C') — Spec(B) — Spec(A) with A — B
flat and almost of finite presentation, and C' perfect over B, there is a natural
equivalence

F(—) 2wy ®% f5(~) : QCoh,(Y) — QCoh,(X),

where wy := f'ly € QCoh,(X) is the dualizing sheaf of f.
(3.1) If f is a fiber-smooth map of x-small affine spectral schemes, then wy is
®%-invertible.
(3.2) If f is étale-locally an étale morphism, then wy ~ 1x.
(4) If f is a proper morphism of x-small affine spectral schemes, then there is a
natural equivalence

fi(=) ~ fi(—) : QCohy(X) — QCoh,(Y).

(5) If f: X — Y is as in (3), then the following variant of Grothendieck—Verdier
duality holds.
(5.1) The natural morphism Homy (fiM, N) — f,Hom y (M, f'N) is an equiv-
alence in QCoh,(Y) for all M € QCoh,(X), N € QCoh,(Y).
(5.2) The functor given on objects by M — Homy(M,wys) is an anti-
autoequivalence of the full subcategory Cohn (X, f) of f-coherent sheaves.
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The theorem sits at the confluence of several areas of mathematics: stable ho-
motopy theory and spectral algebraic geometry, the abstract theory of six-functor
formalisms, and condensed mathematics.

In stable homotopy theory the Abelian groups of ordinary algebra give way to
the (oo, 1)-category Sp of spectra, the modules over the sphere spectrum S, with
connective E-algebras in Sp taking the place of commutative rings. Following
Lurie [Lurl8], one builds algebraic geometry over such rings, obtaining spectral
analogues of the objects of algebraic geometry — among them the spectral algebraic
stacks and quasicoherent sheaves above.

A sheaf theory is often organized by a six-functor formalism, which records the
pushforward and pullback functors, their exceptional counterparts, and the coher-
ences among them. An abstract (oo, 1)-categorical account of such formalisms, inde-
pendent of any one geometric context — étale sheaves, D-modules, and the like — has
emerged in recent work of Gaitsgory—Rozenblyum [GR17], Heyer—L. Mann [HM24],
Liu-Zheng [LZ12], L. Mann [Man22], and Scholze [Sch26c¢]. One would like the qua-
sicoherent sheaves of spectral algebraic geometry to fit into such a formalism. As
in the classical setting, they do not: the exceptional pushforward fi is not defined
beyond the case of proper morphisms.

The remedy is due to the condensed mathematics of Clausen and Scholze. They
observe that the obstruction can be overcome by enlarging the category of sheaves,
replacing quasicoherent sheaves by their topologically complete, or solid, analogues.
Within this enlargement, the exceptional pushforward exists for morphisms of finite
type [Sch26b, Thm. 8.13] and the six operations assemble into a full six-functor
formalism.

The present work carries this out in the setting of spectral algebraic geometry,
generalizing the solid six-functor formalism of Clausen and Scholze in the static
case [Sch26b, CS26] and of Hansen—L. Mann [HM26, §2.7], L. Mann [Man22, §2.9],
and Rodriguez Camargo [RC26] in the animated setting. The passage to connec-
tive E rings is a generalization of the static and animated frameworks, with the
forgetful functor from animated rings to connective Ey-algebras over Z exhibiting
the animated theory as a special case. It is also where the difficulty lies, for the
structural conveniences of animated algebra are unavailable over the sphere: the
free E-algebra over the sphere S{T'} ~ €, -, X°BY,, is of infinite Tor-amplitude,
so key factorizations underlying the animated arguments do not transfer.

1.2. Leitfaden. We now describe the contents in more detail. The foundation is
a theory of analytic rings relative to connective E.-algebras in condensed spectra,
generalizing the analytic rings of Clausen—Scholze and their animated refinements,
and its construction occupies much of the work. With this theory in place we spe-
cialize to the solid setting, building the six operations first on affine spectral schemes
and then on stacks, where a form of Grothendieck—Verdier duality is recovered.

1.2.1. Condensed spectra and solid spectra. Section 2 recalls the light condensed
mathematics adopted throughout. Unlike in the animated setting, where the theory
can be built by applying universal constructions such as animation to the static
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case, we are forced to work with (oo, 1)-categorical constructions from the start.
The (00, 1)-categories of condensed animae CondAni and condensed spectra CondSp
are constructed in Sections 2.1 and 2.2 as hypercomplete sheaves on the site of light
profinite sets, and their basic properties are established. Solid spectra are defined
in Section 2.3, where the definition of Wagner [Wag25, §B.6] through summability
of nullsequences is shown to agree with that of Clausen [Cla25, Def. 13.2] through
homotopy groups (Theorem 2.13).

1.2.2. Analytic Eoo-1ings. Section 3 develops the theory of analytic Eq-rings. Sec-
tion 3.1 introduces the central object, a condensed E,,-ring together with a distin-
guished subcategory of its modules.

Definition (3.1). Let A~ be a connective E.-algebra object in CondSp. An analytic
Eoo-ring on A”-modules is a pair A := (A", Mod,4) where Mod4 C Mody4- is a full
subcategory of A”-modules in condensed spectra such that:
(i) Mody is closed under small limits and colimits in Mod 4-.
(ii) Mod 4 is CondSp-linear: Hom 4. (M, N) € Mod 4 for M € Mod -, N € Mod 4.
(iii) The left adjoint L4 : Mod 4~ — Mody4 to the inclusion is right t-exact.

Properties of A-analytic modules are studied in Section 3.2, and the functoriality
of the (oo, 1)-category AnCAlg of analytic Eo-rings, together with its colimits, in
Section 3.3. Section 3.4 constructs completions (Theorem 3.18), the passage to
the full subcategory AnCAlg”" of complete analytic Eoo-rings where A~ € Mody C
Mod 4>. This is simpler here than in the animated setting: the completion of an
analytic Eo-ring is again an analytic E.,-ring, whereas endowing the completion
of an animated analytic ring with an animated structure is delicate. Section 3.5
establishes a topological invariance phenomenon, showing that an analytic Es-ring
structure is detected on the heart and so recorded by a purely static datum over
mo(A”) (Theorem 3.21). Section 3.6 then turns to the internal finiteness structure
of Mod 4, relating nuclearity and dualizability (Proposition 3.31) as a special case
of the discussion in Appendix B.

1.2.3. Morphisms of analytic Es-rings. Section 4 takes up morphisms in earnest.
Section 4.1 records the E ,-analogue of a construction principle of Scholze, pro-
moting a morphism of the underlying rings to one of analytic E-rings under a
compatibility on 7 (Proposition 4.1). Section 4.2 treats the steady morphisms.

Definition (4.3). A morphism (A*,Mod4) — (B”,Modpg) in AnCAlg" is steady if
for every morphism (A”,Mod4) — (C”,Mod¢) and coCartesian square with pushout
(D",Modp) the natural morphism
B®a (M[a-) — (D ©c M)|p-
is an equivalence in Modpg for all M € Mod¢.
For a morphism of analytic E,.-rings, the scalar extension Mods4 — Modpg need

not be tensoring with B” regarded as an algebra in Mod,, so base change is not
automatic.
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Section 4.3 treats open immersions (Definition 4.6) and, in particular, a restricted
form of an expectation of Peter Scholze, relayed to us by L. Mann, that open im-
mersions are detected on the heart. The recognition reduces the question to the
underlying static analytic rings once the analytic Tor-amplitude is at most one.

Proposition (4.15). Let (A, Mod4) — (B”,Modpg) be a morphism of complete
analytic Eoo-rings with B ® 4 mo(A”) ~ mo(B") and such that:
(i) The right adjoint (—)|4> : Modp — Mod 4 to scalar extension is fully faithful.
(ii) The functor mo(B) @y 4) — is of analytic Tor-amplitude < 1.
(iii) The t-structure on Mody4 is compatible with small products, and the induced
morphism (7o(A”), Mod(4)) = (mo(B”), Mod(p)) is an open immersion.
Then (A”,Mod4) — (B”,Modp) is an open immersion.

Section 4.4 treats the complementary analytically proper morphisms and their
base change and projection formulae. Together the open immersions and analyt-
ically proper morphisms form a suitable decomposition of a geometric setup on
AnAff := (AnCAIg")OPP (Lemma 4.25), from which Section 4.5 constructs a six-
functor formalism on analytic Eo-rings (Proposition 4.29), following the framework
of [HM24, §2-3]. Section 4.6 closes with a discussion of descent for analytic modules
(Theorem 4.46), building on work of Mikami [Mik24, §2] and L. Mann’s formalism
of steady endofunctors [Man22, §2.5-2.6].

1.2.4. Discrete solid B -rings. Section 5 begins the study of discrete solid Eoo-rings.
The solid spectra of Section 2.3 assemble into an analytic E.-ring over the sphere,
the solid sphere S of Section 5.1, whose generators are internally compact projective
rather than merely wi-compact (Proposition 5.3, cf. Proposition 3.5). The same
construction, carried out on compact projective algebras and extended by sifted
colimits, produces the discrete solid E,.-ring A5 of an arbitrary connective E.o-
algebra A € CAlg®™ in Section 5.2 (Proposition 5.7). Section 5.3 refines these to
discrete spectral Huber pairs.

Definition (5.12). Let A € CAlg™. A discrete spectral Huber pair (A, AT) is a
morphism AT — A in CAlg®™ such that mo(A") C mp(A) is an integrally closed
subring of mo(A). A morphism of discrete spectral Huber pairs f : (A, A*) — (B, BT)
is a morphism f: A — B in CAlg® with mo(f)(mo(A™1)) C mo(B™).

In contrast to the extant literature on the animated theory, the plus-part AT is
permitted to be non-static, the subring condition being imposed only on my. Such
pairs give rise to complete analytic Eoo-rings by a fully faithful functor (Lemmas 5.15
and 5.18), and afford both finer control of the solid structure and a convenient
factorization of morphisms through an analytically proper one (Proposition 5.20).
Section 5.4 shows that over a discrete solid Huber ring the nuclear objects are
exactly the discrete ones, so every dualizable object is discrete and Aj is Fredholm
(Propositions 5.21 and 5.22).

The exceptional pushforwards rest on the factorization discrete spectral Huber
pairs supply. The morphisms carrying them are those of finite expansion (Def-
inition 5.25), the morphisms A — B in CAIg™" admitting a factorization A —
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A{T\,...,T,,} — B through a free Eo-algebra with mo(A{T1,...,T,}) — mo(B) in-
tegral. The construction of fy 4 f' for such a morphism reduces to the free-algebra
map Sy, — S{T'}, treated in Sections 5.5 and 5.6.

Proposition (5.28). Let f : S; — S{T'} be the morphism of discrete solid Eo-rings
to the free E .-algebra.

(1) f admits a factorization S, & (S{T'},S)y & S{T'}, in which p is analytically
proper and j an open immersion.

(2) The functor fi := puji : Modsyry, — Mods, preserves small colimits and
satisfies the projection formula.

That j is an open immersion is shown in two ways, either through the idempotent
algebra of Section 5.5 or by the recognition criterion of Proposition 4.15 described
above. Base change gives the free algebra in finitely many variables over an arbi-
trary ring. Noting that integral morphisms are analytically proper, the two factors
yield the exceptional functors of any finite-expansion morphism (Theorem 5.29).
Section 5.7 develops the structure theory of the flat, almost of finite presentation
morphisms after Mikami, on which Section 5.8 shows discrete solid E.-rings satisfy
descent for the faithfully flat and finitely presented topology.

Theorem (5.36). Let Ay — B be a finitely presented and faithfully flat morphism
of discrete solid E,.-rings. Then the functor

Mod 4, — [}zﬁlenA MOngg)AD(nJrl)

is an equivalence.

1.2.5. Six operations for solid quasicoherent sheaves. Section 6 constructs the six-
functor formalism for solid quasicoherent sheaves. On x-small affine spectral schemes
it is obtained in Section 6.1 by restricting the formalism on complete analytic Eyo-
rings along the embedding of discrete solid Eo-rings (Proposition 6.4).

Section 6.2 studies the prim, suave, and smooth morphisms of Heyer—L. Mann
in this setting, where the divergence from the animated theory is sharpest. In the
animated setting, a morphism of solid affine schemes is suave if and only if it is
almost of finite presentation and of finite Tor-amplitude. The proof there rests on
a structure theorem factoring such a morphism as A — A[T1,...,T,] — B over the
polynomial algebra, and no such theorem is available over the sphere. We isolate
instead the pseudo-lisse morphisms — those factoring as A - B — C with A — B
flat and almost of finite presentation and C' perfect over B — and prove they are
O-suave (Proposition 6.12), though it is not clear that all O-suave morphisms are of
this form (Remark 6.14).

Section 6.3 introduces the perfect and f-coherent sheaves and their duality. Sec-
tion 6.4 globalizes the affine formalism to spectral algebraic stacks by descent for
the faithfully flat and finitely presented topology (Theorem 6.20), using that such
morphisms are O-suave (Lemma 6.23) to reduce many questions to the affine case.
Section 6.5 then develops Grothendieck—Verdier duality (Theorem 6.29) and restates
the main theorem.
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1.2.6. Appendix A: t-bistable categories and their localizations. Appendix A collects
results in (oo, 1)-category theory that we could not find in the literature. Several
statements usually proved for analytic rings already hold for stable presentable cat-
egories carrying compatible ¢- and symmetric monoidal structures — the ¢-bistable
categories. We work at this level of generality, both to clarify the hypotheses on
which the statements rest, and because we expect them to be of independent inter-
est. The localizations of such categories, and the recognition of symmetric monoidal
localizations with smashing kernel, imply many of the topological invariance results
of Section 3.5 and underlie the previously described open-immersion criterion of
Section 4.3.

1.2.7. Appendix B: Nuclearity in the k-presentable setting. Appendix B treats trace
class morphisms and nuclear objects in stable k-presentably symmetric monoidal
(00, 1)-categories with compact unit, showing that the compact-generation hypothe-
ses of [CS26, Lectures VIII & IX] are unnecessary for the categories of interest.
The nuclear objects (Definition B.6) form a full subcategory closed under small
colimits, and an object is dualizable exactly when it is compact and nuclear (Propo-
sition B.14).

1.2.8. Appendiz C: Commutative algebra of Eo-rings. Appendix C records auxil-
iary results in the commutative algebra of connective Eyo-algebras in Sp. Finiteness
properties of modules and morphisms are recalled in Appendix C.1. We then intro-
duce in Appendix C.2 the morphisms of finite expansion, due to Hamacher [Ham19]
in the static case. We adapt this to the E,, setting and verify its permanence
properties (Proposition C.11). Appendix C.3 concludes with the pseudo-lisse mor-
phisms A — C of connective E..-algebras in Sp, those admitting a factorization
A — B — C with B flat and almost of finite presentation over A and C perfect as a
B-module, alongside the elementary pseudo-lisse morphisms, where B is required to
be the polynomial algebra over A in finitely many variables (Definition C.13), and
their basic properties (Proposition C.14).

1.3. Notation and conventions. In the rest of this text, we will work with oco-
categories and oo-categorical algebra throughout following [Lur09, Lurl7, Ker24],
referring to (0o, 1)-categories as categories and distinguishing ordinary categories as
needed. We will adopt the following:

e Ani and Sp will refer to the categories of animae (also known as spaces) and
spectra, respectively.

e Prt will refer to Lurie’s category of presentable categories and left adjoint
functors. For a regular cardinal &, Pr,'; will refer to Lurie’s category of
k-presentable categories — the non-full subcategory of Prt spanned by the
k-presentable categories and functors preserving k-compact objects. Prt ad-
mits a symmetric monoidal structure via the Lurie tensor product which
restricts to a symmetric monoidal structure on Prt.

e We say a category € is presentably symmetric monoidal if € is symmetric
monoidal and the tensor product preserves small colimits separately in each
argument. This implies that € is closed symmetric monoidal. For a regular
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cardinal x, we say C is s-presentably symmetric monoidal if € € CAlg(PrL):
that is, the unit 1¢ is k-compact and the tensor product preserves k-compact
objects.

Additionally, we will make use of the theory of (light) condensed mathematics as
developed by Clausen and Scholze, the language of enriched categories (ie. enriched
oo-categories), as well as the axiomatic perspective on six-functor formalisms. We
refer the reader to [Sch26b, Sch26a, CS26, CS523, RC26] as references for (light)
condensed mathematics, [Man22, HM24, Ram24a, Ram24b, RZ25] for enriched cat-
egories, and [Man22, HM24, CLL26] for abstract six-functor formalisms. We will
adopt the following:

e Condensed objects are assumed to be light, that is, hypersheaves on the
category PFiny of profinite sets arising as sequential limits of finite sets and
continuous maps between them.

e An object is said to be static if it is O-truncated as an object (eg. if it
lies in the heart of a ¢-structured stable category), reserving discreteness for
condensed objects satisfying a certain property.

e For a category C enriched in a category V, we will denote by More(—, —) and
Homg(—, —) the Ani-valued and V-valued morphisms, respectively. When
C is stable and V = Sp, we write Homgp(—,—) as Home(—,—). If Cis
closed symmetric monoidal (eg. presentably symmetric monoidal) we will
use Home(—, —) to refer to the mapping object internal to C.

In this text, we have at times elected to deviate our nomenclature and notation from
the extant literature. We have done so only where, in our judgment, the alternative
conventions render the underlying ideas more transparent — first to ourselves, and,
we hope, to the reader. In each such instance, the justification for our choice is
given in the remark immediately succeeding the definition in which the deviation is
introduced. We apologize in advance for any unnecessary confusion these departures
may cause the reader already accustomed to the established terminology.

1.4. Acknowledgements. I would like to thank my advisors: Dr. Lucas Mann, for
his most felicitous choice of topic for my master’s thesis, for his generosity in discus-
sion and critique, and for his unwavering support throughout the year; and Prof. Dr.
Peter Scholze, for the inspiring courses he taught as well as for helpful conversations
and correspondence. I have been fortunate to discuss the content of this thesis, in
part or in whole, with various mathematicians. I thank Benjamin Antieau, Daniel
Arone, Sam Brinkerhoff, Dustin Clausen, Thorger Geif}, Niklas Kipp, Jordan Levin,
Jiacheng Liang, Niko Naumann, Marius Nielsen, Lucas Piessevaux, Phil Piitzstiick,
Maxime Ramzi, Gabriel Ribeiro, Florian Riedel, Maria Stroe, Ferdinand Wagner,
and Yuchen Wu for conversations that have shaped this work, even if not always in
its content. I am particularly grateful to Maria Stroe, who read a draft with great
care.
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2. CONDENSED SPECTRA AND SOLID SPECTRA

Lurie’s theory of presentable categories produces, from a small site € and a pre-
sentable category V, the hypercomplete V-valued sheaves on € as the Lurie tensor
product of the hypercomplete topos of € with V. The category of condensed animae
is such a hypercomplete topos, and furnishes the basic building block of homotopy-
coherent condensed mathematics, and of condensed spectra in particular.

We recall its construction after Clausen [Cla25, §4], building on earlier work of
Barwick—Glasman—Haine [BGH20, §13] and Wolf [Wol22], before forming the stable
category of condensed spectra by tensoring with Sp. Solid spectra are then isolated
within condensed spectra as the analogue of the derived category of solid condensed
Abelian groups, and the descriptions of Clausen [Cla25, Def. 13.2] and Wagner
[Wag25, §B.6] are shown to agree.

2.1. Condensed animae. It was observed by Johnstone that the category CHaus
of compact Hausdorff spaces is monadic over Sets through the ultrafilter monad
[Joh&6, §I11.2.4], indicating that a better-behaved topological algebra should follow
from the algebraic character of such spaces. This expectation is realized in part
by the condensed mathematics of Clausen—Scholze [Sch26b], built from set-valued
sheaves on profinite sets for the Grothendieck pretopology of finite jointly surjective
covers.

For most purposes it suffices to restrict to those profinite sets arising as sequen-
tial limits of finite discrete spaces, which form an essentially small category and
yield the light condensed mathematics used throughout this work. These profinite
sets organize into a Grothendieck site whose hypercomplete sheaves are the (light)
condensed animae.

Definition 2.1. The category of light profinite sets PFiny is the sequential Pro-
category of finite sets.

Lemma 2.2. Let S € PFiny and say a family {S; — Shi<i<n in (PFiny)/g is
a covering family if [[,.,., S — S is a surjection. The collection of covering
families defines a Grothendieck pretopology on PFiny. We refer to the corresponding
Grothendieck topology as the finitary Grothendieck topology.

Proof. This follows from the discussion in [RC26, §2.2]. More explicitly, the covering
sieves for the finitary Grothendieck topology on PFiny are those sieves that contain
a sieve generated by a covering family. O

Definition 2.3. The category of condensed animae CondAni is the category of
hypercomplete Ani-valued sheaves on PFiny with respect to the finitary Grothendieck
topology of Lemma 2.2.

Two properties of condensed animae recur throughout.

Proposition 2.4. Let CondAni be the category of condensed animae.

(1) CondAni is an w;-presentable topos.
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(2) CondAni is a replete topos: if
XZIIIH(—)Xg—)Xl —>X0>
n

is a sequential diagram in CondAni with transition maps that are effective
epimorphisms then each X — X, is an effective epimorphism.

Proof of (1). That CondAni is a topos is immediate from construction. For wi-
presentability, note that the presheaf category PShv(PFiny; Ani) is w-presentable so
by [Lur09, Lem. 5.5.1.4] it suffices to show the inclusion CondAni < PShv(PFiny; Ani),
right adjoint to the formation of hypersheaves, preserves wi-filtered colimits. Noting
that wq-filtered colimits commute with countable limits in Ani [Lur09, Prop. 5.3.3.3],
the inclusion preserves them, and the claim follows. ]

Proof of (2). This is [Cla25, Lem. 4.9]. O

2.2. Condensed spectra. Condensed animae form a presentable topos, and it is
by tensoring with spectra that the stable homotopy theory underlying the rest of
this work is obtained. The construction rests on the following general identification.

Proposition 2.5. Let € be a site with associated hypercomplete topos X and V
a presentable category. Then precomposition with the functor € — X induces an
equivalence of categories X @ V = Shv(C; V).

Proof. This follows by combining [Lurl8, Rmk. 1.3.1.6], which identifies X ® V with
V-valued sheaves on X, with [HM24, Lem. A.4.22]. O

The derived category of condensed Abelian groups occupies the central position
in animated analytic geometry, and condensed spectra take over that role here as
its spectral, homotopy-coherent counterpart.

Definition 2.6. The category of condensed spectra CondSp is the category of Sp-
valued hypersheaves on PFiny with respect to the finitary Grothendieck topology of
Lemma 2.2.

Remark 2.7. By Proposition 2.5 and [Lurl8, Rmk. 1.3.2.2], the category of con-
densed spectra is defined equivalently as CondAni ® Sp or as spectrum objects in
condensed animae.

For the following, recall the notions of an wi-presentably symmetric monoidal
category from Section 1.3 and of a compact projective object from Definition A.6
(1). With this terminology, the elementary properties of condensed spectra are as
follows.

Theorem 2.8. Let CondSp be the category of condensed spectra.

(1) CondSp is a stable wi-presentably symmetric monoidal category with com-
pact projective unit S.

(2) CondSp admits an accessible t-structure (CondSps, CondSp.) with the fol-
lowing properties: - -
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(i) CondSpsg, CondSp( are spanned by those condensed spectra M such
that the homotopy sheaves 7y, (M) vanish for k& < 0 and k > 0, respec-
tively. The heart of this ¢-structure is equivalent to the category of
(static) condensed Abelian groups CondAb.

(ii) CondSps( contains the unit in CondSp and is closed under tensor prod-
ucts in CondSp.

(iii) CondSp is closed under filtered colimits in CondSp.
(iv) CondSps is closed under countable products in CondSp.

(v) The t-structure on CondSp is both left and right complete.

(3) There is a t-exact symmetric monoidal equivalence of categories

Mods)(CondSp) ~ D(CondAb).

Proof of (1). Defining CondSp as the Lurie tensor product CondAni ® Sp, the state-
ment on wi-presentability of the underlying category follows readily from the fact
that the Lurie tensor product on presentable categories restricts to one on Pr,'; for all
regular cardinals x [Lurl7, Lem. 5.3.2.11]. Stability follows from the identification
CondSp ~ Sp(CondAni) in Remark 2.7. The category admits a symmetric monoidal
structure by [Lurlg, §1.3.4].

For compactness of the unit, we note that every hypercover of the singleton splits,
so Homcondsp(S, —) : CondSp — Sp preserves filtered colimits which, in conjunction
with the finite colimit preservation furnished by exactness, shows the functor pre-
serves small colimits and thus gives compactness of S. For projectivity, we show
that Homcondsp (S, —) : CondSp — Sp given on objects by M — M () is t-exact. For
k € Z, mp(M(x)) ~ m(M)(*) as sheafification of the pointwise homotopy presheaf
does not change values at the singleton. Since the ¢-structure on CondSp is charac-
terized by homotopy sheaves, the functor is t-exact.

The unit is compact, in particular wi-compact, so it remains to show that the
tensor product preserves wi-compact objects. The tensor product on CondSp is
exact and preserves small colimits separately in each argument, so using symmetric
monoidality of ¥° : CondAni — CondSp, we have

S[Sl] ®Cond$p S[SQ] ~ Ef(Sl) ®CondSp Ef(SQ) ~ Ef(Sl X SQ) ~ S[Sl X SQ]

for S1,S2 € PFiny. PFiny admits countable limits [RC26, Prop. 2.1.4], so S1 x Sy is
light profinite and S[Sy x Sa] is wi-compact. The free condensed spectra S[S] for S €
PFiny are wi-compact and generate CondSp under small colimits and shifts. Hence
an object of CondSp is wi-compact if and only if it is contained in the minimal full
subcategory of CondSp closed under countable colimits and shifts and containing the
free condensed spectra on light profinite sets — such a category is already idempotent
complete by [Lur09, Cor. 4.4.5.15]. Since the tensor product is exact and preserves
colimits separately in each variable, the computation on generators above shows
that binary tensors of wi-compact objects are wi-compact. Thus CondSp is wi-
presentably symmetric monoidal. O

Proof of (2). [Lurl8, Prop. 1.3.2.7] gives all properties but the condition on count-
able products and left completeness.
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[Cla25, Lem. 4.10 (4)] implies that countable products in CondSp are t-exact. In
particular, they preserve connective objects, so CondSp- is closed under countable
products. -

For left completeness, note that the category of condensed animae is a Postnikov
complete topos [MR25, Thm. A] as its underlying 1-topos of condensed sets is
replete [RC26, Prop. 2.1.4 & Rmk. 2.2.2]. The t-structure on Sp-valued sheaves is
then left complete by [MR25, Cor. 3.26]. O

Proof of (3). This is [Bri25, Cor. 2.6.7 & 2.6.9]. O

Remark 2.9. The conditions of Theorem 2.8 (1) and (2) show that CondSp is a pre-
sentably symmetric monoidal ¢ T-bistable category in the sense of Definition A.15 (2),
which situates condensed spectra within the framework of the ¢T-bistable categories
discussed in Appendix A.

2.3. Solid spectra. A solid condensed Abelian group is one in which nullsequences
are summable, a condition encoded by the shift operator on the free condensed
Abelian group on the nullsequence. The same construction applies to condensed
spectra: a condensed spectrum is solid when this shift condition holds for S[Ny],
following Wagner [Wag25, §B.6]. This coincides with the formulation of Clausen
[Cla25, Def. 13.2], under which solidity is tested on homotopy groups.

Definition 2.10. Let N U {oo} be the one-point compactification of the natural
numbers as a light profinite set and S[Ny] := cofib(S[{oc}] — S[NU {oc}]) be the
cofiber of the morphism of condensed spectra induced by the inclusion {co} —
N U {oo} in PFiny C CondAni.

(1) A condensed spectrum M is solid if the natural morphism
id—o": HO7HlCondSp(S[NOO]? M) — HO7H1Cond5p(S[NO0]7 M)

induced by the shift operator o given by n +— n + 1 on N U {oo} is an
equivalence.

(2) The category of solid spectra CondSp” is the full subcategory of CondSp
spanned by the solid spectra.

The following records the colimit behaviour of the internal hom out of the nullse-
quence quotient, reducing it to Brink’s computation for internal cohomology of free
condensed spectra on light profinite sets [Bri25, Lem. 2.7.1].

Lemma 2.11. Let S[Ny] := cofib(S[{oco}] — S[N U {oc}]) be the object of Defini-
tion 2.10. Then the functor Home,ngs,(S[Neo], —) : CondSp — CondSp commutes
with direct sums of uniformly bounded above objects:

mCondSp (S[NOO]’ @ MZ) = @mCondSp (S[NOOL MZ)

el el

for every k > 0 and every family {M;};c; € CondSpy.
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Proof. Applying Hom,,4s,(—, —) to the (co)fiber sequence S[{oo}] — S[NU{oo}] —
S[Nso] in the first argument gives a (co)fiber sequence

mCondSp(S[Nw]7 _) - mCondSp(S[N U {OO}], _) - mCondSp(S[{m}]’ _)

of endofunctors of CondSp. By [Bri25, Lem. 2.7.1], the latter two functors commute
with filtered colimits of uniformly bounded above objects. Since limits and colimits
in functor categories are computed pointwise, and finite limits commute with filtered
colimits in CondSp, Homcy,gs,(S[Noc], —) preserves filtered colimits of uniformly
bounded above objects.

Now in the case of direct sums, we may write @,.; M; as a filtered colimit of its
finite subsums. Since Homcngs,(S[Noo], —) is exact it preserves finite direct sums,
and additionally preserves filtered colimits, giving the claim. g

Proposition 2.12. Let S[Ny] := cofib(S[{cc}] — SN U {c0}]) be the object of
Definition 2.10. The object S[N] is an internally compact projective object of
CondSp in the sense of Definition A.20: Home,pgs,(S[Neo], —) : CondSp — CondSp
is t-exact and preserves small colimits.

Proof. We first treat t-exactness. Note S[Ny| is connective, being the cofiber of
connective objects, so Homcyags,(S[Noo], —) is exact, limit-preserving, and left ¢-
exact as an endofunctor of CondSp as it is right adjoint to the right ¢t-exact left adjoint
S[Noo] ®condsp — [BBDS&2, Prop. 1.3.17 (ii)]. The equivalence of Theorem 2.8 (3),
being t-exact, identifies the respective hearts. Under this identification, Lemma A.18
(2) and Proposition A.19 (1) identify the restriction of Homegpgs, (S[Neo], —) to the
heart with Homqcongap) (Z[Neo], —)|s- By internal projectivity of Z[Noo] in CondAb
[RC26, Thm. 2.3.3], the latter agrees with Homc,ngap(Z[Noo], —)|s [RC26, Rmk.
3.2.2] and hence preserves the heart. Furthermore, CondSp is lim!-epi-acyclic by
Remark A.13, its heart being Abelian sheaves on the replete 1-topos of condensed
sets [RC26, Prop. 2.1.4 & Rmk. 2.2.2], so the hypotheses of Proposition A.14 are
satisfied and Homcongs, (S[Noo], —) is t-exact.

By exactness of Homc,ngs,(S[Neo], —), preservation of small colimits can be re-
duced to the preservation of direct sums. Note that CondSp., is closed under
arbitrary direct sums in CondSp. Indeed, every direct sum is the filtered colimit
of its finite subsums, the latter belong to CondSp.;, and CondSp.,, is closed under
filtered colimits by compatibility with filtered colimits Theorem 2.8 (2) (iii). Hence
direct sums of objects of CondSp.; agree with those in CondSp. For a direct sum
D,c; M;, we have 1<}, P, M; :_@iel T<M; by commuting Postnikov truncation,
a left adjoint, with the colimit so @,.; M; ~ limy, 7<), @, ; M; ~ limy, @, 7<1M;
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by left completeness. We then compute

HoirnCondSp (S[Noo]v @ Ml) = th?lHOimCondSp (S[NOO]> @ T<]€Mi>

iel el
o~ lilgn @ Homcongsp (S[Noo), 7<xM;)  Lemma 2.11
el
~ lil£n EB T<rpHomegngs, (S[Noo], Mi)  t-exactness

el
o~ h/?l T<k GE? Homcongsp (S[Noo), Mi)  7<k left adj.
~ @ Hom,ngsp (S[Neo], M) left compl.
iel
yielding the claim. O

With this key computation in hand, the closure properties and the homotopy
group criterion follow directly.

Theorem 2.13. Let CondSp” be the category of solid spectra.
(1) CondSp” is closed under small limits, small colimits, and extensions in
CondSp.
(2) If M € CondSp then M € CondSp” if and only if 7 (M) € CondAb" for all
keZ.

Proof of (1). The functor Home,pgs,(S[Neo], —) is a right adjoint, hence preserves
small limits. Closure of CondSp” under small colimits follows from internal compact
projectivity shown in Proposition 2.12. For closure under extensions, we let M; —
My — M3 be a (co)fiber sequence in CondSp with M, M3 € CondSp”~. Contemplate
the diagram

My ——— My ——— 0

| | !

0— s My —— My[1]

where both squares are biCartesian. Since M [1], M3 € CondSp" so is My, being the
fiber of Mz — M;[1]. O

Proof of (2). Suppose M € CondSp™. By t-exactness of Homcyngs,(S[Noc], —) we
have
Tk (@CondSp(S[Nw]7 M)) = HO7H1CondAb(Z[NOO]7 Tk (M)>

where the equivalence follows from Lemma A.18 (2) and internal projectivity of
Z|Nso] in CondAb, which identifies the derived internal hom with the underived
internal hom [RC26, Thm. 2.3.3 & Rmk. 3.2.2]. This equivalence is natural in
id — o*, so solidity of M implies that 7(M) € CondAb” for every k. The same
computation applied to an object A € CondAb ~ CondSp" shows that A € CondAb”
if and only if A, regarded as a condensed spectrum, belongs to CondSp".
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Conversely suppose (M) € CondAb” for all k € Z. By right completeness and
closure of CondSp” under small colimits from (1), it suffices to treat M bounded
below, and after shifting we may assume that M is connective. By left completeness,
we write M ~ lim,, 7<, M. Since CondSp"” is closed under limits, it suffices to show
that each term of the Postnikov tower lies in CondSp”~. For n > 1 the terms of the
Postnikov tower form (co)fiber sequences

T (M)[n] = T<nM = T<n—1 M

from which the desideratum is obtained by induction: for n = 1 the (co)fiber se-
quence is m(M)[1] — 7<1M — mo(M) so 7<1M € CondSp” by closure under ex-
tensions. For larger n we argue similarly, for the leftmost term is in CondSp” by
assumption and the rightmost by the induction hypothesis. O

Remark 2.14. Theorem 2.13 (2) shows that the definitions of solid spectra given
by Wagner in [Wag25, §B.6] and Clausen in [Cla25, Def. 13.2] coincide. More
generally, this is a manifestation of the fact that sufficiently nice localizations of
stable presentable categories are determined by their heart. See Appendix A.4 for
variations on this theme.
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3. ANALYTIC Eo-RINGS

The category of all modules over a topological ring retains little of its topology.
One often works instead inside a subcategory of complete modules — those on which
the topology is appropriately reflected — and replaces the algebraic tensor product
by a completed variant.

In condensed mathematics, this is axiomatized by Clausen and Scholze [Sch26b,
Lecture VII] through the notion of an analytic ring: a condensed ring together with
a full subcategory of its modules — the analytic modules — satisfying good closure
properties in the ambient category and admitting an analytic refinement of the
tensor product.

Here we treat the fully commutative, ie. E,, case, taking as base a connective
E-algebra in condensed spectra.

3.1. Basic definitions. The Ey-algebras in condensed spectra form a category
CondCAlg := CAlg(CondSp) with full subcategory CondCAlg" of connective objects.
Since the forgetful functor CAlg — Sp preserves and reflects limits, we have

CondCAlg ~ Shv(PFiny; CAlg) and CondCAIg™ ~ Shv(PFiny; CAlg™").

An analytic E-ring equips an object of CondCAlg®™" with a distinguished subcat-
egory of its modules.

Definition 3.1. Let A~ € CondCAIg™".

(1) An analytic Ex-ring on A*-modules is the data of a pair A := (A”,Mody4)
where Mody C Modg- is a full subcategory of A”-modules in condensed
spectra satisfying the following additional conditions:

(i) Mody is closed under small limits and colimits in Mod 4».
(ii) Mody4 is a CondSp-linear category: for M € Mod4-, N € Mod4 we have
MAD(M, N) € MOdA.
(iii) The left adjoint LA : Mod 4= — Mody4 to the inclusion Mod 4 < Mod 4-
is right t-exact (as an endofunctor of Mod 4= ).
We refer to the subcategory Mod 4 of Mod 4+ as the subcategory of A-analytic
modules and the functor LA : Mod s~ — Mod 4 as A-analytification.

(2) An analytic Eo-ring is complete if A~ € Mod 4.

(3) A morphism of analytic Eo-rings is a morphism A~ — B in CondCAlg™"
such that restriction of scalars along this morphism takes B-analytic modules
to A-analytic modules.

(4) Denote by AnCAlg the category with objects analytic Ex-rings as in (1) and
morphisms those of analytic E,.-rings in the sense of (3). Denote by AnCAlg”
the full subcategory of AnCAlg spanned by the complete analytic Eyo-rings.

Remark 3.2. Our nomenclature here is slightly nonstandard. In the existing lit-
erature, one typically refers to an analytic E,.-ring as a pre-analytic or uncom-
pleted analytic ring, to a complete analytic E,.-ring as an analytic ring, and to
Mod 4 C Mod - as the A-complete modules. We have adopted our conventions to
avoid confusion with the notion of completeness of analytic E-rings.
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Remark 3.3. The condition that Mod 4 is a CondSp-linear category is equivalent
to the tensor product — ® 4= — on Mod 4= preserving L4-equivalences [RS26, Lem.
7.5]. This implies that Mod 4 admits the structure of a symmetric monoidal cate-
gory with respect to which A-analytification is a symmetric monoidal functor (cf.
Proposition A.2R).

Remark 3.4. One might instead take as base an Ej-algebra in condensed spectra
for 1 < k < oo without connectivity assumptions. We expect that an analytic theory
over connective Eg-algebras can be developed along the same lines, with the module
categories carrying E;_1-monoidal structures rather than symmetric monoidal ones
by Dunn additivity [Lurl7, Cor. 5.1.2.6], in analogy to Francis’ less commutative
algebraic geometry [Fra08]. The fully commutative case is adopted only because it
suffices for our intended applications and affords a symmetric monoidal theory. Con-
nectivity, on the other hand, is used essentially, as several results in the subsequent
text rely crucially on it, and working in the nonconnective setting would require
substantial modifications.

3.2. A-analytic modules. This subsection records the basic structure of the mod-
ule category of a fixed analytic Eoo-ring (A”,Mod4): stability, generation, the an-
alytic tensor product, and the t-structure. For a complete analytic E.-ring the
module category is closely tied to its discrete modules, namely the ordinary A”(x)-
modules in spectra.

Proposition 3.5. Let (4”,Mody4) be an analytic Eo-ring.

(1) Mody- is a stable wi-presentably symmetric monoidal category, generated
under small colimits and shifts by the w;-compact objects A”[S] := A" ®sS[S]
for S € PFiny.

(2) Mody is a stable wi-presentably symmetric monoidal category for the tensor
product M @4 N := LA(M ®4- N), generated under small colimits and
shifts by the wj-compact objects A[S] := L4(A”[S]), with respect to which
L4 is symmetric monoidal and the inclusion Mod 4 < Mod 4+ lax symmetric
monoidal. The unit is compact projective in the sense of Definition A.6 (1),
and internal homs are computed by Hom 4 (M, N) ~ Hom 4. (M, N).

Proof of (1). The category CondSp is stable and wi-presentably symmetric monoidal
with compact projective unit and wi-compact generators the S[S] by Theorem 2.8 (1),
so Mod 4= is stable [Lurl7, Prop. 7.1.1.4] and w;-presentably symmetric monoidal
[Aok25b, Lem. 2.2]. The forgetful functor Mod4> — CondSp is conservative and
preserves small limits and colimits [Lurl7, Cor. 4.2.3.5], so its left adjoint A ®g —
preserves wi-compact objects and the A”[S] are wi-compact.

By adjunction and conservativity of scalar restriction, joint conservativity of S[S]
in CondSp imply the joint conservativity of A”[S] in Mod 4-. O

Proof of (2). By CondSp-linearity of Definition 3.1 (1) (ii), the localization L4 is
compatible with the symmetric monoidal structure of Mod 4> [RS26, Lem. 7.4 &
7.5], yielding the stated symmetric monoidal structure with L# symmetric monoidal
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and the inclusion lax symmetric monoidal. The formula for internal homs being
[RS26, Cor. 7.6].

Closure of Mod4 under small limits, colimits, and shifts in Mod 4= gives stability,
and since the inclusion preserves all small colimits, L* preserves wi-compact objects,
so the A[S] are wi-compact and generate Mod 4 under small colimits and shifts by (1).
Since LA is symmetric monoidal and preserves wi-compact objects and generators,
Mod 4 is wi-presentably symmetric monoidal as well.

Finally, the unit L*(A®) is connective by right t-exactness of L4, and by adjunc-
tion Hom4(LA(A%), —) =~ Homcondsp(S, (—)|s) where (—)|g : Moda — CondSp is
t-exact and preserves small colimits, so compact projectivity of the unit reduces to
that of S established in Theorem 2.8 (1). O

Membership in Mod 4 is detected on the generators of Proposition 3.5.

Corollary 3.6. Let (A”,Mod,4) be an analytic Eo-ring and M € Mody-. Then
M € Mod, if and only if the natural morphism

(3.1) Hom 4. (A[S], M) — Hom 4. (A”[S], M)
is an equivalence for all S € PFiny.

Proof. (=) This is [RS526, Cor. 7.6].

(<) Suppose the natural morphism (3.1) is an equivalence for all S € PFiny. By
Proposition 3.5 (2) the A”[S] generate Mod 4> under colimits and shifts, so M is a
colimit of shifts of the A*[S] and L4(M) the colimit of the corresponding shifts of
the A[S], with nys : M — LA(M) their colimit. Since Hom 4. (—, M) carries colimits
to limits and shifts to shifts up to sign, applying it to nas returns a limit of shifts of
(3.1), so Hom 4o (nar, M) : Hom 4- (LA(M), M) — Hom 4. (M, M) is an equivalence.
The preimage r : LA(M) — M of idy; then satisfies r o gy ~ idyy, exhibiting M
as a retract of LA(M) in Mod 4. Now Mod,4 is closed under retracts in Mod 4> by
Proposition A.27 (1), so M € Mod 4. O

As for algebras in spectra, both module categories carry a t-structure for which
the forgetful functors to CondSp are t-exact.

Proposition 3.7. Let (A”,Mod4) be an analytic Eo-ring. The category Mod 4
admits an accessible t-structure (Mod 4 >0, Mod4 <o) with the following properties:

(i) Moda, >0, Mod4 <o are spanned by those A-analytic modules M such that
the homotopy sheaves 7 (M) vanish for £ < 0 and k > 0, respectively.

(if) Mod o contains the unit in Mod4 and is closed under the A-analytic tensor
product in Mod 4.

(iii) Mod 4 <o is closed under filtered colimits in Mod 4.

(iv) Mody >¢ is closed under countable products in Mod 4.

(v) The t-structure on Mod 4 is both left and right complete.

(vi) An A”-module M in condensed spectra is A-analytic if and only if 73 (M) €
Mod$ for all k € Z.
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Proof. All but (iv) and (vi) hold for Modg = Mod 4» by [Lurl8, Prop. 2.1.1.1, War.
2.1.1.2, & Rmk. 2.1.2.1]. For (iv), the forgetful functor Mod4~ — CondSp pre-
serves countable products and reflects connectivity, so the claim reduces to closure
of CondSp~ under countable products, which holds by Theorem 2.8 (2) (iv).
When Modys € Moda-, conditions (i) and (iii) of Definition 3.1 exhibit Mod
as a m-stably reflective subcategory (Definition A.25) of the ¢-bistable Mod 4>, so
Proposition A.27 and Proposition A.31 apply to give the conclusion for (vi). (|

When an analytic Eoo-ring is complete, the underlying ring A” is itself the unit of
Mod 4, and its global sections generate a fully faithful copy of Mod 4-(,(Sp) inside
Mod 4.

Proposition 3.8. Let (A”,Mody4) be a complete analytic Eqo-ring.

(1) There is a fully faithful functor Cond 4= (. : Mod 4= (,)(Sp) = Mod .

(2) An object of Mod 4 lies in the essential image of the embedding in (1) if and
only if it lies in the subcategory of Mod, generated by A” under colimits
and shifts.

Proof of (1). By completeness A~ is the unit of Mod4 which is compact by Propo-
sition 3.5. Let &€ C Mod 4 be the smallest full subcategory containing A~ and closed
under colimits and shifts. Then & is stable and presentable and A” is a compact
generator of it, so the Schwede—Shipley theorem [Lurl7, Prop. 7.1.2.7] yields an
equivalence € >~ Mod 4=, (Sp) where Hom4 (A", A”) ~ A”(x) as Eoc-rings, identify-
ing the endomorphisms of the unit with its global sections. The desired embedding
is the composite Mod 4= (,,)(Sp) =~ € < Mod 4, fully faithful as € is a full subcategory
of Mody. 0

Proof of (2). The essential image of the embedding of (1) is €, which by construction
is the subcategory of Mod 4 generated by A” under colimits and shifts. ([l

The objects so embedded are the discrete ones.

Definition 3.9. Let (A”,Mod4) be a complete analytic Eo-ring. An object M €
Mod 4 is discrete if it lies in the essential image of the fully faithful embedding
Mod 4> (+)(Sp) < Mod 4.

The relationship between discreteness and finiteness of analytic modules is taken
up in Section 3.6.

3.3. Functoriality and colimits in AnCAlg. The previous subsection fixed an
analytic Eo-ring. We now let the ring vary and record the basic functoriality of
AnCAlg, before establishing that AnCAlg admits small colimits.

The category of A”-modules in CondSp always defines an analytic structure and
is complete since A* € Mod 4».

Definition 3.10. Let (A, Mod4) be an analytic Es-ring. (A”,Mod,) is trivial if
MOdA = MOdAD.

The trivial structure is functorial in the underlying ring and left adjoint to the
forgetful functor.
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Proposition 3.11. The functor CondCAIg™ — AnCAlg given on objects by A~ —
(A”, Mod 4 ) is fully faithful with essential image in AnCAlg”" and left adjoint to the
forgetful functor given on objects by (A”, Mod4) — A".

Proof. For any analytic Eo-ring (B”, Modpg) we have an equivalence of animae
Morancalg ((A”,Mod =), (B”,Modp)) = Morcondcalg (A", B”)

as the condition that scalar restriction takes B-analytic modules to A”-modules
is tautologically satisfied. This proves the desired adjunction and that it is fully
faithful. The description of the essential image is clear as A~ € Mod 4. g

A morphism of analytic E-rings induces a symmetric monoidal scalar extension
functor.

Proposition 3.12. Let (A*,Mod4) — (B”,Modp) be a morphism of analytic Ex-
rings. Scalar restriction Modg — Mod, admits a symmetric monoidal left adjoint
B®4—: Mody — Modpg for which the square

Modar —2 4~ 5 Modp-
(3.2) LAl lLB

MOdA TA—> MOdB

is commutative.

Proof. The forgetful functor Modg — Mod4 is a functor between presentable cate-
gories preserving small limits and colimits, so the adjoint functor theorem [Lur09,
Cor. 5.5.2.9] furnishes a left adjoint B ®4 —. The composite L? o (B* ®4> —) :
Mod 4~ — Modpg is symmetric monoidal, being a composite of such, and we claim it
annihilates ker(L4). Let K € ker(L?) C Mod4- and M € Modp. Since the map is
a morphism of analytic rings, M|4> € Mod4, and we compute

Homp- (LB (B* ®4- K), M) ~ Homp- (B* @4~ K,M) L% H.p

~ Hom - (K, M| 4+) B @4 (=) 7 (—)]a
~ Hom - (LK), M|a-) LA 14, M|s- € Mody
~0 K € ker(L4)

where ¢4, tp denote the inclusions of the analytic modules. So LB(BD ®a- K) ~ 0.
By [NS18, Thm. 1.3.6 & App. S], the symmetric monoidal functor LZ o B> ® 4> — :
Mod 4~ — Modpg descends to a symmetric monoidal functor B®4— : Mod4 — Modp
left adjoint to (—)|4> : Modp — Mod 4. O

The small colimits of AnCAlg are assembled from pushouts along trivial structures,
for which we first isolate the analytic structure a ring map induces on its target.

Proposition 3.13. Let (A”,Mod4) be an analytic E.-ring and A~ — B” a mor-
phism in CondCAlg®".
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(1) The full subcategory of Mod - spanned by those objects M such that M|4- €
Mod, defines an analytic Eo-ring (B”, Modg- /4).
(2) The analytic Eoo-ring (B”,Modp=/4) of (1) is the pushout of

(A", Mody) < (A”,Mod4-) — (B”,Modp:-)
in AnCAlg.

Proof of (1). The forgetful functor (—)|4> : Modp> — Modye is conservative, t-
exact, and preserves small limits and colimits so Modpg- 4 admits the induced t-
structure from Modp-, Modp= 4 is closed under small limits and colimits in Mod g~
and there is an adjunction LZ /4 : Modg- =2 Modp: /4 : tp=/4 by the adjoint functor
theorem [Lur09, Cor. 5.5.2.9]. By adjunction between B*® 4> — : Mod 4~ = Modp> :
(—)|a> we have

Homp: (B"[S], N)|a> ~ Hom 4. (A"[S], Na-)

for all N € Modpg: /4, where the right-hand side lies in Mod4 by Definition 3.1
(1) (ii). A general M € Modpg- is a colimit of shifts of the B*[S] by Proposi-
tion 3.5 (2), and Hompg. (—, N)|4> carries colimits to limits and shifts to shifts
up to sign, so Hompg. (M, N)|4> € Mody by closure of Mod4 under small limits
and shifts. Thus Modpg: /4 is CondSp-linear. It remains to show LB7/A s right t-
exact. For N € Modpg: /4 <1, M € Modpg= >0 the mapping spectra Hompg: (M, N) ~
Homp: (LB"/4(M), N) have trivial Oth homotopy groups so LZ"/4 is right t-exact.
This verifies the conditions of Definition 3.1 (1) showing (B”,Modp-4) is an ana-
lytic Eqo-ring. O

Proof of (2). Let (C*,Mod¢) € AnCAlg. By the Yoneda lemma it suffices to show
that the square of animae

Morancaig (B, Modpg: /4), (C*,Mod¢)) —————— Morcondcaige (B”,C)

! !

Morancaig ((A”,Mod 4), (C*,Mod¢)) ————————— Morcondcaige (A7, C%)

is Cartesian, where the horizontal maps send an analytic morphism to its underlying
ring map and are, by Definition 3.1 (3), the inclusions of the subanimae cut out
by the scalar-restriction condition. The fibered product of the bottom and right
morphisms is the anima of ring maps B> — C” whose restriction along A~ — B> —
C” sends Mod¢ into Mod 4. Since Modp: /4 consists precisely of those B”-modules
whose underlying A”-module is A-analytic, this is exactly the anima of ring maps
whose restriction along B — C* sends Mod¢ into Modpg- /4, namely the top-left
corner. So the square is Cartesian. U

Definition 3.14. Let (A”,Mod4) — (B”,Modg) be a morphism of analytic Es-
rings. (B”,Modp) has the induced analytic Eo-ring structure from (A”,Mod4) if
MOdB = ModBD/A.
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Colimits along a fixed underlying ring are computed as intersections of module
categories.

Lemma 3.15. Let {(A”,Mody,)}icr be a diagram of analytic E.-ring structures
on A”-modules for a fixed A> € CondCAlg®".
(1) The colimit colim;er(A”, Mody,) in analytic Eo-rings under (A”, Mod 4-) ex-
ists and is given by

C?él}II(A ,Mody4,) ~ (A ,m ModAi) .
icl
(2) If all analytic ring structures in (1) are assumed to be complete, then the
colimit is complete as well.

Proof of (1). Note that (A”,Moda,) — (A", Mody,) is a morphism of analytic Eec-
rings if and only if Mod,; is a subcategory of Mod,,. Observe Definition 3.1 (1)
(i) and (ii) are preserved under intersections in Mod 4>. By [Lur(09, Lem. 5.5.4.18],
the intersection (7);,c; Mody, is the objects local for the union of small collections
generating the L4i-equivalences. Since each Mod A, is closed under Postnikov and
Whitehead truncation in Mod 4= by Proposition A.27 (2), so is the intersection. Let
LA be the left adjoint to the inclusion Mod 4 := ﬂie[ Mod 4, — Mod 4. Assume M €
Mod 4> >0 and N € Mod 4 <_1. By adjunction, Hom - (L4(M), N) ~ Homa- (M, N)
has trivial mg. So the truncation map LA(M) — 7<_1LA(M) is zero and therefore
T« 1 LA(M) ~ 0. Thus LA(M) is connective and L4 is right t-exact, verifying
Definition 3.1 (1) (iii). This shows that (A", (),c; Mody,) is an analytic E-ring.
For the universal property, fix an analytic Eo-ring (B”, Modp) under (A”, Mod 4- ).
For any 4, the map (A”,Mod4-) — (B”,Modp) descends to one (A”,Mody,) —
(B”,Modp) if and only if scalar restriction takes B-analytic modules to A;-analytic
ones so the map descends to one (Ab,ﬂiel ModAi) — (B",Modp) if and only if
scalar restriction takes B-analytic modules to A;-analytic ones for all i € I, which
is precisely the universal property of the colimit (cf. [RC26, Lem. 4.1.10]). O

Proof of (2). Membership of A~ in the subcategory Mod 4, is preserved under inter-
section as well. g

The general case follows from a result on colimits in coCartesian fibrations over
a cocomplete base.

Proposition 3.16. Let {(A;,Mody,)}icr be a small diagram in AnCAlg. Then the
colimit colim;ecr(A5, Mod,) exists and is given by

cci)éi[m(Ai, Mod4,) ~ (B”,Modp) := (BD, ﬂ ModB>/Ai>
el
where B” is the colimit colim;er A7 in CondCAIg®™".

Proof. The forgetful functor AnCAlg — CondCAlg™", (A~,Mod 4) — A", of Proposi-
tion 3.11 is a coCartesian fibration: for a morphism A~ — B> and an analytic struc-
ture Mod 4 over A”, the induced structure of Proposition 3.13 supplies a coCartesian
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lift, its universal property being the pushout of Proposition 3.13 (2). Fibre transport
is thus Mod4 — Modpe /4, which preserves colimits as Modp= /. 4, = N; Modp: /4,

Now CondCAIg®™ is presentable, hence cocomplete, and each fibre is cocomplete
by Lemma 3.15, so [GHN17, Lem. 10.7] gives that AnCAlg is cocomplete, the colimit
being computed by transporting each Mod 4, to the fibre over B* = colim;c; A7 and
intersecting, namely (B”,();c; Modp= /4, )- O

On the free objects a sifted colimit is computed termwise, which we record for
later use.

Lemma 3.17. Let {(A7,Mody,)}icr be a sifted diagram in AnCAlg with colimit
(B”,Modp), and let S € PFiny. The colimit colim;c; A;[S] of underlying condensed
spectra carries a natural B”-module structure with respect to which it is B-analytic
and equivalent to BI[S].

Proof. Since I is sifted, colim;er A7 ~ B* acts on M := colim;er A;[S], the colimit
of underlying condensed spectra, making it a B*-module: the diagonal I — I x [
is cofinal, so the action maps assemble into B* ®s M =~ colim;er(A; ®s A;[S]) —
colim;er A;[S] = M, and moreover M ~ colim;c (B~ ® 4> A;[S]) in Modp-.

Since L? preserves colimits, L®(M) ~ colim;c; LB(B* ®a> A;[S]). The factor-
ization LP o (B* ®ar =) = (B ®a, =)o L4 of Proposition 3.12, applied to the
analytification unit n; : A5[S] — A;[S] inverted by LA, shows that LP inverts
B ®AZ;> n; : B°[S] — B~ ®Ai> A;[S], where B~ ®Ai> AZD[S] ~ B*[S]. The dia-
gram i — B” ®4- A7[S] is thus constant at B*[S], and the 7; are natural in i, so
LB (M) ~ colim;e; B[S] ~ B|S]. It therefore suffices to show that M is B-analytic,
in which case the unit M — LZ(M) is an equivalence.

Fix i € I. We claim the forgetful map I;, — I is cofinal. Siftedness gives the
weak contractibility of I X x; (I x I)(; ;) for every (i,7) € I x I, and (I x I)(; ;) =~
I;) x I;, identifies with I;; x1 I;, via the diagonal. Quillen’s Theorem A [Lur09,
Thm. 4.1.3.1] applied to I;; — I proves the claim. Restriction of scalars makes
(i = j) — Aj[S]|as a diagram I;; — Mod 4> with values in Mody;,, as each
morphism is one of analytic Es-rings by Definition 3.1 (3). Denote its colimit by
N, which lies in Mod 4, by closure under colimits. The natural maps A;[S] — M| A
restrict to A;-linear maps inducing equivalences N — M| Azt the forgetful functor
Mod Ar = CondSp is conservative and preserves small colimits [Lurl7, Cor. 4.2.3.5],
and the underlying map is the comparison colim;_, e, , A;[S] — M, invertible by
cofinality [Lur09, Prop. 4.1.1.8]. Hence M| Ar € Mody,. Since ¢ € I was arbitrary,
M € (;c; Modp: /4, = Modp by Proposition 3.16, whence M ~ LB (M) ~ B[S]. O

3.4. Completion. We produce a left adjoint to the inclusion AnCAlg" < AnCAlg,
so that every analytic Eo-ring admits a completion, obtained by applying the ana-
lytification functor to its underlying ring.

Theorem 3.18. The full inclusion AnCAlg" < AnCAlg admits a left adjoint (—)" :
AnCAlg — AnCAlg”" given on objects by (A4”,Mod4) — (A4>=,Mod4) where A>~ :=
LA(A”) and L? the A-analytification functor.
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Proof. The following proof is due to Longke Tang and Yixiao Li provided to us by
Peter Scholze in private correspondence [Sch25].

By the functor L4 exhibits Mod4 as a symmetric monoidal localization of Mod 4=,
with symmetric monoidal unit A>= := LA4(A"). The unit of the localization 7 :
A” — A>= is a morphism in CondCAlg®". By [MNN17, Const. 5.23], the forgetful
functor R : Mod4 < Mod 4= factors as

Mod 4 &5 Mod 4o~ ~24% Mod 4

and there is an induced left adjoint L : Mods-= — Mod, which identifies with
LA. The counit of the adjunction L - R is the canonical equivalence LA(N) ~ N
for N € Mod, so R is fully faithful, and the unit is an equivalence precisely on
those objects of Mod 4-= whose underlying A”-modules are A-analytic. So L is the
localization for the induced structure Mod 4-=/4 and conservativity of the forgetful
functor (—)[4> defines an equivalence of categories Mod 4-,=/4 ~ Mod4 identifying
the induced structure with (A~=,Mod,4) which is complete as A>=|4> € Mod 4 by
construction.

Finally, let (B”,Modg) € AnCAlg" and let f : (A*,Moda) — (B*,Modg) be a
morphism of analytic E..-rings. Completeness gives B> € Modp and analyticity
of f then gives B”|4» € Mody, so B”, regarded as a commutative algebra object
of Mody=, lies in the essential image of the fully faithful functor CAlg(Mod4) —
CAlg(Mod 4= ), under which A= corresponds to the unit of Mod 4. Since the unit is
initial in CAlg(Mod4) [Lurl7, Cor. 3.2.1.9], the anima of morphisms of condensed
Eoo-rings A= — B* under A" (ie. factorizations of f over n) is contractible. The
unique factorization g : A= — B" is a morphism of analytic rings (4=, Mod4) —
(B”,Modpg), since N |4 € Mod4 for N € Modpg. Conversely, composition with the
canonical morphism (A”,Mody) — (A>=,Mod4) preserves analyticity. This gives
an equivalence

MorAnCAIgA ((AD’:, MOdA), (BD, MOdB)) ~ MorAnCAIg ((AD, MOdA), (BD, MOdB)) s
naturally in (B”,Modg) € AnCAlg”" giving the claim. O
Reflectivity transports the colimits of Proposition 3.16 to AnCAlg”.

Corollary 3.19. The category AnCAlg” of complete analytic Eo.-rings admits small
colimits, given as completions of colimits in AnCAlg.

Proof. The adjunction exhibits AnCAlg" as a reflective subcategory in AnCAlg so

the existence of small colimits in the latter — as shown in Proposition 3.16 — implies

their existence in the former, as well as the formula for their computation [Ker24,

Tag 04JW]. O
In the case of sifted colimits, no completion of the result is needed.

Proposition 3.20. The category AnCAlg” of complete analytic Eo-rings is closed
under sifted colimits computed in AnCAlg.

Proof. Let {(AZ,Mody,)}icr be asifted diagram in AnCAlg”" with colimit (B*, Modp)
in AnCAlg. By completeness A7 ~ A;[x], so B® ~ colim;er A ~ colim;er A;[*],


https://kerodon.net/tag/04JW
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which is B-analytic by Lemma 3.17 at S = *. Hence B~ € Modp, so (B”,Modp) is
complete. 0O

3.5. Topological invariance. The completion of Section 3.4 replaced the under-
lying ring by its analytification while leaving the analytic modules fixed. We now
show that the analytic structure is insensitive to the higher homotopy of the under-
lying condensed E.-ring altogether: an analytic Eq-ring structure on A”-modules
is detected on the heart.

Theorem 3.21. Let A~ € CondCAlg®". The analytic E-ring structures on A"-
modules are in bijection with the full subcategories A of the Grothendieck Abelian
category l\/IodSO (A7) of mo(A”)-modules in static condensed Abelian groups satisfying

the following properties:

(i) A is closed under small limits, colimits, and extensions in ModfO (A5
(ii) A is closed under arbitrary higher derived products HYL)

(iii) For all S € PFiny and N € A, the homotopy groups
Tk (Hom 4. (A7[S], N)) ~ m_p(Homconasp (S[S], V)
lie in A for all k£ > 0.

The bijection sends Mod 4 to I\/Iodz and A to the full subcategory of Mod 4~ spanned
by those objects M such that 7, (M) € A for all k € Z.

Proof. We follow [RC26, Prop. 4.4.2 & Thm. 4.4.1], noting that the identification
in condition (iii) is Lemma A.18 (2) using t-exactness of the forgetful functor to
CondSp.

Given an analytic Eoo-ring structure Mod 4, set A := I\/Iodg. By Proposition A.27
(2) and (3), Mody4 carries the induced ¢-structure and membership in Mod 4 is de-
tected on homotopy groups. Regarding short exact sequences in A as (co)fiber
sequences in Mod 4, A is closed under extensions, kernels, and cokernels. Colimits in
A are computed as mg of colimits computed in Mod 4 hence in A by closure under ho-
motopy. In the case of limits, we note that A is closed under higher derived products,
which are the homotopy groups m_ (] [,c; M;) of products formed in Mod 4, and A is
closed under small limits by writing these as kernels of derived products. This shows
(i) and (ii). For (iii), the internal hom Hom 4. (A”[S], N) € Mody4 for N € A C Mod 4
by Definition 3.1 (1) (ii) so its homotopy groups lie in A by homotopy detection.

Conversely, given A satisfying (i)-(iii), let Mod4 be spanned by those M with
all (M) € A for all £ € Z. The long exact sequence of homotopy groups
and exactness of direct sums give closure under fibers, cofibers, and small colim-
its. By the same argument using the biCartesian square in the proof of Theo-
rem 2.13 (1), Mod4 is closed under extensions as well. To show closure of Mod4
under small limits, it suffices to show closure under small products. For a family
{M;}ier in Mod4 and k € Z, the third term of the fiber sequence [[;c; 7>,M; —
[Lic: Mi — [lic; T<r—1M; is in Mod4- <1 as coconnective objects are closed
under products, so mi([[;c; Mi) ~ me([[;c; 7>rM;) for » < k. The truncations
are uniformly bounded below, so left completeness and commutation of products
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with limits give [[;c; 7>rM; =~ limy, [[;c; 7prm)Mi, and induction on m exhibits
each [[;cs Tprm)Mi as an iterated extension of the [[;c; mn(M;)[n], whose homotopy
groups are higher derived products, so lie in A. The Milnor sequence of Proposi-
tion A.10 then exhibits m¢([[;c; 7>rM;) as an extension of limy, 7k (] [;c; 7(rm Mi)
by lim} 7541 (ILies Tir,m)M;). Both terms are kernels and cokernels of maps between
countable products of objects of A by the construction of the Milnor sequence, so
k([ [;e; Mi) € A by (i). This shows Definition 3.1 (1) (i).

The inclusion admits a left adjoint L# by [RS26, Thm. 1.1] which is right t-exact
by the same proof as Lemma 3.15 (1) using adjunction. This establishes Defini-
tion 3.1 (1) (iii). For the final condition of Definition 3.1, note that a general M €
Mod 4> is a colimit of shifts of the A*[S] by Proposition 3.5 (2) which Hom 4. (—, N)
carries to a limit of shifts in Mod 4 so it suffices to show Hom 4. (A”[S], N) € Mod 4
for all N € Mod 4. Using the Postnikov tower and left completeness, we can further
reduce to N coconnective. In this case Hom 4. (A”[S], —) commutes with Whitehead
towers of bounded above objects by Lemma A.37 (1) so using the (co)fiber sequences
T>kN — 751N — mp_1(N)[k — 1] we use induction and closure of Mod4 under
shifts and extensions to reduce to the case of N € A which was assumed in (iii)
above. This shows that (A”,Mod4) is an analytic Eo-ring structure.

The assignments are mutually inverse: the heart of the subcategory associated
to A is A, and an analytic Es-ring structure is recovered from its heart by Proposi-
tion A.27 (3). O

Remark 3.22. Closure under higher derived products is absent in [Sch26a, Prop.
12.19] due to exactness of products in the non-light setting. In the light condensed
setting, only countable products of connective objects remain connective by Theo-
rem 2.8 (2) (iv), and closure under higher derived products is necessary, cf. [RC26,
Rmk. 4.4.3].

In particular the data classifying analytic Eo.-ring structures on A”-modules and
mo(A”)-modules agree.

Proposition 3.23. Let A~ € CondCAlg®". The natural morphism A~ — mo(A")
induces a functorial bijection of analytic E,.-ring structures on the categories of A”-
and mp(A”)-modules in condensed spectra taking an analytic Eo-ring structure on
A”-modules to the induced analytic Eo-ring structure on m(A”)-modules.

Proof. The hearts of Mod - and Mod (4~ coincide by Proposition A.19 (1), so
the sets of subcategories of the heart satisfying conditions (i)-(iii) of Theorem 3.21
are identical. The bijection is realized by the induced analytic E-ring structure
(Definition 3.14) as its analytic modules Mod (4~)/4 — those N with N|4- € Mod4
— having heart Modi by Proposition A.27 (3). Functoriality is provided by that of
the induced structure. ([l

Consequently the analytic structure depends only on the static truncation.
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Corollary 3.24. Let A~ — B* be a morphism in CondCAIg®" which induces an
equivalence my(A”) — mp(B"). Then there is a functorial bijection of analytic Es-
ring structures on A”-modules and analytic Ey.-ring structures on B”-modules via
the induced analytic Ey-ring structure.

Proof. Under the identification mg(A”) ~ mo(B*), any analytic Eo-ring structure
(A*,Mod,4) on A”-modules gives a unique analytic E-ring structure on mo(B”)-
modules which lifts to a unique analytic E,-ring structure on B”-modules by Propo-
sition 3.23. OJ
Analytic Eo-ring structures are moreover invariant under nilpotent thickenings.

Corollary 3.25. Let A~ — B” be a morphism in CondCAIg®" such that mo(A”) —
mo(B”) is surjective with nilpotent kernel. Then there is a functorial bijection of
analytic Eqo-ring structures on A”-modules and analytic Ey.-ring structures on B”-
modules via the induced analytic Ey-ring structure.

Proof. By Corollary 3.24 applied to the truncations, we may assume A~ and B"
static, where the claim is [RC26, Prop. 4.4.5]. O

3.6. Mereology of A-analytic modules. As in static algebra and algebraic ge-
ometry, it is often fruitful to single out subcategories of modules that are finitary
in a suitable sense. We consider several notions of finiteness for the modules over a
complete analytic Eo-ring (A”, Mod 4) and relate them to finiteness in the category
Mod 4= (4)(Sp) of A”(*)-modules in spectra.

Recall that Mod 4 is wi-presentably symmetric monoidal with compact unit by
Proposition 3.5, so the theory of Appendix B applies for x = ws.

We first specialize dualizability to this setting.

Definition 3.26. Let (A”,Mod4) be a complete analytic Eo-ring.
(1) Let M € Mod 4. The pre-dual of M is the object M" := Hom 4 (M, A”). Let
evyr i M @4 MY — A be the counit morphism of M ®4 (—) 4 Hom 4 (M, —)
at A”.
(2) An object M € Mody is dualizable if there exists a morphism coevys : A~ —
MY ®4 M such that the composites

id id
M idpr®acoevpy M®A M\/ @4 M evy®aidps M

v coevy®aidyv V idyv®@aevar
_— _—

M MY ®sM®aM MY
are identities. In this case, we say the pre-dual MV is the dual of M.

The nuclear objects are built from the compact ones along trace class maps.

Definition 3.27. Let (A”,Mod4) be a complete analytic Eoo-ring.

(1) A morphism f : M — N in Mod, is trace class if the morphism A~ —
Hom 4 (M, N) classifying f admits a factorization as A~ — MY @4 N —
Hom 4 (M N )

(2) An object of Mody is basic nuclear if it is the colimit of a Q>p-indexed
diagram of wj-compact objects along trace class morphisms.
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(3) An object of Mod 4 is nuclear if it lies in the subcategory of Mod 4 generated
under small colimits by the basic nuclear objects.

Denote the full subcategory of nuclear objects by Nucly € Mod 4.

Remark 3.28. The generators A[S] of Mody are only wj-compact by Proposi-
tion 3.5 (3), so Mod4 need not be w-presentable and the results of [CS26, Lecture
VIII] do not apply. However, Mod 4 is wi-presentably symmetric monoidal with com-
pact unit by Proposition 3.5 (2) bringing Mod4 within the scope of Appendix B,
and allowing us to produce a satisfactory theory of nuclear objects.

The collection of nuclear modules satisfies the following permanence properties.
Proposition 3.29 ([Man22, Prop. 2.3.22]). Let (A”,Mods) — (B",Modpg) be a
morphism in AnCAlg”.

(1) Nucly is closed under small colimits computed in Mod 4.
(2) The scalar extension functor B ®4 — : Modg — Modp preserves nuclear
objects: if M € Nuclg then B®4 M € Nuclg C Modp.

Proof. (1) is Lemma B.11 (3) and Proposition B.12, while (2) is Proposition B.13
using that scalar extension is a symmetric monoidal functor which preserves wi-
compact generators. O

Discrete modules provide a convenient source of nuclear modules.

Corollary 3.30. Let (A”,Mod4) be a complete analytic Eo-ring. Any discrete
object of Mod,4 is nuclear.

Proof. By Proposition 3.8, the discrete objects of Mod 4 are generated under colimits
and shifts by A>. But A~ is dualizable, hence nuclear, and Nucl4 is closed under
colimits and shifts in Mod 4, thus in particular contains the discrete objects. ]

In a closed symmetric monoidal category with compact unit, any dualizable object
is necessarily compact. However, compactness is often not sufficient. The precise
criterion is nuclearity together with compactness.

Proposition 3.31 ([CS26, Prop. 9.3]). Let (A”, Mody4) be a complete analytic Eoo-
ring. An object M € Mod 4 is dualizable if and only if it is nuclear and compact.

Proof. This is Proposition B.14. O

Remark 3.32. [CS26, Prop. 9.3] imposes the condition that the ambient category
is w-presentable with compact unit. The statement in Appendix B shows this still
holds when the assumption of w-presentability on the category is removed but the
unit is still compact.

As the preceding discussion suggests, the discrete compact objects of Mod, are
dualizable, and we introduce the following name for when the embedding of Propo-
sition 3.8 restricts to an equivalence on dualizable objects.

Definition 3.33 ([ABL+25, Def. 3.3.1]). A complete analytic Ex-ring (A”, Mod )
is Fredholm if all dualizable objects of Mod 4 are discrete.
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Remark 3.34. The notion of a Fredholm compactly generated closed symmetric
monoidal category with compact unit first appeared as [CS26, Def. 9.7], of which
Definition 3.33 can be seen as special case under additional assumptions on the
category of analytic modules.
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4. MORPHISMS OF ANALYTIC [E ,-RINGS

Having built the category AnCAlg” of complete analytic Eoo-rings in Section 3,
we isolate the morphisms suited to the six operations. The governing requirement
is compatibility with base change: scalar extension need not be tensoring with an
algebra object, so restriction of scalars commutes with base change only for the
steady morphisms.

Open immersions and analytically proper morphisms then furnish a suitable de-
composition of a geometric setup on the opposite category of complete analytic
Eoo-rings AnAff, yielding the six-functor formalism. We conclude with descent of
analytic modules, following L. Mann’s theory of steady endofunctors [Man22, §2.5-
2.6).

4.1. Constructing morphisms of analytic E.-rings. We begin with the E.-
analogue of a construction principle of Scholze, by which a morphism of the under-
lying connective condensed E,-rings promotes to a morphism of analytic Ey.-rings
once a compatibility on 7 is imposed. The reduction to the static case is immediate.

Proposition 4.1 ([RC26, Prop. 4.5.1]). Let (4%,Mody,), (B*,Modg) € AnCAlg"
and let f : A~ — B® be a morphism in CondCAlg®™. Suppose for all S € PFiny there
are:
(i) Morphisms ~g : A[S] — B[S]|> natural in S such that S — Q> B[S] factors
as S — Q®A[S] — Q> B[S] on underlying condensed animae.

(ii) For every morphism of condensed animae g : S — 2°°A” inducing morphisms
a: A[S] — A~, B : B[S|] — B" adjoint to g, f o g the diagram

AlS] ——& 4 A°

s lf
B[S]| a» T B*| a»

in Mod 4- is commutative on .
Then f promotes to a morphism (A4~,Mod4) — (B, Modpg) in AnCAlg”.

Proof. The morphism f promotes to a morphism of analytic E..-rings precisely
when restriction of scalars (—)[4> : Modp — Mod - lands in Mody. The objects
BJ[S] for S € PFiny generate Modp under colimits and shifts by Proposition 3.5 (3),
restriction to Mod 4> preserves colimits and shifts, and Mod 4 is closed under them,
so it suffices to show B[S]|4> € Mody4 for all S € PFiny.

By Proposition 3.7 (vi) this is checked on homotopy groups: B[S]|4> € Mody, if
and only if i (B[S]|a>) € Modi for all k € Z. Proposition 3.23 identifies Modi with
the heart of the induced static analytic ring on 7y(A”)-modules, reducing the claim
to the underlying morphism 7y (A”) — mo(B") of static rings, where it is the criterion
of [Sch26b, Prop. 7.12], the hypotheses of which are precisely the conditions of this
proposition. ]
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4.2. Steady morphisms. Steadiness concerns the interaction of restriction of
scalars with base change, so we first record the explicit description of pushouts
in AnCAlg”", using the colimit construction of Sections 3.3 and 3.4. Through-
out, B ®4 — : Modg — Modp denotes the scalar extension along a morphism
(A”,Mod,) — (B, Modp).

Corollary 4.2. Let (B*,Modp) + (A”,Mod4) — (C",Mod¢) be a diagram in
AnCAlg" with pushout (D”, Modp) in AnCAlg" as in

(A°,Mod4) —— (B*,Modp)

(4.1) l l

(C*,Mod¢) ——— (D", Modp).

Write D* := B~ ® 4> C® for the pushout of the underlying rings in CondCAlg®™. Then

Modp = MOdﬁD/B N MOdED/C

as subcategories of Mod~., and D" is the analytification of D* with respect to this
analytic structure.

Proof. This follows from Proposition 3.16 and Corollary 3.19. Explicitly, the
pushout in AnCAlg is (D", Modp) which has underlying connective condensed E-
algebra D” ~ B” ® 4~ C* and module category Modp = M0d5>/3 N Modf)b/c. The
colimit in AnCAlg” is its completion, which is (D”, Modp). ([l

We now introduce steady morphisms.

Definition 4.3. A morphism (4", Mod4) — (B>, Modp) in AnCAlg" is steady if for
all morphisms (A”, Mod4) — (C*, Mod¢) with pushout as in (4.1) the morphism

B®a (M]a=) — (D ®@¢ M)]|p-
is an equivalence in Modpg for all M € Modc.

Remark 4.4. The notion of a steady morphism was introduced in [Sch26a, Def.
12.13] and the conventions we have adopted in Definition 4.3 are in line with those
in the literature [Man22, Def. 2.3.16 & Rmk. 2.3.17] (cf. [Mik24, Def. 1.17 &
Rmk. 1.18]). We refer the reader to [Sch26a, p. 102] for an example of a non-steady
morphism.

The collection of steady morphisms enjoys the expected permanence properties.

Proposition 4.5 ([Man22, Prop. 2.3.19]). The collection of steady morphisms
satisfies the following permanence properties:
(1) (Composition) If (A”,Mods) — (B",Modp),(B",Modg) — (C",Modc)
are steady morphisms in AnCAlg”" then so is the composite (A, Mod4) —
(BD, MOdB) — (CD, Modc).
(2) (Base Change) If (A",Mods) — (B",Modp) is a steady morphism and
(A*,Mod4) — (C*,Mod¢) another morphism in AnCAlg”" the induced mor-
phism from (C*, Mod¢) to the pushout is steady.



A SIX-FUNCTOR FORMALISM FOR SOLID SHEAVES IN SPECTRAL ALGEBRAIC GEOMETRY 33

(3) (Left Cancellation) If a composite (A”,Mod4) — (B*,Modp) — (C*,Mod¢)
is steady and (A”,Mod4) — (B”,Modp) is steady then so is (B”, Modp) —
(CD, MOdc).

(4) (Colimits) If {(A;,Moda,) — (B;,Modpg,)}icr is a small diagram of steady
morphisms in Fun([1], AnCAlg”) then so is the colimit.

Proof. The permanence properties are [Man22, Prop. 2.3.19] via the characteriza-
tion of [Man22, Prop. 2.3.18]. Neither of the proofs uses the animated structure, so
they carry over to the light condensed E.,-setting. O

4.3. Open immersions. Open immersions are the localizations of categories of
analytic modules with smashing kernel — equivalently, those whose scalar extension
admits a fully faithful left adjoint satisfying the projection formula [CS26, Prop. 6.5].
We record their permanence and discuss a criterion detecting an open immersion on
the induced morphism of static analytic rings under additional hypotheses.

Definition 4.6 ([CS26, Lecture VI]). A morphism j : (A, Mod4) — (B”,Modp) in
AnCAlg” whose scalar extension j* : Mod4 — Modp has fully faithful right adjoint
j« is an open immersion if it satisfies either of the following equivalent conditions:
(a) j* admits a fully faithful left adjoint j; that satisfies the projection formula:
for all M € Mods, N € Modp the natural morphism j;(j*M ®p N) —
M ®4 jyN is an equivalence in Mod 4.
(b) The kernel ker(j*) := {K € Mody : j*K ~ 0} C Mody is equivalent to
Modg(Mod ) for some idempotent algebra @) € ldem 4.

Remark 4.7. Definition 4.6 is the special case of Definition A.32 for the symmetric
monoidal functor B ®4 — in CAlg(PrS,).

Using that the kernel of an open immersion is equivalent to the category of mod-
ules over an idempotent algebra, we show that open immersions are preserved by
base change in AnCAlg”.

Proposition 4.8. Let j : (4”,Mods) — (B”,Modp) be an open immersion in
AnCAlg" with ker(j*) = Modg(Mody), let g : (4%,Mods) — (C*,Mod¢) be a
morphism in AnCAlg”" with pushout (D*, Modp) as in

(A*,Mod ) —2L—— (B*, Modp)

d s
(C*,Mod¢) ———— (D, Modp)
J

Then 7 is an open immersion with ker(j*) ~ Modcg ,o(Modc).

Proof. Since C ® 4 — is symmetric monoidal, @ =9"Q = C ®4 Q is an idempotent
algebra in Mod¢ and commutativity of the pushout diagram and stability imply that
3*7*Q ~ j*¢*Q ~ 0 in Modp, where § : (B*,Modg) — (D*,Modp) is the induced
morphism. Write I := fibs (A" — Q) and I := fibe(C* — Q) ~ g*1.
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The right adjoint j. of j* is scalar restriction, so it preserves small limits and
colimits. We claim the essential image of j, is € := {N € Mod4 : Hom4(Q, N) ~
0} € Mod. The natural map N — Hom 4 (I, N) ~ j,j5*N of [RC26, Rmk. 5.1.5 (2)]
has fiber Hom 4(Q, N), so for N € € it is an equivalence and N lies in the essential
image. Conversely if N is in the essential image, the unit map N — j,j*N ~
Hom 4 (I, N) is an equivalence, so the fiber Hom 4 (Q, N) vanishes and N € €. The
computation Hom 4. (Q, Hom 4. (M, N)) ~ Hom 4. (M,Hom 4(Q, N)) ~ 0 for N € &
and M € Mod 4> shows € is moreover closed under internal homs from arbitrary A”-
modules, and the localization L¢ is right t-exact, being the composite j,j* o L4 of
right t-exact functors. This defines an analytic Eq.-ring structure (A”, £) on A~ with
completion (B*,Modpg). Corollary 3.19 shows AnCAlg” is a reflective subcategory of
AnCAlg so the pushout (D, Modp) above is also the completion of the pushout of
(C”,Mod¢) < (A”,Mod4) — (A~, €) taken in AnCAlg. Corollary 4.2 then identifies
Modp with the full subcategory of M € Mod¢ with g, M € €. For every M € Modc
the adjunction gives g.Hom~(Q, M) ~ Hom 4 (Q, g+ M), so by the description of the
essential image and conservativity of scalar restriction [Lurl7, Cor. 4.2.3.2],

Modp = {M € Mod¢ : Hom(Q, M) ~ 0} C Mod,

showing in particular that the right adjoint 5* is fully faithful.

By idempotence of @, an object K € Mod¢ is a (-module if and only if the
natural map K — @ ®¢ K is an equivalence. By symmetric monoidality of j*, we
have

J(K) = j*(Q) @p j*(K) = 0@p j*(K) ~0
showing Mon(ModC) C ker(5*). Conversely, suppose j*(K) ~ 0 so Hom¢ (K, N) ~

0 for all N € Modp C Mod¢. For P € Modg, Q ®4 I ~ 0 implies @ Qc I ~0and
we have equivalences

Hom, (@, Hom, (f, P)) ~ Hom (@ Rc f, P) ~0
and Homc(f, P) € Modp € Mod¢ so adjunction gives
Hom¢e <K Rc f, P) ~ Homg <K, Hom (f, P)> ~ 0.

Taking P = K ®¢ I we get that the identity idK®cff is zero and K ®¢ I ~0. Thus

tensoring K with the (co)fiber sequence I—C" — C~2 we conclude that K — @@CK
is an equivalence, and ker(;j*) € Modgs(Modc). O

The permanence of open immersions under base change follows from the result
above, while permanence under composition and left cancellation are formal from
the categorical properties.

Proposition 4.9. The collection of open immersions satisfies the following perma-
nence properties:
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(1) (Composition) If (A4”,Mods) — (B",Modp),(B*,Modp) — (C",Mod¢)
are open immersions in AnCAlg”" then so is the composite (4%, Mod4) —
(B*,Modg) — (C*,Mod(¢).

(2) (Base Change) If (A*,Mods) — (B",Modp) is an open immersion and
(A7, Mod ) — (C*,Mod¢) another morphism in AnCAlg”" the induced mor-
phism from (C*, Mod¢) to the pushout is an open immersion.

(3) (Left Cancellation) If a composite (A*,Mody) — (B~,Modg) — (C*, Mod()
is an open immersion and (A”,Mod4) — (B”,Modpg) is an open immersion
then so is (B*,Modp) — (C*, Mod¢).

Proof. Permanence under base change is established in Proposition 4.8. The for-
getful functor from CondSp-linear categories preserves composition, so permanence
under composition and left cancellation can be checked on underlying stable pre-
sentably symmetric monoidal categories, and thus follows from [CS26, Prop. 6.5 &
Cor. 6.6]. O

Beyond permanence, the open immersions satisfy the base change that the six-
functor formalism requires: the exceptional left adjoint j; commutes with scalar
extension along an arbitrary morphism.

Proposition 4.10. Let j : (A*,Mods) — (B”,Modpg) be an open immersion in
AnCAlg". For every g : (A”,Mod4) — (C",Mod¢) with pushout (D", Modp) in

AnCAlg”", the base change morphism Jz 9" — g*jy of functors Modg — Mod¢ associ-
ated to

Jy "
Mody &———— Modp

(4.2) g*l F*
Modc &———— Modp
Jy "
is an equivalence.

Proof. From Proposition 4.8, jis an open immersion and there exists an idempotent
algebra ) € ldemy such that ker(j*) ~ Modg(Mod,4) and ker(j*) ~ Mod@(l\/lodc),
where Q := ¢*Q. Write I := fiba(A” — Q) and I:= fibe(C" — Q) ~ g*I.

Since j* : Mod4 — Modp is essentially surjective, it suffices to show the morphism
jt@*j* — g"jyg* of functors Mody — Modc is an equivalence. Using g*j* ~ E*g*,
this is the morphism ﬂ}* g* — g*j3j", which the natural equivalences jyj* ~ I ®4 —
and Eﬁ:]v* ~ I ®c — of [RC26, Rmk. 5.1.5 (2)] carry to the canonical equivalence
I ®c 9" (=) ~ g*(I ®4 —) supplied by symmetric monoidality of ¢g* and I ~ ¢*I,
giving the claim. (Il

It follows that open immersions are steady morphisms.

Corollary 4.11. If j : (A*,Mod4) — (B”,Modp) is an open immersion, then j is
steady.
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Proof. Form the pushout as in (4.2). The morphism j is steady if and only if
J¥g« = gxJ* is an equivalence, which follows by passing to the adjoint morphism of
the equivalence j;g* = g*Jj. O

It remains to recognize open immersions in practice. We prove a restricted form
of an expectation of Peter Scholze, relayed to us by Lucas Mann, that whether a
morphism is an open immersion should be detected on the heart. The recognition
criterion of Appendix A.5 reduces the question to the underlying static analytic
rings once the analytic Tor-amplitude is at most one.

Definition 4.12. A morphism (A”,Mod4) — (B",Modpg) in AnCAlg is said to be
of analytic Tor-amplitude < n if the functor B ®4 — : Mod4 — Modp takes I\/Iodg
to Modp <p.

Remark 4.13. If A>, B* are discrete, the notion of analytic Tor-amplitude differs
from the Tor-amplitude of the morphism of discrete rings A~ — B” in Sp in the
sense of Definition C.3 (5). In particular, if A~ — B” is a flat morphism (ie. of
Tor-amplitude < 0) of animated rings, it need only be of analytic Tor-amplitude < 1
[Mik23, Lem. 4.10].

Lemma 4.14 ([Mik23, Lem. 4.8]). Let (A*,Mod4) — (B”,Modpg) be a morphism
in AnCAlg" such that B ®4 mo(A”) ~ mo(B”). Denote by (mo(A”),Mod(4)) —
(m0(B”), Mod,(p)) the induced morphism of static analytic rings and suppose the
functor mo(B) ®p,(4) — is of analytic Tor-amplitude < n.

(1) Suppose mo(B) ®xy(a) — : Mod 4y — Mod () preserves countable limits.
Then B® 4— : Mods — Modp is of analytic Tor-amplitude < n and preserves
countable limits.

(2) Assume further the ¢-structure on Mod4 is compatible with small products
and 7o(B) ®p,(4) — preserves small limits. Then B ®4 — is of analytic Tor-
amplitude < n and preserves small limits.

Proof of (1). We first show the claim concerning analytic Tor-amplitude: namely,
we seek to prove that B ®4 M € Modpg <, for M € Modi. Indeed such M admits
the structure of a my(A”)-module and we have an equivalence mo(B) @ 4y M =~
B ®4 M and the former lies in Mod, (p) <, by assumption. Now by t-exactness
of the forgetful functor I\/IodWO(B) — Modp, we have B ®4 M € Modp <, as well.
By induction on the (co)fiber sequences m(M)[k] — T7<xM — T<j_1M we obtain
B ®4 — sends Mod 4 (9,1 to Modp [0 4]

We now show preservation of countable limits. The functor B ® 4 — is an ex-
act and right t-exact left adjoint. Using exactness, we can reduce to the case of
B ®4 — preserving countable products, and by compatibility of the ¢-structures on
Mod 4, Modg with countable products and the Whitehead tower in Mod 4, it suffices
to show that

(4.3) B®a (H Mz~> — [[(B@a M)

i€l i€l



A SIX-FUNCTOR FORMALISM FOR SOLID SHEAVES IN SPECTRAL ALGEBRAIC GEOMETRY 37

is an equivalence in Modp >( for countably indexed collections {M;}ic; € Mod 4 >o.
Passing to Postnikov towers in Modp and applying Whitehead’s theorem there, it
suffices to verify

o (o0 (0] ) 2 (e (M0

is an equivalence for all m > 0 and 0 < k < m. Since B ®4 — is right ¢-
exact and the t-structures on Mod4, Modp are compatible with countable prod-
ucts, the truncations 7<, (B ®a (Hiel Mz)) ,T<m (Hie[ (B®a Mz)) depend only
on the truncations 7<,, M;: the fibers of the comparisons with the truncated system
are B @4 ([I;e; T>m+1M;) and [[,c; B ®a (T>m4+1M;) respectively, both lying in
Modp >m+1. We may therefore assume {M;}ic; € Mod 4 [ ). Now writing [ [;c; M;
as its finite Postnikov tower in Mod 4, which is preserved by B ® 4 —, we can reduce
to verifying the claim for {M;}ier C Modi which was assumed to hold. d

Proof of (2). The arguments given in (1) hold, replacing countable products by
small ones. More precisely, the claim concerning analytic Tor-amplitude follows
from an identical argument to that given in (1). For the second claim, we note
that it suffices to show preservation of small products. By the same reductions as
in (1) for small products in place of countable ones, we can reduce to the case of
70(B) ®ry(4) — preserving small limits, which was assumed. O

The lemma in hand, we obtain the recognition result.

Proposition 4.15. Let (4”,Mod4) — (B>, Modp) be a morphism in AnCAlg" with
B ®4 mo(A”) ~ mp(B*) and such that:
(i) The right adjoint (—)|4> : Modp — Mod 4 to scalar extension is fully faithful.
(ii) The functor mo(B) ®xy(4) — is of analytic Tor-amplitude < 1.
(iii) The t-structure on Mody is compatible with small products, and the induced
morphism (mo(A”), Mod,(4)) = (m0(B~), Mod(p)) is an open immersion.
Then (A”,Mod 4) — (B”,Modp) is an open immersion.

Proof. We need to show ker(B ®4 —) C Mody is equivalent to the category of
modules over some idempotent algebra.

By (i) the restriction (—)|4> is a fully faithful right adjoint to the symmetric
monoidal right t-exact functor B ®4 —, so L := (B ®4 —)|4> is an ® 4-compatible
m-stably reflective localization of the presentably symmetric monoidal ¢t*-bistable
category Mod 4 (cf. Definition A.30). The induced morphism on static rings in (iii)
is an open immersion making 7o(B) ®x,(4) — preserve small limits, so Lemma 4.14
(2) applies with n = 1 by conditions (ii) and (iii) above. It follows that B ® 4 —
preserves small limits and is of analytic Tor-amplitude < 1 (cf. Definition A.40).
Corollary A.43 then reduces the claim to showing Hom 4 (M, K) € ker(L) for all
M € Mod] and K € ker(L) N ModS,.

Write LY := (mo(B) ®@ro(A) —)lmo(ax) for the induced localization. By Propo-
sition A.19 (1) and Proposition A.27 (3), the conservative t-exact scalar restric-
tion functor induces an equivalence on the hearts Modfo( A Modg. A static
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object N € Modz admits the structure of a my(A”)-module for which B ® 4 N ~
70(B) @roa) N as in the proof of Lemma 4.14 (1). This implies that there is an
equivalence ker(L)NMod'; ~ ker(L%)n ModfO(A). Both L, LY are exact, right t-exact,
preserve small colimits, and are of t-amplitude < 1 — the former by the argument
above and the latter by assumption. So ker(L) and ker(L") admit the induced t-
structure by Lemma A.41. Both localizations preserve small limits, so Lemma A.35
(2) applies to each: an object of Mod 4 lies in ker(L) if and only if each of its homo-
topy groups lies in ker(L) N Modz, and an object of Mod (4 lies in ker(L) if and
only if each of its homotopy groups lies in ker(L%) N Modf0 (4)"
Fix M, K as above. Lemma A.18 (2) gives an equivalence

Hom 4 (M, K) ~ Hom, 4y (m0(A”) ®4 M, K) | 4>

Since ker(L%) =~ Modg,(Mod(4)) for some idempotent algebra Qo € ldem (4
by (iii), and K lies in ker(L") N Modffo( A) under the agreement of kernels on the
heart, Proposition A.36 (c) gives Hom 4y (mo(A”) ®a M, K) € ker(L"). Homotopy
detection of ker(L") places each homotopy group of Hom, 4y (mo(A”) ®a M, K)
in ker(L%) N ModfO(A), and t-exactness of (—)|4> then gives 7 (Hom (M, K)) €
ker(L) N Modi for all k € Z, so Hom 4 (M, K) € ker(L), as desired. O

4.4. Analytically proper morphisms. Complementary to the open immersions
are the analytically proper morphisms, along which the target carries the analytic
structure induced from the source. We establish their permanence and show that
the right adjoint to scalar extension satisfies the projection formula and base change.

Definition 4.16. A morphism f : (4°,Mod4) — (B",Modg) in AnCAlg" is ana-
lytically proper if (B”,Modp) carries the induced analytic Eo-ring structure from
(A”,Mod ) along f in the sense of Definition 3.14, ie. Modp = Modp- /4.

Remark 4.17. Analytically proper morphisms are elsewhere called proper. We
retain the qualifier to distinguish them from the proper morphisms of spectral al-
gebraic geometry [Lurl8, Def. 5.1.2.1] and the proper morphisms of a six-functor
formalism [HM24, Def. 4.6.1].

Proposition 4.18. The collection of analytically proper morphisms satisfies the
following permanence properties:

(1) (Composition) If (A”,Mods) — (B",Modp),(B",Modg) — (C",Modc)
are analytically proper morphisms in AnCAlg" then so is the composite
(A”,Mod4) — (B”,Modp) — (C*,Mod().

(2) (Base Change) If (A”,Mod4) — (B”,Modp) is an analytically proper mor-
phism and (A4”,Mod4) — (C®,Mod¢) another morphism in AnCAlg” the
induced morphism from (C*, Mod¢) to the pushout is analytically proper.

(3) (Left Cancellation) If a composite (A”,Mod4) — (B*,Modg) — (C*, Mod¢)
is analytically proper and (A”,Mod4) — (B”,Modp) is analytically proper
then so is (B”,Modg) — (C~,Mod().
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Proof of (1). By induced structures for the constituent morphisms of the composite,
a C"-module is C-analytic if and only if its underlying B>-module is B-analytic if
and only if its underlying A”-module is A-analytic, so (C”,Mod¢) has the induced
structure from (A”, Mod4) along this composite as well. O

Proof of (2). Since p : (A”,Mod4) — (B”,Modp) is analytically proper, it is
the pushout of (A”,Mod4-) — (B”,Modp-) along (A”,Mod-) — (A”,Mod,) as
in Proposition 3.13 (2). Now let (D”,Modp) be the pushout of (C”,Mod¢c) <
(A*,Mod4) & (B*,Modp). By the pasting lemma, this assembles into a diagram

(A*,Modg>) ——— (B*,Modp-)

| !

(A*,Mod4) —— (B*,Modp)

l l

(C*,Mod¢) —— (D", Modp)

where the outer rectangle is coCartesian. By Corollary 4.2 applied to the outer
rectangle, a D”-module is D-analytic if and only if its underlying C*-module is
C-analytic and its underlying B”-module is B”-analytic. The condition that its
underlying B”-module is B”-analytic is vacuously satisfied since (B”,Modp-) has
the trivial analytic Eso-ring structure. So (C*,Mod¢) — (D”, Modp) is analytically
proper. ]

Proof of (8). Since B — C'is a morphism of analytic Ew-rings, Modc € Modc- /.
Conversely, let M € Mod¢s with M|g= € Modp. As A — B is a morphism, M| 4> ~
(M|p=)|a> € Mody, and since A — C' is analytically proper Modc = Mod¢e /4, s0
M € Modg. Hence Modg = Modge /g and (B”,Modp) — (C*, Modc) is analytically
proper. ]

The base change results for analytically proper morphisms rest on an identification
of the unit of the pushout.

Lemma 4.19. Let p : (A”,Mod4) — (B”,Modp) be an analytically proper mor-
phism and g : (A4*,Moda) — (C*,Modc) a morphism in AnCAlg” with pushout
(D”,Modp). The natural morphism g*(B”|4>) — D"|c= is an equivalence in Modc.

Proof. Use the notation of Corollary 4.2. Since p is analytically proper, a Dr-module
has B-analytic underlying B~-module if and only if its underlying A”-module is A-
analytic, so M0d5>/c - ModﬁD/B = ModED/A, and Corollary 4.2 gives Modp =
MOdf)D/B N MOdﬁD/C = MOdf)D/C'

This identifies Modp with the category of modules in Mod¢ over the analytified
algebra LC(5>|C>) € CAlg(Mod¢), under which the composite p,p* is tensoring
with D”|¢ce. The unit of Modp has underlying C*-module D*|ce ~ LC(D*|c=).
The factorization (3.2) for g applied to B”| 4> gives

9" (B"|a) = LE(C” @0 (B7|ar)) = LE(D7|cv),
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whence the claim. O

This identification underlies the proof of the projection formula and base change
below, and enters again in the steadiness criterion of Proposition 4.21.

Proposition 4.20. Let p : (4*,Mod4) — (B”,Modpg) be an analytically proper
morphism in AnCAlg”.
(1) The natural morphism M ®4 p.N — p.(p*M ®p N) is an equivalence for all
M € Mody, N € Modp.
(2) For every g : (A”",Mods) — (C",Mod¢) with pushout (D”,Modp) in
AnCAlIg” the base change morphism ¢*p, — p«g* of functors Modg — Modc
associated to

*4' «
Mod,4 7——— Modp

g*l J/g*
—
Modc ————— Modp
P p«
is an equivalence.

Proof of (1). Since p : (A”,Mod4) — (B”,Modp) is analytically proper, we have
Modp-(Mod4) ~ Modp hence the projection formula is satisfied by [Lurl7, Cor.
4.8.5.21]. O

Proof of (2). Note that all functors ¢g*, p«, p«, ¢* commute with colimits and Modp
generated under small colimits by objects of the form p*M for M € Mod4. Thus
to show ¢*p. — p.g* is an equivalence it suffices to show the morphism ¢g*p,p* —
P« p* ~ p«p*g* is one. Under the equivalences p,p* ~ B"|4» ®4 — and p,p* =~
Dr|c> ®c — obtained from (1), it is carried to the canonical equivalence g*(B”| 4> ® 4
—) ~ D"|ce ®c g*(—) supplied by symmetric monoidality of ¢* and Lemma 4.19,
giving the claim. O

An analytically proper morphism need not be steady: scalar extension is tensoring
with the algebra B”, which need not commute with base change. When B is nuclear
as an A-module, the projection formula of Proposition B.13 (2), applied to each
base change g with B”|4- nuclear, supplies steadiness.

Proposition 4.21. Let p : (A*,Mod4) — (B”,Modp) be an analytically proper
morphism such that B”|4- is nuclear in Mod4. Then p is a steady morphism.

Proof. Let g : (A,Mod4) — (C”,Mod¢) be a general morphism in AnCAlg" and
consider the pushout as in the statement of Proposition 4.20 (2). Since p, is con-
servative, it suffices to show the equivalence p*g. — g.«p* after applying p.. By
Lemma 4.19, we have ¢*(B”|4>) ~ D"|c- € Mod¢ and g, preserves small colimits
so Proposition B.13 (2) applied to the adjoint pair g* + g, implies that the natural
map
B 4r ©4 g«M — g.(D"|c> ®c M) =~ g.(g"(B"|a>) ®c M)

is an equivalence. Under the equivalence p,p* ~ (B”|4») ® 4 — of Proposition 4.20
(1), the base change morphism p*g, — g,p* is taken to the projection formula above
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under py, both being the adjoint morphism of g*p* ~ p*¢* under ¢* - g.. In the
case of the target, we compute

9«(D"|ce ®@c M) ~ g«psp"M  p analytically proper; Proposition 4.18 (2)
~ Dugxp M J+Px =2 PsJ+ by commutativity

SO PsD*Gs — PyGxp” is an equivalence, showing p*g. — G«p* is an equivalence by
conservativity, so p is steady. ]

Together with Proposition 4.5, this furnishes a supply of steady morphisms among
the analytically proper ones, to which the descent theory for analytic Eoo-rings will

apply.

4.5. Six operations on analytic E..-rings. The open immersions and analyti-
cally proper morphisms carry the exceptional functors of a six-functor formalism on
analytic Eo-rings. We recall the framework of geometric setups [HM24, §2] and ex-
hibit the two classes as a suitable decomposition, from which the formalism follows.

Definition 4.22. Let C be a category.
(1) A geometric setup (C, E) is a pair consisting of the category € and a homotopy
class E of exceptional morphisms satisfying the following properties:
(i) E contains all equivalences.
(ii) E is closed under composition and pullbacks along morphisms in C.
(iii) E is right cancellative in C: if f: X — Y,¢g:Y — Z are morphisms in
€ such that go f,g € E then f € E.

(2) A morphism of geometric setups (C1, E1) — (Cg, E2) is a functor F' : €1 — Co
such that F(Fy) C Fy and for all diagrams X — Z < Y in € with X — Z
in E1, there is an equivalence F'(X xzY) ~ F(X) Xp(z F(Y) in Ca.

(3) A suitable decomposition of a geometric setup (C, E) is a pair of classes
I, P C E of morphisms such that:

(i) The morphisms in I and P contain all equivalences in € and are closed
under composition and pullbacks along morphisms in C.
(ii) Each morphism f € E admits a factorization as f ~ poj forp € P,j € I.
(iii) I and P are right cancellative in C.
(iv) Each morphism in I N P is n-truncated for some n > —2 (possibly de-
pending on the morphism): some finite iterate of the diagonal morphism
is an equivalence.

Remark 4.23. The notion of a geometric setup (€, F) is meant to capture the idea
of a category of geometric objects € and a distinguished collection of morphisms
E for which exceptional (or !-able) functors exist and satisfy additional properties
such as projection and base change formulae.

We construct a suitable decomposition where we take I to be the open immer-
sions and P to be the analytically proper morphisms, allowing us to define excep-
tional functors for those morphisms in AnCAlg” that factor as an analytically proper
morhism followed by an open immersion.
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Definition 4.24. A morphism (4>, Mod4) — (B”,Modpg) in AnCAlg” is exceptional
if the natural map from the induced analytic Ew-ring (B, Modg: /4) — (B*,Modp)
is an open immersion.

Lemma 4.25. Let AnAff := (AnCAIg/\)Opp be the opposite category of complete
analytic Eoo-rings. The collection of exceptional morphisms in the sense of Defini-
tion 4.24 defines a geometric setup (AnAff, E)) on AnAff and the collections of open
immersions I and analytically proper morphisms P define a suitable decomposition
of the geometric setup.

Proof. The collection of exceptional morphisms contains equivalences (as these
are both open immersions and analytically proper) and is preserved under base
change since the open immersions and analytically proper morphisms are by Propo-
sitions 4.9 and 4.18. To show that (AnAff, Ey) is a geometric setup, it remains to show
closure under composition and right cancellation. For (A”,Mod4) — (B”,Modp)
exceptional and (B”,Modg) — (C*”, Mod¢) arbitrary, we have a coCartesian square
in AnCAlg"

(B*,Modp: /4) —— (B, Modp)

p| |r

(CD, MOdCD/A) f) (CD, MOdCD/B)

where the vertical morphisms are analytically proper and horizontal morphisms are
open immersions by the respective permanence properties of these morphisms. Now
suppose (B”,Modp) — (C*, Modc) is also exceptional. We conclude (C*, Mod¢r/4) —
(C*,Mod(¢) is an open immersion as it factors as the composite of open immersions
(C*,Modce/4) — (C”,Modce/p) — (C”,Modc) showing exceptional morphisms
are preserved by composition. For the left cancellative property in AnCAlg”", let
(A", Mod4) — (B",Modp),(A”,Mody) — (B",Modg) — (C",Mod¢) be excep-
tional. (B”,Modpg) — (C*,Modc-,p) is analytically proper being the base change
of an analytically proper morphism and the factorization of the open immersion
(C*,Mod¢e/4) — (C”,Modc) above implies (C*,Mod¢e,5) — (C*,Mod¢) is an
open immersion by cancellation. This shows that the exceptional morphisms are
left cancellative in AnCAlg” (thus right cancellative in AnAff).

For the latter claim, the permanence properties Propositions 4.9 and 4.18 and the
definition of exceptional morphisms Definition 4.24 readily imply Definition 4.22 (3)
(i)-(iii), and (iv) holds as open immersions are monomorphisms of analytic E..-
rings. O

A geometric setup determines an operad of correspondences on which a six-functor
formalism is a lax symmetric monoidal functor. We recall the two constructions in
the generality we need, referring to [HM24, §2] for the correspondence operad and
to [CLL26] for its universal property.

Lemma 4.26 ([HM24, Prop. 2.3.3] & [CLL26, §4 & 5]). Let (C, E) be a geometric
setup.
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(1) There exists an operad Corr(C, E) with objects those of C.
(2) Let (I, P) be a suitable decomposition of (C, E'). There exists an 2-operad
Corry p(€, E') with underlying operad Corr(C, E).

A six-functor formalism assigns to each object a symmetric monoidal category
and to each correspondence a pair of adjoint functors, encoded as a lax symmetric
monoidal functor out of the correspondence operad. We give the definition in both
the general and the presentable forms, the latter being the one realized on analytic
Eo-rings.

Definition 4.27. Let (C, E) be a geometric setup.

(1) A siz-functor formalism is a lax symmetric monoidal functor D : Corr(@ E)—
Cat where we regard the very large category of large categories Cat as
equipped with the Cartesian symmetric monoidal structure, satisfying the
following additional conditions:

(i) For each X € €, D(X) is a closed symmetric monoidal category.
(ii) Foreach f: X — Y in @, there is an adjoint pair f*: D(Y) &2 D(X) : f..
(iii) For each f: X — Y in E, there is an adjoint pair f; : D(X) = D(Y) : f".

(2) A presentable siz-functor formalism is a lax symmetric monoidal functor
D : Corr(C,E) — Prt where we regard Prt as equipped with the Lurie
tensor product of presentable categories.

Remark 4.28. Any lax symmetric monoidal functor Corr(€, E) — Prb pointwise
admits right adjoints and automatically satisfies (i)-(iii) of Definition 4.27 (1) [HM24,
Lem. 3.2.5].

The two base-change results of the preceding subsections allow us to construct a
six-functor formalism on complete analytic E.-rings, unique once refined over the
decorated correspondence 2-category of Lemma 4.26 (2).

Proposition 4.29. Let (AnAff, Ey, I, P) be the geometric setup and suitable de-
composition of Lemma 4.25 and @z" the category Pr' regarded as a 2-category with
non-invertible natural transformations. There is a unique lax symmetric monoidal
2-functor

Corrr, p(AnAff, Ey) — Pt
given on objects by (A”,Mod,) — Mod 4. Its underlying lax symmetric monoidal
functor Corr(AnAff, E) — Prl is a presentable six-functor formalism.

Proof. By Propositions 4.10 and 4.20, conditions (a) and (b) of [HM24, Prop. 3.3.3]
are satisfied, and (c¢) holds by [HM24, Cor. 3.3.5], so the hypotheses of [CLL26,
Thm. 5.17] are met. This gives the unique lax symmetric monoidal 2-functor
Corrr p(AnAff, Ey) — ®:-. Tts underlying functor is Corr(AnAff, E)) — Prt, given
on objects by (A”,Mod4) — Mod 4. O

This is the six-functor formalism on complete analytic E,,-rings.

Definition 4.30. The siz-functor formalism on complete analytic By -rings is the
six-functor formalism of Proposition 4.29.
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We conclude by showing a property of this six-functor formalism.

Proposition 4.31. The functor AnCAlg" — C/-\Ig(Pr'(:ondSp) given on objects by
(A, Mody) — Mod 4 commutes with small colimits.

Proof. This follows from the proof of [RC26, Prop. 4.1.14], which does not make
use of the animated structure. 0

This in particular implies that the six-functor formalism on complete analytic
Eoo-rings satisfies the categorical Kiinneth formula. We recall the definition for
presentable six-functor formalisms, then deduce the result for complete analytic
Eoo-rings.

Definition 4.32. Let (G, E) be a geometric setup and D : Corr(€, E) — Prt a
six-functor formalism. The six-functor formalism satisfies the categorical Kiinneth
formula if the underlying functor D : @9PP — CAlg(Prt) commutes with pushouts.

Corollary 4.33. The six-functor formalism on complete analytic Eo-rings satisfies
the categorical Kiinneth formula.

Proof. Under the equivalences Prkondsp ~ Modcondsp(Pr-) and CAIg(PrEondsp) o

CAlg(Pr)condsp, the forgetful functor CAlg(Prt)condsp/ — CAlg(Prt) is a left fibra-
tion [Ker24, Tag 018F], and hence preserves and reflects connected colimits [Ker24,
Tag 02KT]. O

4.6. Descent. We develop a framework for descent of analytic Eoo-rings, following L.
Mann [Man22, §2.5-2.8] and Mikami [Mik24, §2], beginning with a mild refinement
of the latter’s descent criterion.

Proposition 4.34 ([Mik24, Lem. 2.17]). Let (A, Mod4) — (B”, Modg) be a steady
morphism in AnCAlg” such that:

(i) The scalar extension functor F': Mod4 — Modp is conservative.
(ii) F' preserves totalizations of F-split cosimplicial objects in Mod 4.

Then the functor

(44) MOdA — ['glenA MOdB®A(n+1)

is an equivalence, where Mod g ,(e+1) is the module category of the Cech nerve of
(A", Mod 4) — (B*,Modp) in AnCAlg".

Proof. See [Mik24, Rmk. 2.18]. We show the hypotheses of the dual of [Lurl7,
Cor. 4.7.5.3] are satisfied: F' is conservative and F' preserves totalizations of F-split
cosimplicial objects, and for each « : [m] — [n] in A the diagram

d()
MOdB®A(m+1) —_— MOdB®A(m+2)

| |

MOdB®A(n+1) T MOdB®A<"+2)


https://kerodon.net/tag/018F
https://kerodon.net/tag/02KT
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is right adjointable. Indeed, any such diagram is coCartesian, and all morphisms
are steady. The claim follows as right adjointability of such squares is precisely the
definition of steadiness. O

The criterion of Proposition 4.34 is sufficient but not manifestly stable under
composition and base change, since the scalar extension B ®4 — is tensoring with
the algebra B” only when the morphism is analytically proper.

L. Mann’s remedy transfers the question to the descendability of steady endo-
functors of Mod4. We give a treatment adequate for our purposes, simplified by
the light condensed setting. As the arguments of [Man22, §2.5] make no use of the
animated structure, they apply verbatim here.

For a morphism f : (4%,Mod4) — (B”,Modg) in AnCAlg”, the scalar extension
f* exhibits Modp as Mod s-enriched. As Modp is closed symmetric monoidal, hence
enriched over itself, this Mod 4-enrichment is f,Homp(—, —).

Definition 4.35. Let f : (4, Mod4) — (B”,Modg) be a morphism in AnCAlg”.

(1) The category Funy(B, A) of Mod4-enriched exact functors Modp — Mod 4
is the full subcategory of Mod4-enriched functors Modg — Moda whose
underlying functor is an exact functor of stable categories.

(2) Let Endy := Funiqy,, , (4, 4) be the category of Moda-enriched ezact endo-
functors.

Remark 4.36 ([Man22, Rmk. 2.5.3, Ex. 2.5.4, & Lem. A.4.5]). The category
Funs(B, A) of Mod4-enriched exact functors Modp — Mody is a stable category
admitting small limits and small colimits and contains the objects

for M € Modg, N € Mody4.

The formation of these enriched functor categories is functorial in the morphism
f-
Proposition 4.37 ([Man22, Lem. 2.5.6]). Let

(A", Mod4) —L 4 (B*,Modp)

o] s

(C”,Mod¢) T (D”,Modp)

be a commutative diagram in AnCAlg”. There is a natural adjunction

(f,f)F: Fung(C, A) T Fung(D, B) : (£, f)s.

Remark 4.38. For a morphism f : (A*,Mod4) — (B*,Modp) in AnCAlg", denote
by f%:= (f, f)" and f; := (f, f)y the adjoint pair between End4 and Endp.

Steadiness isolates the endofunctors compatible with restriction of scalars: those
F for which F o f, factors again through f, for every f : (A”,Mod4) — (B”,Modp).



46 WERN JUIN GABRIEL ONG

Definition 4.39 ([Man22, Def. 2.5.8]). Let (A”,Mod4) be a complete analytic
Es-ring. An enriched endofunctor F' € Endy is a steady endofunctor if for all
f: (A°,Mod4) — (B",Modp), the object (f,idmod,)*F € Fun;(B, A) lies in the
essential image of (idmody, f)y : Endp — Funy (B, A).

Proposition 4.40 ([Man22, Prop. 2.5.9 & Lem. 2.5.10]). Let f : (A, Mods) —
(B*,Modp) be a steady morphism in AnCAlg”.
(1) Stdy is a subcategory of End 4 closed under small colimits and composition,
and contains functors of the form Hom 4 (M, —) for M € Mod 4.
(2) There is an adjunction
_
f%:Stdy 1 Stdp : f;
where fy is conservative and preserves small colimits restricting the one of
Proposition 4.37 and Remark 4.38.
(3) For a coCartesian diagram in AnCAlg”

(A", Mod4) —L 4 (B*,Modp)

o] I

(CD, MOCIC) f} (DD, MOdD)

the natural morphism ¢" fo — fhgﬂ is an equivalence of functors from Stdp
to Stde.

Remark 4.41. By Proposition 4.40 (1), the inclusion Std4 — Endy4 is exact and
closed under composition and retracts. Thus the subcategory ((B®4—)|4>) contain-
ing (B®4 —)|ar closed under finite limits, finite colimits, retracts, and composition
is formed identically in Std4 and in Endy.

We can now define descendability.
Definition 4.42. Let f : (A",Mods) — (B",Modp) be a steady morphism in
AnCAlg". Let Ky := fib(idmod, — (B ®4 —)|4>) in Enda and denote by K7} the
n-fold composition of Ky with itself in End 4.
(1) fis descendable if there exists some n > 0 such that the natural map Kj —
idmod , is zero in End 4.
(2) fis descendable of index n if n is the smallest natural number such that the
map K% — idmod, in (1) is zero in Endy4.
Remark 4.43. By Remark 4.41, the fiber Ky, its composites K}}, and membership
in ((B®4 —)|a>) can be tested equivalently in Std4 and End 4. We work with End4
to adhere to the conventions of Mikami’s work [Mik23, §4].

This connects to Mann’s notion of descendability [Man22, Def. 2.6.1], itself closer
to Mathew’s original definition [Mat16, §3].

Lemma 4.44 ([Man22, Prop. 2.6.5]). Let f : (A",Mods) — (B",Modg) be a
steady morphism in AnCAlg”. The following are equivalent:
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(a) f is descendable in the sense of Definition 4.42 (1).

(b) idmod , is contained in the smallest full subcategory ((B ®4 —)|a>) of Enda
containing (B ®4 —)|4> closed under finite limits, finite colimits, retracts,
and composition.

Descendability is likewise stable under composition, base change, and cancellation.

Proposition 4.45 ([Man22, Lem. 2.6.9 & 2.6.10]). The collection of descendable
morphisms satisfies the following permanence properties:

(1) (Composition) If (A", Mod4) — (B, Modp) is descendable of index n and
(B”,Modp) — (C",Mod() is descendable of index m then the composite
(A7,Mod4) — (B”,Modp) — (C",Mod¢) is descendable of index at most
mn.

(2) (Base Change) If (A”,Mod4) — (B”,Modp) is descendable of index n and
(A”,Mod4) — (C*,Mod¢) another morphism in AnCAlg”" the induced mor-
phism from (C*, Mod¢) to the pushout is descendable of index at most n.

(3) (Left Cancellation) If a composite (A”,Mod4) — (B”,Modg) — (C*, Mod()
is descendable of index n and (A”,Mods) — (B”,Modp) is steady then
(A*,Mod4) — (B*,Modp) is descendable of index at most n.

We conclude the general discussion by showing that analytic module categories
descend along descendable morphisms.

Theorem 4.46. If (A", Mods) — (B”,Modp) is a descendable morphism in
AnCAlg” then analytic modules admit descent: the functor (4.4) is an equivalence.

Proof. We verify the conditions of Proposition 4.34. Let F' : Mody — Modpg be
the scalar extension functor and G : Modp — Mod 4 the scalar restriction functor,
which is conservative, so F' is conservative if and only if G o F' is. Indeed, by
stability, it suffices to show that the endofunctor GG o F' preserves nonzero objects.
Let M € Mod 4 be such that (G o F)(M) ~ 0. Then H(M) ~ 0 for all H € (Go F).
Picking H to be idmod, gives M ~ 0.

An F-split cosimplicial object M*® is also G o F-split, and (G o F)(M?*) is pro-
constant, thus H(M?®) is pro-constant for any H € (G o F'). Taking H to be idmod,,
we get that F' preserves the totalization of M*®, as desired (cf. [Mat16, Ex. 3.11]). O

Finally, we relate the scalar extension B® 4— to its induced morphism 7 (B)®,(4)
— on static analytic rings, reducing conservativity to the latter.

Lemma 4.47. Let (A*,Mod4) € AnCAlg". If f : M — N is a morphism of
bounded below objects in Mod4 and f ®4 idy 45y : M ®4 mo(A”) — N ®a mo(A”)
is an equivalence, then so is f.

Proof. This is a special case of Proposition A.19 (2). O
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5. DISCRETE SOLID [E,,-RINGS

The affine building blocks of spectral algebraic geometry are the connective K-
rings of Sp. Their condensed counterparts are the discrete solid Eyo-rings, analytic
Eoo-rings with discrete underlying rings, whose modules carry the solid structure,
one in which nullsequences are summable as for the solid spectra of Section 2.3. This
generalizes the theory of Clausen—Scholze for static rings and of Rodriguez Camargo
and Hansen—Mann in the animated setting.

We construct the discrete solid Eo-ring of a connective E-algebra from the free
case by sifted colimits, and introduce discrete spectral Huber pairs which afford
a more refined structure theory of morphisms. This theory yields the exceptional
functors fi - f' for morphisms of finite expansion, which, together with descent
for the faithfully flat and finitely presented topology after Mikami, provide the
foundation on which the six-functor formalism for spectral algebraic stacks is built.

5.1. The solid sphere. The solid spectra of Section 2.3 assemble into an analytic
Eo-ring over the sphere, the base case for the solid structures of this section.

Proposition 5.1. The pair (S, CondSp”) determines a complete analytic Eoo-ring
structure on CondSp.

Proof. By the results on solid spectra proven earlier in Theorem 2.13, CondSp” is
closed under small limits, small colimits, and extensions in CondSp and is CondSp-
linear by [Cla25, Thm. 13.3]. Writing L” : CondSp — CondSp” for the left adjoint
to the inclusion, we have for M € CondSp~(, N € CondSpZ_; an equivalence

HOHICondSpD (LD(M>7 N) = HomCondSp(M; N) ~0
showing L”(M) € CondSpDZO, L is right t-exact, and that the conditions of Defini-
tion 3.1 (1) are satisfied.
To show that this analytic Eoo-ring structure is complete, we need to show S €
CondSp"”. By Theorem 2.13 (2) it suffices to show each homotopy group is solid.

But by Serre’s theorem, the homotopy groups of S are either Z or a finite Abelian
group, which are solid as Abelian groups, so S € CondSp” as desired. O

This gives the following definition.

Definition 5.2. The solid sphere is the analytic Eo-ring Sy := (S,Mods,) =
(S, CondSp") of Proposition 5.1.

The generators of Modg, are internally compact projective, unlike the merely
wi-compact generators of a general analytic Eo-ring (cf. Proposition 3.5).

Proposition 5.3. Let S; be the solid sphere.
(1) The object [[S is internally compact projective in Mods,:

Homg_ (H S, —) : Mods_ — Mods,,
N

is t-exact and preserves small colimits.
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(2) The objects S;[S] for varying S € PFiny generate Mods, under small colimits
and shifts. In particular, Mods, is w-presentable.

(3) Any compact object of Mods, is also internally compact and the compact
objects are preserved by the tensor product.

(4) The t-structure on Mods, is compatible with small products.

Proof of (1). This is shown in [Cla25, Thm. 13.3]. O

Proof of (2). The objects Sp[S] generate Mods,, under small colimits and shifts by
Proposition 3.5 (2). Since they are internally compact projective, and the units
of CondSp, Mods,, are compact projective by Proposition 3.5, the objects S;[S] are
compact projective by Lemma A .21 (2) showing that Mods, is w-presentable. ]

Proof of (3). From [Cla25, Lem. 13.7], the internally compact projective generators
of Mods,, are preserved by the tensor product. Since Modg, is presentably symmet-
ric monoidal, we can write each compact object as a retract of finite colimits of the
compact generators, and these operations are preserved by the tensor product, show-
ing that the compact objects are preserved by the tensor product. These objects
are furthermore internally compact by Lemma A.22. O

Proof of (4). This is a special case of Proposition A.7. O

Remark 5.4. In fact, [[S is a compact projective generator of Mods,. The free
solid spectra on an infinite light profinite set is equivalent to [ [y S and the free solid
spectrum on a finite set is a finite direct sum, hence a retract of [[S.

The product compatibility of (4) holds more generally for any complete analytic
Eso-ring admitting a morphism from Sg.

Proposition 5.5. Let (A”,Mod,4) be a complete analytic Eo-ring. If there exists
a morphism (S, Mods,) — (4%, Mod,) in AnCAlg” then the t-structure on Mod 4 is
compatible with small products.

Proof. The functor (—)|s : Modg — Modg, is t-exact, conservative, and preserves
small limits. For a collection {M;}ier of connective objects in Mod4 with product
M, we have M|s ~ [];c;(M;ls). The latter is connective by compatibility of the
t-structure on Mods, with small products by Proposition 5.3 (4) and thus so is the
former. By the properties of the forgetful functor, it follows that M is connective
in Mod 4. U

5.2. Solid structures on discrete E,,-rings. We construct a discrete solid
Es-ring from any connective Ey.-algebra in Sp, regarded as a discrete object of
CondCAlg". As complete analytic E,-rings are closed under sifted colimits by
Proposition 3.20 and CAlg™" is generated under sifted colimits by retracts of the
free algebras by Proposition C.7 (1), it suffices to carry out the construction on the
compact projective algebras and then pass to sifted colimits.

Lemma 5.6. Let A € CAlg™ be a compact projective object and regard it as a
discrete object of CondCAlg®". Denote its module category by Mody.
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(1) Let S € PFiny and S = lim,, S,, a presentation of S as a sequential limit of
finite sets. Define A;[S] := lim,, A[S,]. Then A;[S] ~ [[,; A for |I| <|N]J.

(2) The full subcategory Mod 4., € Mod4 spanned by those modules all of whose
homotopy groups are mo(A)--analytic defines a complete analytic Eo-ring
structure A5 which is the unique analytic E.-ring structure on A whose base
change to mo(A) is mo(A)s. Moreover, there is an equivalence my(A[S]) ~
mo(A)o[S] of static condensed my(A)-modules for all S € PFiny.

Proof of (1). Note that

(5.1) Ap[S] :=lim A[S,] ~ limHA ~ lim® A ~ Hom 4 (colimH A, A)

Sn Sn Sn
and
(5.2) A ®s (coEmE[S) ~ co}%mI;[A ~ co}%mgaA

by CondSp being presentably symmetric monoidal and exactness of the tensor prod-
uct. (5.2) naturally identifies with Cont(S,S) ®s A ~ Cont(S, A) (cf. [HM24, Def.
3.5.10 ff.]). Thus by base-changing the equivalence @; S — Cont(S,S) for |I| < |N|
in [Cla25, Pf. Thm. 13.3], we get that ;A = Cont(S, A) is an equivalence.
Applying Hom 4(—, A), we obtain the desired equivalence from (5.1). O

Proof of (2). Since A is compact projective in CAIg™", my(A) is a finitely presented
Z-algebra and carries the static solid analytic Eo-ring structure mo(A); [RC26, Thm.
5.3.2]. By Proposition 3.23 it lifts to a unique analytic Eo-ring structure (A, Mod 4,)
on Mody4 which induces my(A); on base change to mp(A), spanned by those modules
whose homotopy groups are m(A)-analytic by Proposition 3.7 (vi). It is complete
as each 7, (A) is a discrete, hence mp(A)-solid, mp(A)-module, so the unit A lies in
Mod 4.

For the second claim, (1) identifies A;[S] with []; A for |I| < |NJ|. Using exactness
of countable products in Mod 4, mo(An[S]) =~ mo([1; 4) =~ []; m0(A) ~ mo(A)a[S] by
[RC26, Thm. 5.3.2] once more. O

An arbitrary connective E.-algebra is obtained by sifted colimits.

Proposition 5.7. Let B € CAlg™" and regard it as a discrete object of CondCAIg®".
Denote its module category by Modp. Consider the diagram
(5.3) I:={A; — B: A; compact projective in CAlg"} .

(1) The diagram I of (5.3) is sifted and the natural map

colim A; — B
el

is an equivalence in CAlg®".
(2) The colimit in AnCAlg"

B, := colim A4, ,
i€l
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defines a complete analytic Eo-ring structure on Modp.
(3) The objects

By [S] ~ colim A; [ 5]
el

for S € PFiny are internally compact projective in Modp, and generate
Modp, under small colimits and shifts in Modg. In particular, Modp, is
w-presentable.

Proof of (1). Siftedness of the diagram and the equivalence follow from Proposi-
tion C.7 (1). O

Proof of (2). Recall from Proposition 3.20 that complete analytic Eo-rings are
closed under sifted colimits computed in analytic E.-rings. Since each A; is a
complete analytic Eq-ring by Lemma 5.6, it follows that By is a complete analytic
Eso-ring as well. U

Proof of (3). The claimed equivalence is provided by Lemma 3.17 and B, is a com-
plete analytic Eo-ring by Proposition 3.20. By Proposition 3.5 (3), the objects
B [S] generate Modp,, under small colimits and shifts.

We have a map of discrete solid Eoo-rings S; — By by Proposition 4.1. Adjunction
then furnishes Hompg_ (By[S], —)|s ~ Homg (S5[S], (—)[s). Since (—)|s : Modp, —
Mods, is conservative, t-exact, and preserves small colimits, internal compact pro-
jectivity of Sg[S] in Mods, implies the same for B;[S] in Modp,. The unit of Modp,
is compact projective by Proposition 3.5, so Lemma A.21 (2) exhibits B[S] as
compact projective generators of Modp,.. O

This allows us to define discrete solid Eoo-rings.

Definition 5.8. (1) Let A € CAlg™". The discrete solid Ex-ring of A is the
analytic Eo-ring A, := (A, Mod4,,) of Proposition 5.7.
(2) The category of discrete solid Eoy-rings AnCAlg" is the full subcategory of
AnCAlg” spanned by discrete solid Eo-rings of connective E..-algebras in
Sp.

The formation of discrete solid E..-rings enjoys the following functoriality.

Lemma 5.9. There is a functor CAlg™ — AnCAlg” given on objects by A — A
which is fully faithful and preserves nonempty small colimits.

Proof. By full faithfulness of CAlg™ < CondCAIg™" and the adjunction of Propo-
sition 3.11, Definition 3.1 (3) exhibits Mora,cagr (Ao, Bo) as the subanima of
Morcaigen (A, B) spanned by those morphisms along which restriction of scalars car-
ries Modp, into Mod 4. This condition holds for every morphism: B is the colimit
of the C5 over the diagram (5.3) of all morphisms C' — B from compact projective
objects C, computed in AnCAlg by Proposition 3.20, so Proposition 3.16 shows that
a B-module is Bo-analytic if and only if its restriction along every morphism from
a compact projective object is analytic, and the same holds for A. For M € Modpg,
and any morphism C — A from a compact projective C', the composite C — A — B
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then gives (M|a)|c ~ M|c € Mod¢y,, so M|4 € Mody,. The functor is therefore
fully faithful.

For colimit preservation, note first that the functor preserves sifted colimits:
CAlg®™" is generated under sifted colimits by its compact projective objects by Propo-
sition C.7 (1), and Proposition 5.7 exhibits A — A as the extension of its values on
compact projective objects by sifted colimits, so it preserves sifted colimits [Lur09,
Prop. 5.5.8.15]. It remains to show preservations of binary products. Since the
coproduct ®g in CAIg™" preserves sifted colimits separately in each argument, it
suffices to show that the functor preserves binary coproducts of compact projective
objects.

Let B,C be compact projective with coproduct D := B ®s C in CAlg®". D
is compact projective as Morcagen (D, —) >~ Morcajgen (B, —) x Morcajgen (C, —) pre-
serves sifted colimits. The embedding Sp — CondSp is a symmetric monoidal left
adjoint, so D is also the coproduct in CondCAlg" and Proposition 3.16 computes the
coproduct of B; and C; in AnCAlg as (D, Modp,p, N Modp /¢, ): those D-modules
whose underlying B- and C-modules are Bg- and Cg-analytic. This structure is
complete, the homotopy groups of D being discrete and hence solid as my(B)- and
7o(C)-modules, so it is also the coproduct in AnCAlg” by Corollary 3.19.

It remains to identify (D, Modp, g, N Modp,c,,) with Dy. Restriction of scalars
is t-exact and membership in Modp,, Modc,, and Modp, is detected on homo-
topy groups by Lemma 5.6 (2), so both analytic structures on Modp are detected
on homotopy groups and Proposition 3.23 reduces the identification to the static
solid structures on my(D) = mo(B) ®z mo(C'). A static condensed mo(D)-module is
mo(D)s-analytic if and only if its restrictions to mo(B) and mo(C) are mo(B)s- and
mo(C)p-analytic, which is the preservation of binary coproducts by the animated
solidification functor of [RC26, Prop. 5.4.11]. O

Remark 5.10. The functor CAlg®" — AnCAlg" given on objects by A — Ay is fully
faithful and essentially surjective and thus an equivalence of categories.

Remark 5.11. Since CAlg®" — AnCAlg” is an equivalence of categories, any prop-
erty P of morphisms in CAlg™" applies unambiguously to morphisms in AnCAlg": a
morphism Ay — By is said to be P if and only if it is the image of a morphism
A — B in CAlg®" with property P under the functor of Lemma 5.9. We recall some
standard notions of morphisms of (connective) E,-algebras in Sp in Definition C.3.

5.3. Discrete spectral Huber pairs. The discrete solid E,-rings of Section 5.2
are refined to discrete solid Huber rings, whose extra plus-part affords finer control
of the solid structure on the modules over a fixed E.,-ring and, most crucially, a
convenient factorization of morphisms.

Definition 5.12. Let A € CAlg™ be a connective E-algebra in Sp.

(1) A discrete spectral Huber pair (A, AT) is a morphism AT — A in CAlg®" such
that mo(A™) C mo(A) is an integrally closed subring of the static ring mo(A).

(2) A morphism of discrete spectral Huber pairs f : (A,AT) — (B,B") is a
morphism f : A — B in CAlg® such that the induced morphism on static
rings 7o (f) : mo(A) — mo(B) satisfies mo(f)(mo(AT)) C mo(BT).
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(3) Denote by Huber the category of discrete spectral Huber pairs with objects
discrete spectral Huber pairs and morphisms those of discrete spectral Huber
pairs in the sense of (2).

Remark 5.13. In what follows, we will often elide the adjective “spectral” when
discussing the constructions of the preceding definition.

Remark 5.14. Compare the definitions of Rodriguez Camargo [RC26, §5.5] and of
L. Mann [Man22, §2.9] where discrete animated Huber pairs are defined to be pairs
consisting of an animated ring together with a distinguished subanima of elements
and a distinguished static subring, respectively.

Discrete spectral Huber pairs give rise to complete analytic Eo.-rings.

Lemma 5.15. Let (A, AT) € Huber and (A, Mod(4 4+,) := (4, I\/IodA/AS) be the
analytic Ex-ring induced from AT along AT — A.

(1) (A,Mod(4 a+),) is a complete analytic E-ring structure on Mod 4.

(2) Mod 4 a+), is generated under colimits and shifts by internally compact pro-
jective objects A ® 4+ AT[S] for S € PFiny. In particular, Mod4 a+), is
w-presentable with compact unit.

Proof of (1). By Proposition 3.13, (4, Mod (4 4+),) is an analytic E-ring structure.
Completeness follows from A being discrete in Mod At O

Proof of (2). The objects A ® 4+ AT[S] are internally compact projective and gen-
erate Mod (4 4+), under small colimits and shifts by Proposition A.24. The unit of
Mod 4, 4+), is compact projective by Proposition 3.5, so any internally compact pro-
jective M is itself compact projective, its mapping spectrum Hom g 4+, (M, —) =~
Hom(A7A+)D(A,Ho7m(A7A+)D(M, —)) being a composite of t-exact functors preserv-
ing small colimits. In particular the generators are compact projective, whence
Mod 4, a+), is w-presentable. ([l

We refer to these as discrete solid Huber rings.

Definition 5.16. Let (A, AT) € Huber. The discrete solid Huber ring (A, AT); o
the Huber pair (A, AT) is the complete analytic Eoo-ring of Lemma 5.15 (1).

Remark 5.17. For an arbitrary morphism At — A in CAlg", we continue to write
(A, AT)g for the analytic Eoo-ring induced from AT along AT — A. The statement
and proof of Lemma 5.15 apply verbatim. This convention parallels [Man22, Def.
2.9.3] (c) as the induced structure is invariant under passage to the integral closure
of the image.

As with discrete solid Eo-rings in Lemma 5.9, the formation of discrete solid
Huber rings is likewise functorial.

Lemma 5.18. There is a functor Huber — AnCAlg”" given on objects by (A4, AT)
(A, AT)y which is fully faithful.
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Proof. Let f : (A,AT) — (B,B™") be a morphism in Huber and note that a B-
module is (B, B1)-analytic if and only if all its homotopy groups are mo(B™)-
analytic. But this implies they are in particular my(A™)s-analytic by the contain-
ment 7o(f)(mo(AT)) C mo(BT). Conversely, for a map of discrete solid Huber rings
(A, A")y — (B, B%),, we can verify the condition that this comes from a map of
discrete spectral Huber pairs on the underlying static rings: [Sch26a, Prop. 13.16]
shows that the image of mo(A™) in my(B) is integral over mo(B™), and integral
closedness of mo(B™) in mo(B) gives the containment my(f)(mo(AT)) C mo(BT). O

Remark 5.19. In [Man22, Prop. 2.9.6], it is also shown that the formation of
discrete solid animated Huber rings from discrete animated Huber pairs preserves
nonempty small colimits. Since we do not need this result, we do not reprove its
spectral analogue here.

When A1 ~ A, the discrete solid Huber ring (A, A™); recovers the discrete solid
Eso-ring A, and morphisms then factor through an analytically proper one.

Proposition 5.20. Let (4, A™), — (B, B'), be a morphism of discrete solid Huber
rings.
(1) The morphism admits a factorization as
(A, A%)y — (B, A")y — (B,B")g

where (A, AT)y — (B, A1) is an analytically proper morphism.
(2) In particular, any morphism A; — By of discrete solid Ey-rings admits a
factorization

Ay — (B, A)s — B,
where A, — (B, A); is an analytically proper morphism.

Proof of (1). Since (A, AT); — (B, B"), is a morphism of discrete solid Huber rings,
Lemma 5.18 supplies the containment 7o (f)(mo(A1)) C mo(B™). The factorization
consists of morphisms of analytic E.-rings with (B, A™); following Remark 5.17.
Restriction along A — B carries (B, A™)--analytic modules to (A, AT)g-analytic
ones, both structures being induced from AF showing the first morphism is analyt-
ically proper.

To identify the composite, note that we have LB:BMo o [(BAN)n ~ [(B.BT)o
by containment Mod(p p+), € Mod(p 4+), so the scalar extension functor of the
factorization is L(B’Bﬂ‘ﬂoL(BvAﬂDo(B@A—) ~ L(B’Bﬂﬂo(B@A—) which is precisely
the scalar extension functor of the original morphism by Proposition 3.12. O

Proof of (2). This is immediate from (1). O

5.4. Mereology of solid modules. In analytic modules over a discrete solid Huber
ring, nuclear objects coincide with the discrete ones.

Proposition 5.21 (Cf. [Man22, Prop. 2.9.7]). Let A := (A, A"), be a discrete
solid Huber ring and denote the generators A[S] := (A, AT),[S] = A®4+ AT[S] for
varying light profinite sets S € PFiny. The following conditions are equivalent for
an object M € Mod (4 4+), = Mod 4:
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(a) M is discrete.
(b) M is nuclear in the sense of Definition 3.27 (3).
(c) For all N € Mod4 and S € PFiny, the natural morphism

Hom 4 (A, Hom 4 (A[S],N) ® 4 M) — Hom 4 (A[S], N ®4 M)
is an equivalence in Sp.

Proof. We show (a)=-(b)=(c)=-(a).

(a)=-(b) is Corollary 3.30.

(b)=(c) Since A is compact by Proposition 3.5 and P := A[S] (internally) com-
pact projective by Lemma 5.15 (2), the natural morphism in (¢) commutes with
small colimits in M. We may thus take M to be a Q>p-indexed colimit of compact
objects along trace class morphisms M := colim,cqg., My. Choosing a factorization

Ng.q'
A2 M(;/ XA Mq/ — HomA(Mq,Mq/)
of fgq : My — My, we get a morphism
Homy (P, N ®4 M) ~ Hom 4 (A, Hom 4 (P, N ® 4 M;))
— Hom4 (A, Hom 4 (P,N ®4 My) @4 M) @4 M)
— Homu (A,Hom 4 (P, N ®4 My ®4 Mqv) ®a My)
— Hom 4 (A, Hom 4 (P,N) ®4 Mq/)
where the morphisms from the second line onwards are, respectively, induced by 7 4,

the canonical map Hom 4 (P, X)®4Y — Hom 4(P, X ® 4Y), and the evaluation map
eva, : Mg ®4 Mqv — A of M,. This provides a diagonal filler to the diagram

Hom 4 (A,Hom 4 (P,N) ® 4 M;) ——  Homy (A,HornA (P,N) ®AMq/)

Hom 4 (P, N ®4 M,) » Homy (P, N ®4 My)

by its construction from 7, , which induces an equivalence on filtered colimits by
[Aok25a, Lem. 2.16].
(c)=(a) Taking N = A, we have

Homy (A, PY ®4 M) ~ Hom4(P, M).
Letp: AT — A~ (A, AT); be the natural map of analytic En-rings, which is analyt-
ically proper. For PV := Hom 4(p*AT[S], A) we have p, PV ~ @Ag (AT[S], Al z+)
by Lemma A.18 (2) which by Af-analyticity of 4|4+ and adjunction is equivalent

to Hom 44 (A[S], A| 4+). Since A is discrete, p, PV ~ colimecs(A| 4+ )®!5il for a pre-
sentation S =~ lim;c7 S; as a sequential limit of finite sets. Since p, is conservative
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and preserves small colimits, it follows PV ~ colim;c; A®1% and we have
Hom 4 <A, colim A®!%! = M> ~ Hom 4 (A, colim M@Si|>
iel i€l
~ colim Hom 4 (A, M@|Si|)
el
~ cQIiIm Hom 4 (A@wi‘, M)
1€

where we have used, respectively, that the tensor product preserves small colimits,
that A is compact in Mod 4 = Mod(4 a+),, and that finite products and coproducts
coincide by exactness. By the assumed equivalence and that Hom A(A@ISH’ M) ~
M(S;), we get that M (S) ~ colim;c; M(S;). This shows that the value of M on a
light profinite set is left Kan-extended from its values on finite sets, hence discrete
(see [Man22, Prop. 2.1.8 (ii)] and the surrounding discussion). O

Since nuclearity is necessary for dualizability, the dualizable objects are discrete
as well.

Proposition 5.22. If (A, A") is a discrete solid Huber ring, then (A, Mod 4 4+),)
is a Fredholm analytic Ey-ring in the sense of Definition 3.33: any dualizable object
is discrete. In particular, there is an equivalence of categories Dbl(Mod(4 4+),) =~

Dbl(Mod 4(Sp)).

Proof. From Proposition 5.21, the nuclear and discrete objects coincide so using
Proposition 3.31, an object of Mod(4 4+), is dualizable if and only if it is discrete
and compact. By Lemma B.11 (3), the embedding of discrete objects identifies
with the embedding of nuclear objects, hence induces an equivalence on dualizable
objects. O

5.5. The solid affine line. We construct the solid affine line S{T'}, and factor
the morphism S, — S{T'}, into an analytically proper morphism followed by an
open immersion of complete analytic Eo-rings. The open immersion is recognized
through an idempotent algebra, which we construct first.

Lemma 5.23. Let S[Ny] := cofib(S[{oc}] = SINU {cc}]).
(1) S|N&] admits the structure of an E-algebra in CondSp. Denote its solidifi-
cation (as an Eq-algebra) by S[[¢]].
(2) Let S[[g]{T} := S[[q]] ®s; S{T'} € Mod(s(7}s), be the base change of S[[q]]
along the morphism of discrete solid Huber rings Sy =: (S,S)y — (S{T'},S)..
Let Q := cofibgiry ), (Sl[g][{T} 1T, S[[¢]l{T}). Then there exists a mor-
phism e : S{T'} — Q which exhibits Q as an idempotent E,.-algebra of
Mod (S{T},S)-
Proof of (1). We use the formalism of Smith ideals (see [Mao024, §3.1]). The category
Fun((A)OPP, CondSp) carries the Day convolution symmetric monoidal structure in-

duced by the maximum monoidal structure on (A!)OPP with unit [0 — S], and there
is a symmetric monoidal equivalence with Fun(A!, CondSp) under the pointwise
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structure carrying [I — R] to [R — cofib(l — R)] [Mao24, Prop. 3.1]. An Eo-
algebra for the Day convolution structure thus determines a canonical E.-algebra
structure on the cofiber together with an E.-algebra morphism R — cofib(I — R)
[Mao24, Cor. 3.3].

The addition on N extends to the compactification by n + co = co = oo + n,
and this operation is continuous, showing the subset {co} is a monoid ideal making
{00} = NU {oo} a commutative algebra object for the Day convolution structure
on CondAni.

The functor S[—] : CondAni — CondSp is symmetric monoidal and preserves
small colimits, so it induces a symmetric monoidal functor on Day convolution
categories [Nik16, §3], carrying the commutative algebra above to a Day convo-
lution algebra [S[{oo}] — S[N U {oo}]] in CondSp. The preceding argument equips
S[Neo] = cofib(S[{oo}] — S[NU{oo}]) with the structure of an E-algebra in CondSp.
Symmetric monoidality of solidification makes S[[¢]] an E-algebra in CondSp~. O

Proof of (2). The self-map of S[[¢]]{T} given by multiplication by the element 1—¢T
is a map of S{7'}-modules, so we can consider the cofiber Q as an S{T'}-module. Let
e: S{T'} — Q be the composite of the structure map S{T'} — S[[¢]]{T'} of S[[q|][{T}
as an Eo-algebra in Mod(ry}s), and the canonical map to the cofiber. It suffices
by [Lurl7, Rmk. 4.8.2.6 & 4.8.2.9] to show that

id e
0 2®(s(1}9) Q& s(1y5). O
is an equivalence, where all objects are connective by compatibility of the t-structure
with the symmetric monoidal structure. Note that the functor Z[T ®(S{T},S)o
— : Modrys), — Modzr)z), is conservative on bounded below objects by
Lemma 4.47 so the above morphism is an equivalence if and only if it is so after
base change to (Z[T],Z).-modules. In this case, exactness of the functor identifies

. _ 1—qT Lo
ZIT) @iy, Q with Z((T™1)) = cofibzir 2. (Z[[¢)|[T) —— Z[[q]][T]) which is
an idempotent algebra along the base change of e by [RC26, (5.2.1)], proving the
claim. ]

With this idempotent algebra in hand, the morphism to the free algebra factors
through the open immersion it defines.

Proposition 5.24. Let f: Sy — S{T'}, be the morphism of discrete solid Ex-rings
to the free Eoo-algebra.

(1) f admits a factorization as

So & (S{T},8)s & ${T}:

where p is analytically proper.
(2) There is an equivalence of categories ker(j*) ~ Modg(Mod sy 5),). In par-
ticular, j is an open immersion of analytic E..-rings.

Proof of (1). The existence of the factorization follows from Proposition 5.20 (2).
U
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Proof of (2). We need to verify that for Z := fibig(ry s, (S{T'} % Q), the object
Hom g7y ), (Z, M) is in the essential image of the forgetful functor j. : Modg7y, —
Mod s(7} 5),- By Corollary A.38 this can be reduced to a check on homotopy, where
it follows from [RC26, Prop. 5.2.2]. O

5.6. Exceptional functors for morphisms of finite expansion. In the ani-
mated setting [HM26, §2.7], the morphisms of finite expansion of Hamacher [Ham19]
form the exceptional class of the solid six-functor formalism. They adapt to connec-
tive Eqo-rings as follows.

Definition 5.25. Let f : A — B be a morphism in CAlg®". The morphism f is of
finite expansion if it admits a factorization as A — A{Ti,...,T,} — B such that
mo(A{T1,...,Tn}) — mo(B) is integral.

Remark 5.26. By Lemma C.9 this is equivalent to mo(f) : mo(A4) — mo(B) admit-
ting a factorization as mo(A) — mo(A)[Th, ..., T,] — mo(B) where mo(A)[T1, ..., T,] —
mo(B) is an integral morphism.

The exceptional functors of a finite-expansion morphism are assembled from those
of the two factors: the free-algebra morphism A, — A{T1,...,T,},, treated below,
and the morphism A{Ti,...,T,}> — B., which has integral 7y and is analytically
proper by the following lemma.

Lemma 5.27. Let A — B be a morphism in CAlg®" such that mo(A) — mo(B) is
integral. Then the morphism of discrete solid E,.-rings A5 — By is analytically
proper.

Proof. We want to show that a module M is B_-analytic if and only if its underlying
A-module is Ag-analytic. By Proposition 3.7 (vi) we can reduce this to the case
where A, B, M are static, where it is [And21, Prop. 3.22]. O

It remains to construct the exceptional functors of the free-algebra morphisms,
beginning with the solid affine line and the factorization of Proposition 5.24. That
j is an open immersion was shown there through the idempotent algebra Q. We
reprove it below by the recognition criterion of Proposition 4.15, exhibiting the
requisite finite analytic Tor-amplitude directly.

Proposition 5.28. Let f : Sy — S{T'}, be the morphism of discrete solid Es-rings
to the free E -algebra.

(1) f admits a factorization S, 2 (S{T'},S), & S{T'}. in which p is analytically
proper and j is an open immersion, so that j* admits a left adjoint j; with
J13*M ~ M @1y s)0 HS{T}

(2) The functor fi := puji : Modgyry, — Mods, preserves small colimits and
satisfies the projection formula: the natural morphism fi(f*M ®s7ry, N) —
M ®s, fiN is an equivalence in Modg.

Proof of (1). That p is analytically proper and j an open immersion is Proposi-
tion 5.24, and j; with the stated formula is then part of the open-immersion data of
Definition 4.6.
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We give a second proof that j is an open immersion by verifying the hypotheses
of Proposition 4.15 for j : (S{T'},S)y — S{T'},. Both rings have underlying Eq.-
ring S{T'}, with mo(S{T'}) ~ Z[T]. The base-change condition holds since Z[T] ~
mo(S{T'}) already lies in Modg(ry,, so that S{T'}c ®sqrys), Z[T] ~ Z[T]. The
restriction (—)[syr} @ Modsiry, — Modsirys), is fully faithful, both categories
being full subcategories of Modgy7y, which is (i). The t-structure on Mod 7y s),
is compatible with small products by Proposition 5.5, as (S{T},S), receives the
morphism p from So. Finally, the induced scalar extension on static rings is

T0(S{T} o ®(ro(s{11),70(5))0 (—) = Z[T]6 @(zi11,2)5 (—),

which is of analytic Tor-amplitude < 1 by the proof of [Man22, Prop. 2.9.36], giving
(ii), and an open immersion by [RC26, Prop. 5.2.2], completing (iii). Thus j is an
open immersion. O

Proof of (2). This follows from the six-functor formalism for analytic Eo-rings. Ex-
plicitly, p, preserves small colimits as the forgetful functor of an analytically proper
map, and 7, does so as a left adjoint, so f) preserves colimits as well. The projection
formula is obtained by composing those for open immersions Definition 4.6 (a) and
analytically proper morphisms Proposition 4.20. ([l

By base change and the six-functor formalism for analytic Eso-rings established
in Section 4.5, we extend this to morphisms of finite expansion.

Theorem 5.29. Let f : A, — By be a morphism of discrete solid E.-rings of finite
expansion. Then there exists a small colimit-preserving functor fi : Modg, —
Mod 4, satisfying the projection formula and which admits a right adjoint f' :
Mod 4, — Modpg,,.

Proof. Since f is of finite expansion, it admits a factorization as

Ay S AT, T S B,

where h : A{T\,...,T,}n — By is analytically proper by Lemma 5.27.

We first treat the case of g. The functor to discrete solid E.-rings preserves
nonempty small colimits by Lemma 5.9, and we implicitly identify base change
of discrete solid and analytic Eyo-rings in what follows. The morphism S, —
S{T1,...,T,}: is the iterated base change of S; — S{T'}, hence admits exceptional
functors as it lies in the homotopy class E) of Lemma 4.25. The morphism g is
the base change of Sy — S{T1,...,T,}o along Sy — Ay hence in FE). Since h is
analytically proper, it lies in Ei. By closure under composition, f lies in F) as well.
The projection formula and existence of a right adjoint are formal from this being
a presentable six-functor formalism as in Proposition 4.29. U

5.7. Flat morphisms of discrete solid E..-rings. We now study the morphisms
of discrete solid E,.-rings that are flat and almost of finite presentation in the sense
of Definition C.3, following Mikami [Mik23, §4] and [Mik24, §2].

This structure theory underlies the descent of Section 5.8 and enters the duality
theory of the six-functor formalism for spectral algebraic stacks. For a morphism of
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discrete solid Eo-rings Ay — By, write mo(A)y — mo(B)s for the induced morphism
of discrete solid static rings. We begin with the static case.

Proposition 5.30 ([Mik24, Cor. 2.11 & Prop. 2.20]). Let mo(A)y — mo(B)s be a
finitely presented flat morphism of discrete solid static rings.
(1) The functor mo(B)o @)y — : Mody(a), — Mody (), is of Tor-amplitude
< 1 and preserves small limits.
(2) There exists a compact object N (B)/mo(A) € Mod? 4y, which corepresents
the functor

70(B)o®nry(A)g— Mor, ()5 (m0(B),~)
— e,

Ani

(5.4) |\/|Od7r0(14)D

and an equivalence of functors

MOdwo(B)D

(m0(B)a ®mg(a) —)mo(a) = Homy (ay, (N7 5y /mo(4) —)

in the enriched endofunctor category End (1),
This lifts to discrete solid E.-rings.

Proposition 5.31 (Cf. [Mik23, §4]). Let A, — B, be a morphism of discrete solid
Eso-rings that is flat and almost of finite presentation.

(1) The scalar extension functor By ®4, — : Mods, — Modpg, is of analytic
Tor-amplitude < 1 and preserves small limits.
(2) There exists a compact object N /A € Mod:j_ which corepresents the functor

B — Mor B,—
(5.5) Mod . 222497 Modp, BaB0), api

satisfying NE/A ®A, To(A) ~ NTDI'Q(B)/WQ(A) and an equivalence of functors

(Bo @45 —)|a ~ Homy (Ng) 4, —)
in the enriched endofunctor category End 4.

Proof of (1). We show the flat morphism A, — B, satisfies the hypotheses of
Lemma 4.14 (2). Flatness gives B ® 4 mo(A) ~ mo(B). The t-structure on Mod 4, is
compatible with small products by Proposition 5.5, as Ag receives a morphism from
Sy Finally, mo(B)n ®xq(4), — is of analytic Tor-amplitude < 1 and preserves small
limits by Proposition 5.30 (1). Hence B, ® 4, — is of analytic Tor-amplitude < 1
and preserves small limits. ]

Proof of (2). By (1), By ®4, — preserves small limits and colimits, and Modp, is
w-presentable with compact unit, so Morp_ (B, —) preserves small limits and filtered
colimits. This implies that the composite (5.5) preserves small limits and filtered
colimits.

By [Lur09, Prop. 5.5.2.7], such a functor is corepresentable by an object of Mod 4.,
and it is compact as the functor furthermore preserves filtered colimits. Denote this
object by NE/A. By adjunction, Morﬂo(A)D(NE/A ®4, mo(A),—) corepresents the
composite

(=)]a Mor 4, (N3

7_)
Mod 4y, ~—— Moda, P2 Ani
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but this functor identifies with (5.4) of Proposition 5.30 (2) and we conclude their
identification N, 4 ®4; mo(A) ~ N (B)/mo(4) DY the Yoneda lemma.
We have equivalences of animae

Morag(Ng /4, Np/a) =2 Morp, (B, By ®a. N 4) representability

~ Mot g, (A4, (Bs @4, Njyala)  Bo®a,— A (=)la.

Let f: A— (B ®a, N]_D;/A)\A be the image of ing/A : N4 = Np, 4 under this

chain of equivalences. Observing that (B; ®4, —)|4 € End ., [Man22, Lem. A.4.8]
implies that there is an equivalence of animae

Morgnd 4, <HO7H1AD(NE/A7 =), (Bo @4, —)|A> ~ Mor g, (A, (Bo ®ay NE/A)IA) :

Let 7 : Hom 4 (NE/A, —) = (B; ®4, —)|a be the natural transformation of Mod -
enriched endofunctors corresponding to f : A = (B, ®4, Ng / )| 4 under this equiv-

alence. The functor (B, ®4., —)|a preserves small limits and colimits as By ® 4, —
preserves both by (1) and forgetful functors from module categories (—)|4 gener-
ally do so. Similarly Hom , (NG A0 —) preserves limits as a right adjoint and pre-
serves colimits by compactness, using that compactness and internal compactness
coincide in Mod 4, by Lemma A.22. We check that n is an equivalence pointwise.
Using that both functors are exact and Postnikov and Whitehead towers in Mod 4,
we can reduce to checking that nys : mAD(Ng/A,M) — (By ®a, M)|a is an

equivalence for M € Modim. By adjunction mp(A); ®4, — 4 (—)|a and Proposi-
tion A.19 (1), HomAD(NjDB/A, M) ~ Homm(A)u(NEO(B)/wO(A)vM) and (Bo®a, M)|a ~
(m0(B)a @)y M)|a which in conjunction with conservativity of the forgetful func-
tor Mod . (4), — Mod, is precisely Proposition 5.30 (2). O

5.8. Descent for discrete solid E-rings. Solid modules satisfy descent for the
faithfully flat and finitely presented topology, following Mikami [Mik23, §4]. The
argument rests on the structure theory of Section 5.7 together with the steadiness
of morphisms of discrete solid E..-rings, which we record first.

Lemma 5.32. Any morphism of discrete solid Eo.-rings A; — By of finite expansion
is steady as a morphism of complete analytic E.o-rings.

Proof. We argue as in Theorem 5.29. The free algebra morphism S, — S{T'},
factors as Sy — (S{T'},S). — S{T'}, where Sy — (S{T'},S), is analytically proper.
Using that S{T'} is discrete hence nuclear by Corollary 3.30, Proposition 4.21 implies
S — (S{T'},S)s is steady. The morphism (S{T'},S). — S{T'}, is an open immersion
by Proposition 5.28 hence steady by Corollary 4.11, showing Sy — S{T'} is steady.
Using the permanence properties of steady morphisms established in Proposition 4.5,
it follows that A, — A{Ty,...,T,} is steady, being obtained by iterated base
change from Sy — S{T'}y. Similarly for A{Ty,...,T,}s — B, this is analytically
proper by Lemma 5.27 with B discrete and hence nuclear in A{T, ..., T, };-modules
by Corollary 3.30 so it is steady by Proposition 4.21. Since steady morphisms are
preserved under composition, A — By is steady. O
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Remark 5.33. L. Mann shows that any morphism of discrete solid animated Huber
rings is steady [Man22, Prop. 2.9.7], so Lemma 5.32 and Corollary 5.34 are not
optimal. The restricted statements suffice for the descent of Theorem 5.36, and we
do not reprove the spectral analogue of Mann’s result here (cf. Remark 5.19).

Corollary 5.34. Any faithfully flat and finitely presented morphism of discrete
solid E.-rings Ay — Bg is steady as a morphism of complete analytic Eo-rings.

Proof. By Lemma C.12, any finitely presented morphism, and in particular any
faithfully flat finitely presented morphism is of finite expansion. Thus it is steady
by Lemma 5.32. O

The finitely presented faithfully flat morphisms are descendable.

Proposition 5.35. Let A; — B be a finitely presented and faithfully flat morphism
of discrete solid E,.-rings.

(1) Forall 7 > 1, (Ng,4)®" € Moda,,>—1.

2) The natural map |[(N%,,)®®| — A is an equivalence.
B/A

(3) The map A, — B is descendable.

Proof of (1). Note that by repeating the constructions and arguments of Proposi-
tion 5.31, (NE/A)‘@T ~ Np. 4 Where
B" :ZBD®AD"'®ADBD
r-times

so it suffices to treat the case of r = 1. Suppose there is k£ > 1 such that NE/A —

T< kNp /A is nonzero. Using the equivalence of functors in Proposition 5.31 (2),
we get mAD(Ng/A,TS,kNB/A) ~ (B, ®4, TS*]CNE/A)’A which is nonvanishing
on 7y by the existence of the nontrivial map NE/A — TS,ka?/A. But this is a
contradiction as By ® 4, — is of Tor-amplitude < 1. O

Proof of (2). Observe that the unit of the extension-restriction adjunction furnishes
a natural map idmeg Ay Hom AD(NE, / A,—) which under the contravariant fully
faithful embedding Modggp — End 4, given on objects by P — Hom 4 (P, —) gives
a map Np,, — A [HM24, Cor. A.4.9]. From (1), the realization |(NE/A)®'| is
bounded below so the natural morphism [(Np / 1€ = A is one of bounded below
objects. Applying Lemma 4.47, it suffices to demonstrate the equivalence after
applying m9(A4) ® 4, —, namely that
|(N7DrO(B)/7r0(A))®.| — mo(A)
is an equivalence, which is the content of [Mik24, Thm. 2.15]. O

Proof of (3). Let (Ny,,)" == COlim[m]eAg"gr(NJDB/A)®(m+1) be the partial geometric

realizations and C, := coﬁb((N]DB/A)’" — A) where both terms lie in Mod 4, >_1
which is closed under colimits computed in Mod 4,. The partial geometric realiza-
tions assemble into (co)fiber sequences (NE/A)T — (NE;/A)"Jr1 — (NE/A)(@(T“) [r+1]
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[Mik24, Lem. 4.12]. By (1), (Np,,)®"*? € Modag>-1 so (Ng,,) 0 [r + 1] €
Mod 4, >,. Noting that finite colimits of uniformly bounded below objects are uni-
formly bounded below, we have that (NE/A)T, (NE/A)T+1 € Mod 4., >—1. Examining
the long exact sequence on homotopy, we obtain Fk((Ng/A)T) — Wk((N]DS/A)TH) is
an equivalence for k& < r —2 and surjective for k = r — 1. Writing ](NE/A)QQ'] as a se-
quential colimit of partial geometric realizations, we obtain from (2) an equivalence
colim, Tgk(Ng/A)T ~ T, colimT(Ng/A)" ~ 1< A for all k.

For 7 = 1 the transition maps W—l((NE/A)l) — W—l((NE/A)t) and ﬂo((Ng/A)l) —
mo((Ng / 1)) are, respectively, an equivalence and a surjection for ¢ > 2. Since
the sequential colimit of the partial realizations is equivalent to A, it follows that
7T71((N]D3/A)1) — m-1(A) ~ 0 is an equivalence and Wo((Ng/A)l) — mo(A) is surjec-
tive. Examining the long exact sequence on homotopy, we conclude mo(C1) ~ 0 and
thus C1 € Mod 4, >1. Consider the commutative diagram

(N§/A)1 A > Cl
w e
(N5/a)® = N3 /a A » Co

with horizontal (co)fiber sequences. Write (N / )b = A5 O for the morphisms
in the (co)fiber sequence. mo(C1) ~ 0 implies v is zero. Applying Homa, (A, —)
to the top cofiber sequence, we obtain a (co)fiber sequence Hom (A, (N, / D —
Homy (A, A) — Homy,(A,C1) in Sp where the final term has vanishing my by
internal compact projectivity of the unit established in Proposition 3.5. Thus id4
lifts to a morphism A : A — (NE/A)1 so that w o h ~ id4 exhibiting A as a retract
of (N5 / N

Let D be the minimal full subcategory of Mod 4, containing N /A and closed un-
der tensor products, retracts, and shifts. Let D’ be the minimal full subcategory of
Mod 4, containing the fibers of morphisms in D and closed under tensor products, re-
tracts, and shifts. Rotating the (co)fiber sequence Npjg— (NJDB/A)1 — (NE/A>®2[1]
gives a (co)fiber sequence (NE/A)1 — (NE/A)@[I] — NE/A[I]. The last two objects
belong to D, so (NFB/A)I € D'. Since D' is closed under retracts and A is a re-

tract of (N / A)l, we obtain A € D’. In particular, under the exact, monoidal, fully
faithful embedding of [Man22, Rmk. 2.5.15 & Cor. A.4.9], the identity endofunc-
tor is contained in the smallest full subcategory of End 4, containing (Bs ®4, —)|a
closed under finite limits, finite colimits, retracts, and composition. Together with
Corollary 5.34, this shows that A5 — B is descendable by Lemma 4.44. O

Descendability and steadiness yield descent.
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Theorem 5.36. Let A — Bg be a finitely presented and faithfully flat morphism
of discrete solid Ey-rings. Then the functor

Mod 4. — lim Mod n
A mlea 00 pPasn D

is an equivalence.
Proof. This follows from Theorem 4.46 in light of Proposition 5.35 (3). O

Remark 5.37. The proof of Proposition 5.35 (3) exhibits A as a retract of (N / nE

so a finitely presented faithfully flat morphism of discrete solid Ey-rings is descend-
able of index at most 2. The bound rests on [Mik23, Lem. 4.5], which is stated
incorrectly there and has yet to be corrected, so we do not prove it.
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6. SIX OPERATIONS FOR SOLID QUASICOHERENT SHEAVES

With the analytic and solid theories of the preceding sections in place, we con-
struct the six-functor formalism for solid quasicoherent sheaves that motivates this
work. On affine spectral schemes it is obtained by restricting the six-functor formal-
ism on complete analytic Eoo-rings of Section 4.5 along the embedding of discrete
solid E-rings. Descent along the faithfully flat and finitely presented topology glob-
alizes these to spectral algebraic stacks through the machinery of Heyer—L. Mann
[HM24, §3.4]. Together with the duality it supports, the construction recovers the
formalism announced in the introduction.

One point of divergence from the animated theory governs the treatment of
suaveness. There a morphism of solid affine schemes is suave exactly when it is
almost of finite presentation and of finite Tor-amplitude, the sufficiency resting
on a factorization A — A[T},...,T,] — B with B perfect over the flat algebra
ATy, ..., T,) [HM26, Lem. 2.7.12]. Over the sphere this fails, the free E-algebra
S{T} ~ @,,5( X BX, being of infinite Tor-amplitude. We impose the flat factor-
ization as a hypothesis instead, working with the pseudo-lisse morphisms of Appen-
dix C.3 and proving that these are suave. It is not clear that every morphism almost
of finite presentation and of finite Tor-amplitude is pseudo-lisse, or even that it lies
in the closure of the pseudo-lisse morphisms under composition and base change.

6.1. Six operations on affine spectral schemes. Throughout this subsection we
fix an uncountable regular cardinal x and restrict to x-small affine spectral schemes,
sidestepping the set-theoretic difficulties attached to sheaves on large sites. Much
of the following discussion holds without the smallness restriction, but the x-small
setting suffices for our use and eschews the need to develop a theory of macrotopoi
(cf. [HP24, App. A]).

Definition 6.1. For an uncountable regular cardinal k, let the category of k-small
affine spectral schemes Aff,; be the opposite category of AnCAlg,., the full subcategory
of AnCAlg" spanned by the essential image of the xk-compact connective E.-algebras
in Sp under the fully faithful functor CAlg™ — AnCAlg” of Lemma 5.9.

Remark 6.2. The category CAlg®™" is w-presentable by Proposition C.7, so its full
subcategory CAlg" of k-compact objects is essentially small. The embedding of
Lemma 5.9 restricts to an equivalence CAlgS" = AnCAlg. onto its essential image,
so AnCAlg,. and its opposite Aff, are essentially small as well.

The class of morphisms along which the exceptional functors are defined is the
one detected on 7 by finite expansion. Transporting the permanence properties of
Proposition C.11 to the opposite category exhibits it as a geometric setup.

Lemma 6.3. Let x be an uncountable regular cardinal.

(1) The pair (Aff., FE), where FE is the homotopy class of morphisms of finite
expansion, is a geometric setup.

(2) The restriction of the fully faithful embedding CAlg=" — AnCAlg" to CAlgS"
gives on opposite categories a morphism of geometric setups (Aff,, FE) —
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(AnAff, Ey) where (AnAff, Ey) is the geometric setup on the opposite category
of AnCAlg”" constructed in Lemma 4.25.

Proof of (1). By Proposition C.11, the morphisms of finite expansion contain all
equivalences and are closed under composition, base change, and left cancellation
among connective E.-algebras. Passing to opposite categories, FE contains all equiv-
alences and is closed under composition, pullback, and right cancellation in Aff,,
which are the defining conditions of Definition 4.22 (1). Pullbacks are computed by
the relative tensor products B ® 4 C, finite colimits in CAlg®" and hence internal to
AnCAlg,, ~ CAlg:" by closure of k-compact objects under x-small colimits. O

Proof of (2). The embedding preserves nonempty small colimits by Lemma 5.9, so
it preserves the pushouts computing base changes of morphisms of finite expansion,
and on opposite categories Aff,, < AnAff therefore preserves the corresponding fiber
products, giving the compatibility required by Definition 4.22 (2).

That every morphism of finite expansion of discrete solid E,.-rings lands in the
exceptional class F) is furnished by its factorization into analytically proper mor-
phisms and open immersions in Theorem 5.29, each factor being exceptional, and
F) closed under composition by Lemma 4.25. O

Restriction along this morphism of geometric setups carries the six operations on
complete analytic E-rings to xk-small affine spectral schemes.

Proposition 6.4. Let k be an uncountable regular cardinal. There is a presentable
six-functor formalism

QCoh,, : Corr(Aff,, FE) —s Prt Spec(A) — Mod 4,

obtained by restricting the six-functor formalism of Proposition 4.29 along the mor-
phism of geometric setups of Lemma 6.3.

Proof. The morphism of geometric setups of Lemma 6.3 induces a functor on corre-
spondence operads Corr(Aff,, FE) — Corr(AnAff, Ey) [HM24, Prop. 2.3.5 & 2.3.6].
Precomposing the six-functor formalism of Proposition 4.29 with this functor is
again a lax symmetric monoidal functor into Pr-, hence a presentable six-functor
formalism, and its value on Spec(A) is Mod 4., by construction of the embedding in
Lemma 5.9. O

This is the six-functor formalism for solid quasicoherent sheaves on x-small affine
spectral schemes.

Definition 6.5. Let k be an uncountable regular cardinal. The solid siz-functor
formalism on k-small affine spectral schemes is the presentable six-functor formalism
QCohy of Proposition 6.4.

The six-functor formalism satisfies the categorical Kiinneth formula in the sense
of Definition 4.32.

Corollary 6.6. The solid six-functor formalism on k-small affine spectral schemes
satisfies the categorical Kiinneth formula.



A SIX-FUNCTOR FORMALISM FOR SOLID SHEAVES IN SPECTRAL ALGEBRAIC GEOMETRY 67

Proof. The functor CAlgS" < AnCAlg" preserves nonempty small colimits by
Lemma 5.9, so the composite CAlgy" — Prt preserves pushouts by the categori-
cal Kiinneth formula for the six-functor formalism for complete analytic Eo-rings
established in Proposition 4.31. O

6.2. Primness and suaveness in the affine case. With the affine formalism in
hand, we take up the study of its prim, suave, and smooth morphisms, together with
the related properties of properness and étaleness relative to a six-functor formalism.
The definitions are those of Heyer-L. Mann [HM?24, §4.4-4.6], and the discussion
parallels the solid formalism for animated algebraic geometry of Hansen—L. Mann
[HM26, §2.7].

The proper morphisms are O-prim without further hypotheses.

Lemma 6.7. Let f : Spec(B) — Spec(A) be a morphism of x-small affine spectral
schemes.

(1) If f is an integral morphism on 7g, then f is o-prim.

(2) If f is a proper morphism, then f is O-prim.
In both cases, there is a natural equivalence of functors f. ~ fi : Modp, — Mod 4.

Proof. Lemma 5.27 furnishes the natural identification of functors in both cases
since proper morphisms are in particular integral on 7y by [Lurl8, Prop. 5.2.1.1].
This also implies that (2) follows from (1).

We now show (1). By [Stacks, Tag 02JM], integrality on 7o is left cancellative,
hence closed under diagonals by [FIM24, Lem. 2.1.5]. One then verifies O-primness of
f using [HM24, Lem. 4.5.5]: the natural map fipry,ApB — f.B is an equivalence
under the equivalences Ay, ~ Ay, fi ~ fi, and pry, Ap, ~ idModBD. ]

Remark 6.8. A proper morphism of k-small affine spectral schemes need not be
O-proper in the sense of the six-functor formalism since proper morphisms need
not be truncated. Compare the discussion in [HM26, Def. 2.7.11] where proper
morphisms in the solid animated setting are not necessarily proper in the sense of
the six-functor formalism.

A large collection of suave morphisms for the affine formalism is provided by the
pseudo-lisse morphisms of Appendix C.3, recalled below, whose flat factorization
stands in for the structure theory unavailable in the spectral setting.

Definition 6.9. Let A — B be a morphism in CAlg®".
(1) A — B is pseudo-lisse if it admits a factorization

A—-C—=B

in which A — C is flat and almost of finite presentation and B is perfect as
a C-module.
(2) A — B is elementary pseudo-lisse if it admits a factorization

A— AlTy,..., T, - B

for some n > 0 in which B is perfect as an A[T1,...,T,]-module.
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Remark 6.10. The permanence of such morphisms is recorded in Proposition C.14:
every elementary pseudo-lisse morphism is pseudo-lisse, the elementary pseudo-lisse
morphisms are closed under composition and base change, and the pseudo-lisse
morphisms are closed under base change. A pseudo-lisse morphism is moreover
almost of finite presentation and of finite Tor-amplitude, hence of finite expansion
by Lemma C.12, so it lies in FE and carries the exceptional functors of QCohg.

As a special case of pseudo-lisse morphisms, we may consider the fiber-smooth
morphisms in the sense of [Lurl8, Def. 11.2.3.1].

Definition 6.11. A morphism A — B in CAlg®" is fiber-smooth if it satisfies the
following conditions:

(i) A — B is flat and almost of finite presentation.

(ii) For every field k£ and morphism of connective Eo-rings B — k, the static
k-vector space 71(k ®p LLp/4) vanishes, where Lp, 4 is the E-cotangent
complex of A — B.

We show pseudo-lisse morphisms are O-suave. The pseudo-lisse morphisms sub-
sume those for which Grothendieck duality is considered in [Lurl8, §6.4.2].

Proposition 6.12. Let f : Spec(B) — Spec(A) be a morphism of x-small affine
spectral schemes.

(1) If f is proper, almost of finite presentation, and of finite Tor-amplitude,
then B is perfect as an A-module and f is O-suave. Furthermore, there is an
equivalence f'A ~ w;’c in Modp,, where w;’c is the dualizing sheaf of [Lurl8,
Def. 6.4.2.4].

(2) If f is pseudo-lisse, then f is O-suave. In particular, every finitely presented
and faithfully flat morphism is O-suave.

(3) If f is fiber-smooth in the sense of Definition 6.11, then f is O-suave and
its diagonal Ay : Spec(B) — Spec(B ®4 B) is both O-prim and O-suave. In
particular, every fiber-smooth morphism is O-smooth.

(4) If f is étale, then f is O-étale.

Proof of (1). Properness makes A — B finite [Lurl8, Prop. 5.2.1.1], so almost
finite presentation renders B pseudocoherent over A [Lurl8, Cor. 5.2.2.2], and
finite Tor-amplitude in addition makes B perfect over A [Lurl7, Prop. 7.2.4.23].
By Lemma 6.7, f is O-prim with fi ~ f. and [HM24, Lem. 4.5.10] shows that
perfectness of B over A implies suaveness of f.

We have an identification wy ~ f'A ~ Hom, (B, A). Now B is dualizable in
Mod4(Sp), being perfect [Lurl7, Prop. 7.2.4.4], with dual Hom4(B, A), and the
symmetric monoidal functor Mod4(Sp) — Mod,, preserves duality, hence takes
Hom 4 (B, A) to Hom, (B, A). Since the dualizing sheaf of a finite morphism is the
A-linear dual Hom 4(B, A) [Lurl8, Ex. 6.0.4.3], we get f'A ~ w$, as desired. O

Proof of (2). Let A, — C, — By be a pseudo-lisse factorization, with A — C' flat
and almost of finite presentation and B perfect over C. Since O-suave morphisms
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are closed under composition [HM24, Lem. 4.5.9], it suffices to the first factor, the
second already having been treated in (1).

For A, — Cp, the underlying functor AffOPP ~ AnCAlg — CAlg(Prb) preserves
pushouts by Corollary 6.6, so the morphism is O-suave once scalar extension C; ® 4,
(—) admits a Mod 4. -linear left adjoint [RC26, Lem. 6.3.6]. For a flat morphism
almost of finite presentation, such a left adjoint is constructed in Proposition 5.31.

O

Proof of (3). Suaveness of f follows from (2). By [Lurl8, Prop. 11.3.3.1], B is
perfect as a B®4 B-module in Sp, hence 7y(B) is finitely generated as a 7o(B® 4 B)-
module [Lurl7, Cor. 7.2.4.5], so the diagonal Ay is finite and o-prim by Lemma 6.7.
This exhibits Ay as o-suave by (1).

To show O-smoothness, we need to show wy is ® g -invertible. wy is f-suave, being
the suave dual of the unit, so [HM24, Cor. 4.5.18 (ii)] implies that wy is dualizable,
and therefore ® g -invertible by [HM24, Rmk. 4.5.12], showing f is o-smooth. [

Proof of (4). An étale morphism is flat and almost of finite presentation by Defini-
tion C.3 (8), hence pseudo-lisse and O-suave by (2). Its diagonal is a localization at
an idempotent element [Lurl7, Rmk. 7.5.0.2, Thm. 7.5.0.6 & Ex. 7.5.0.7], hence
is étale and O-suave by (2). Since the diagonal is also a monomorphism, it follows
from [HM24, Def. 4.6.1] that f is o-étale. O

Definition 6.13. Let f : Spec(B) — Spec(A) be a O-suave morphism of k-small
affine spectral schemes. The relative dualizing sheaf wy is the object f'A € Modp..

Remark 6.14. The pseudo-lisse hypothesis is related to other treatments of
Grothendieck duality in spectral algebraic geometry as follows. By Proposition 6.12
(1), the pseudo-lisse morphisms contain the affine morphisms treated in [Lurl8, §6].
The pseudo-lisse hypothesis imposes neither the Noetherian nor the homological
boundedness conditions appearing in [Jia23, §2], where Grothendieck duality is
considered for morphisms almost of finite presentation and of finite Tor-amplitude
under these additional hypotheses. Every pseudo-lisse morphism is almost of finite
presentation and of finite Tor-amplitude by Remark 6.10. Whether every morphism
of connective E.-rings almost of finite presentation and of finite Tor-amplitude is
suave, or contained in the closure of pseudo-lisse morphisms under composition and
base change, is open.

6.3. Perfect and coherent sheaves in the affine case. The morphism classes
of the preceding subsection have object-level counterparts. A sheaf is perfect when
it is dualizable for the solid tensor product, and f-coherent when it is suave for a
morphism f of finite expansion, in the sense of the prim and suave objects of Heyer—L.
Mann [HM24, §4.4 & 4.5]. On these subcategories, the duality of a suave morphism
restricts to an anti-autoequivalence, the affine form of the Grothendieck—Verdier
duality globalized in Section 6.5. Compare the animated affine case of [HM26, Prop.
2.8.3].

Definition 6.15. Let x be an uncountable regular cardinal.



70 WERN JUIN GABRIEL ONG

(1) For Spec(A) € Aff, an object of QCoh,(A) := Mody, is perfect if it is
dualizable. Denote the full subcategory of perfect sheaves by Perf,(A).

(2) Let f : Spec(B) — Spec(A) be a morphism of finite expansion. An object
of QCoh,(B) := Modp, is f-coherent if it is an f-suave object in QCohp.
Denote the full subcategory of f-coherent sheaves by Coh(B, f).

Remark 6.16. By Proposition 5.22, every dualizable object of Mod 4 is discrete,
so a perfect sheaf is discrete and Perf,(A) is identified with the perfect A-modules
in Sp. Namely, we have an equivalence of categories Perf;(A) ~ Perf(A), where the
latter is the full subcategory of Mod4(Sp) spanned by the compact, or equivalently
dualizable, objects [Lurl7, Prop. 7.2.4.4].

Remark 6.17. Lurie defines a coherent sheaf on a Noetherian affine spectral scheme
Spec(B) to be a (discrete) B-module in Sp such that each homotopy group is finitely
generated as a mo(B)-module in static Abelian groups [Lurl8, §6.4.3]. This does not
agree with Definition 6.15 (2) even for A = B = S where the idg-coherent sheaves are
the compact spectra, but a spectrum with each homotopy group finitely generated
need not be compact, or even pseudocoherent. We have elected to refer to the
f-suave sheaves as f-coherent in line with [HM26, §2.8] (cf. [HM26, Cor. 2.8.4

(iii)]).
Unlike the perfect sheaves, the relatively coherent sheaves are characterized less

directly, through the six-functor formalism rather than a finiteness condition in Sp.
Both subcategories are nonetheless stable and carry a duality, recorded next.

Proposition 6.18. Let f : Spec(B) — Spec(A) be a morphism of finite expansion
between x-small affine spectral schemes.

(1) Perf,(B) and Cohy(B, f) are stable subcategories of Modp.

(2) The functor given on objects by M ~ Homp (M, f'A) defines an anti-
autoequivalence of f-coherent sheaves Cohy(B, f)OPP =5 Cohy(B, f).

(3) The functor given on objects by M +— Homp (M,B) defines an anti-
autoequivalence of perfect sheaves Perf,(B)OPP = Perf,(B).

(4) If f is o-suave, then Perf,(B) C Cohy(B, f) and the anti-autoequivalence of
(2) is given on objects by M — Homp (M,wy). If the diagonal A is o-suave,
then Cohy (B, f) C Perf (B).

(5) If f is fiber-smooth, then there is an equivalence of categories Perf,(B) ~
Cohy(B, f).

Proof of (1). The identification of Perf,(B) with the perfect B-modules in Sp Re-
mark 6.16 exhibits it as a stable subcategory [Lurl7, Prop. 7.2.4.2]. That Coh,(B, f)
is a stable subcategory is [HM24, Cor. 4.4.13]. O

Proof of (2). This is [HM24, Lem. 4.4.4 & 4.4.17]. O

Proof of (3). The identity identifies Perf (B) ~ Cohy(B,idp,) [HM24, Ex. 4.4.3],
so this is the case f = idpg, of (2). O



A SIX-FUNCTOR FORMALISM FOR SOLID SHEAVES IN SPECTRAL ALGEBRAIC GEOMETRY 71

Proof of (4). The containment Perf,(B) C Coh,(B, f) is [HM24, Cor. 4.5.18] (i),
and f'A =w 7 by Definition 6.13 puts the anti-autoequivalence of (2) in the stated
form. When A is O-suave, the reverse containment Coh (B, f) C Perf,(B) is [HHM24,
Cor. 4.5.18] (ii). O

Proof of (5). By Proposition 6.12 (3), f is O-suave with 0-prim and O-suave diagonal,
so both containments of (4) apply. O

6.4. Six operations on spectral algebraic stacks: construction. The affine
formalism and its sheaves now established, we globalize the six-functor formalism
to spectral algebraic stacks. Solid modules satisfy descent for the faithfully flat
and finitely presented topology by Theorem 5.36, and the arguments of Heyer—L.
Mann [HM?24, §3.4] promotes the affine formalism to one on stacks. The morphisms
carrying exceptional functors are those locally of finite expansion, characterized
through the affine case by descent.

Definition 6.19. Let x be an uncountable regular cardinal. The category of k-small
spectral algebraic stacks Stk,, C PShv(Aff,; Ani) is the full subcategory of presheaves
of animae on Aff, that are sheaves for the faithfully flat and finitely presented
topology.

Globalizing the six operations to these stacks turns on the descent that solid
modules enjoy along faithfully flat and finitely presented covers and provides the
class of stacky morphisms along which exceptional functors are defined, and the
six-functor formalism carrying them.

Theorem 6.20. Let x be an uncountable regular cardinal. There is a homotopy
class LFE of morphisms of Stk, containing those whose base change along every
morphism from a x-small affine spectral scheme to the target is affine and of finite
expansion. The pair (Stk, LFE) is a geometric setup, the inclusion (Aff,, FE) —
(Stky, LFE) a morphism of geometric setups, and there is a six-functor formalism

QCoh,, : Corr(Stk,, LFE) —» Cat, X — QCohy(X),

whose restriction along Aff, < Stk, is the solid six-functor formalism of Defini-
tion 6.5.

Proof. The affine formalism of Proposition 6.4 descends along the faithfully flat
and finitely presented topology: solid modules satisfy descent for it as shown in
Theorem 5.36, and faithfully flat and finitely presented morphisms are O-suave by
Proposition 6.12 (2). These verify the hypotheses of the globalization theorem
[HM24, Thm. 3.4.11], which produces LFE, the geometric setup, the morphism
of geometric setups, and the six-functor formalism restricting to the affine one. [

The construction produces a six-functor formalism and a distinguished class of
morphisms, named as follows.
Definition 6.21. Let k be an uncountable regular cardinal.

(1) The solid siz-functor formalism on k-small spectral algebraic stacks is the
six-functor formalism QCoh, of Theorem 6.20.
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(2) A morphism of k-small spectral algebraic stacks is locally of finite expansion
if it lies in the class LFE of Theorem 6.20.

The class LFE is abstractly characterized by minimality and locality. For compu-
tations, however, one wants a concrete handle reducing statements about a stack to
a covering family of affine schemes. Such reductions run along the covers for which
solid quasicoherent sheaves satisfy exceptional descent, which we isolate below.

Definition 6.22. Let {V; — Y }icr be a small family of morphisms in LFE with
common target Y € Stky, and for a morphism X — Y write U; := V; xy X. The
family {V; — Y }ier is a universal QCoh!D-cover if for every morphism X — Y of
k-small spectral algebraic stacks the augmented cosimplicial diagram

QCoh,(X) = ] QCohu(Usy) = J] QCohu(Uiy xx Usy) — -

i€l 10,61 €1
with transition functors the exceptional pullbacks along the projections is a limit
diagram in Cat.

The prototypical such cover is a faithfully flat and finitely presented morphism
of affine spectral schemes (cf. Theorem 5.36).

Lemma 6.23. Let f : Spec(B) — Spec(A) be a faithfully flat and finitely presented
morphism. Then f is a O-suave cover and a universal QCoh!D-cover.

Proof. By Proposition 6.12 (2) the morphism f is O-suave, and faithful flatness
makes it a cover. It is a universal QCoh!-cover by [HM24, Lem. 4.7.1]. O

Using these covers, the morphisms locally of finite expansion admit the anticipated
local characterization: the condition is detected on affine targets by the affine notion,
and are local on source and target.

Proposition 6.24. The class LFE of morphisms of k-small spectral algebraic stacks
locally of finite expansion satisfies the following.

(i) LFE contains every morphism f : X — Y such that for each x-small affine
spectral scheme V' — Y the base change X xy V — V is locally of finite
expansion.

(ii) A morphism f: X — Y with Y a s-small affine spectral scheme is locally of
finite expansion if and only if there is a universal QCoh'-cover {U; — X }ics
by k-small affine spectral schemes with each composite U; —» X — Y of
finite expansion.

(iii) LFE contains every morphism f : X — Y admitting a universal QCoh!D—cover
{U; = X }ier with each composite U; — X — Y locally of finite expansion.

(iv) LFE contains every morphism f : X — Y admitting a universal QCoh!D—cover
{V; = Y'}jes with each base change X xy V; — V; locally of finite expansion.

(v) LFE contains every morphism f : X — Y admitting a small family {V; —
Y}jes with [[;c,V; — Y an effective epimorphism in Stk, and each base
change X xy V; — V; locally of finite expansion.
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Moreover, LFE is minimal among the homotopy classes of morphisms of Stk satis-
fying (i) to (iv) and the conclusions of Theorem 6.20.

Proof. The statements (i) to (iv) and minimality follow from [HM24, Thm. 3.4.11],
whose hypotheses are the faithfully flat and finitely presented descent of Theo-
rem 5.36 and the affine six-functor formalism of Proposition 6.4.

For general covers in (v), we follow the strategy of [HM26, Thm. 2.7.8 (iii) (b)].
Let f : X — Y be a morphism in Stk, and assume there is a jointly effective
epimorphic family {V; — Y};c such that for all j € J the morphism V; xy X —
V; is locally of finite expansion. Being locally of finite expansion can be checked
after pullback along all morphisms of x-small affine spectral schemes to Y so we
may, without loss of generality, take Y to itself be a k-small affine spectral scheme.
By [Man22, Lem. A.3.9], there exists a faithfully flat and finitely presented cover
{W; = Y}ier by k-small affine spectral schemes such that each W; — Y admits
a factorization as W; — V; — Y for some j € J. By the pasting lemma and
closure of morphisms locally of finite expansion under base change, it follows that
each W; xy X — W; is locally of finite expansion. Since faithfully flat and finitely
presented morphisms of x-small affine spectral schemes are universal QCoh!D—covers
by Lemma 6.23, (iv) applies to {W; — Y };cr and f is locally of finite expansion. [

By Lemma 6.23 every faithfully flat and finitely presented morphism is a suave
cover, so many questions about stacks reduce to the affine schemes covering them.
This reduction underlies the duality theory of the next subsection.

6.5. Duality theory for spectral algebraic stacks. The construction com-
plete, we now consider duality. The perfect and coherent sheaves of the affine
case have stacky counterparts, defined via descent. The subsection closes with the
Grothendieck—Verdier duality for suave morphisms of stacks and a restatement of
the main theorem. Throughout, compare the animated development of Hansen—L.
Mann [HM26, §2.8].

Definition 6.25. Let f : X — Y be a morphism of x-small spectral algebraic stacks
locally of finite expansion.
(1) An object M € QCoh,(X) is perfect if it is dualizable. Denote the full
subcategory of perfect sheaves by Perf,(X).
(2) An object M € QCoh,(X) is f-coherent if it is an f-suave object of QCohy.
Denote the full subcategory of f-coherent sheaves by Coh, (X, f).

Both subcategories are governed by their affine restrictions. Dualizability can be
checked on an affine cover and descends along all covers.

Proposition 6.26. Let X be a k-small spectral algebraic stack.

(1) Perfect sheaves are preserved by arbitrary pullback and descend along all
covers.

(2) An object M € QCoh(X) is perfect if and only if for every x-small affine
spectral scheme g : Spec(A) — X the pullback ¢g*M is perfect in Mody . In
particular, every perfect sheaf is discrete.
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Proof of (1). Dualizable objects are preserved by symmetric monoidal functors,
hence by pullback, and admit descent. ]

Proof of (2). Passing to an affine cover reduces the assertion to the affine case, where
Perf,(A) is identified with the perfect A-modules in Sp via Remark 6.16. Discrete-
ness is affine-local, hence descends, giving the final claim. ([l

Relative coherence behaves similarly, but its descent is confined to the suave
covers.

Proposition 6.27. Let f : X — Y be a morphism of x-small spectral algebraic
stacks locally of finite expansion. The f-coherent sheaves are preserved by pullback
along O-suave morphisms and descend along O-suave covers. In particular, they
descend along covers in the faithfully flat and finitely presented topology.

Proof. This is [HM24, Lem. 4.4.8 & 4.5.16]. The final assertion follows by
Lemma 6.23 using suaveness of such covers. O

With coherence available on stacks, the duality of a suave morphism can be stated
globally. As in the affine case, its dualizing sheaf is the exceptional pullback of the
unit.

Definition 6.28. Let f : X — Y be a 0O-suave morphism of k-small spectral al-
gebraic stacks. The relative dualizing sheaf wy is the object f'ly € QCoh,(X),
agreeing with Definition 6.13 when f is a morphism of affine spectral schemes.

Theorem 6.29 (Grothendieck—Verdier duality). Let f : X — Y be a O-suave
morphism of k-small spectral algebraic stacks.
(1) The natural morphism Homy (fiM,N) — f.Homy (M, f'N) is an equiva-
lence in QCoh,(Y") for all M € QCoh,(X) and N € QCoh,(Y').
(2) The functor given on objects by M +— Hom y (M,wy) is an anti-autoequivalence
Coh, (X, f)OPP =5 Cohy (X, f).

Proof of (1). This is [HM24, Prop. 3.2.2] (iii). O
Proof of (2). This is [HM24, Lem. 4.4.4 & 4.4.17]. O

Combining the construction, the morphism classes, and the duality just obtained
yields the theorem announced at the outset. We restate it here with some terms
unpacked.

Theorem 6.30. Let x be an uncountable regular cardinal and Stk, the category of
k-small spectral algebraic stacks. There is a six-functor formalism

QCoh,, : Corr(Stk,, LFE) —» Cat X + QCoh,(X)
satisfying the following.
(1) For every morphism f : X — Y there is an adjoint pair
/¥ : QCohy(Y) = QCoh,(X) : f

with f* symmetric monoidal.
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(2) For every morphism f : X — Y locally of finite expansion there is an adjoint

pair
fi - QCoh,(X) = QCoh,(Y) : f'
satisfying proper base change and the projection formula.

(3) If f: X — Y is o-suave-locally pseudo-lisse (ie. pseudo-lisse on a C-suave
cover of source and target) then f is O-suave and there is a natural equivalence
(=) ~w §®% f*(=). This holds in particular when f is pseudo-lisse locally
in the faithfully flat and finitely presented topology.

(3.1) If f is a fiber-smooth map of k-small affine spectral schemes, then f is
O-smooth and wy is ®5-invertible.
(3.2) If f is étale-locally an étale map, then f is 0-étale and wy ~ 1x.

(4) If f is an integral map of x-small affine spectral schemes, then f is O-prim
and there is an equivalence fi(—) ~ f.(—). In particular, this holds if f is
proper.

(5) If f is O-suave, then the following variant of Grothendieck—Verdier duality
holds:

(5.1) The natural morphism

Homy (fiM,N) — f.Homy (M, f'N)

is an equivalence in QCoh,(Y") for all M € QCoh,(X), N € QCoh(Y).
(5.2) The functor given on objects by M +— Homy(M,wy) is an anti-
autoequivalence of Coh, (X, f).

Proof. The six-functor formalism together with (1) and (2) is Theorem 6.20, drawing
on [HM24, Prop. 3.1.8 & 3.2.2]. In (3) membership in LFE is furnished by Propo-
sition 6.24, and the suaveness is Proposition 6.12 (2) carried along suave covers by
the locality of suave morphisms on source and target [HM?24, §4.5], the dualizing-
sheaf formula holding by definition of o-suaveness. The fiber-smooth case (3.1) is
Proposition 6.12 (3). The étale case (3.2) follows from Proposition 6.12 (4) and
étale-locality of étaleness on source and target [HM24, Lem. 4.6.3]. Property (4) is
Lemma 6.7, and (5) is Theorem 6.29. O
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APPENDIX A. {-BISTABLE CATEGORIES AND THEIR LOCALIZATIONS

In this appendix we collect the category-theoretic results used in the preceding
text. Our main objects of study are stable presentable categories satisfying mild ad-
ditional conditions on their ¢-structure and their symmetric monoidal counterparts.
Much of the underlying formalism is standard, developed in the works of Aambg
[Aam24], Antieau [Ant18], and Lurie [Lurl7, Lurl8]. Our primary original contribu-
tion is in Appendix A.5 where we prove a recognition criterion for when the kernel
of a symmetric monoidal localization is the category of modules over an idempotent
algebra.

A.1. Stable categories and their t-structures. We recall the conditions that
a t-structure on a stable category may satisfy. Throughout, we work with stable
presentable categories.

Definition A.1. Let C be a stable presentable category with ¢-structure (C>g, C<).

(1) The t-structure on € is compatible with filtered colimits if C<q is closed under
small filtered colimits in C.

(2) The t-structure on € is compatible with countable (resp. small) products if
C>0 is closed under countable (resp. small) products computed in C.

(3) The t-structure on C is right complete if the natural functor

colim (GZO — 82_1 — 82_2 — .. ) — G,

with the colimit taken in Prt, is an equivalence. In particular, all Whitehead
towers are convergent.
(4) The t-structure on C is left complete if the natural functor

G—>lim<-~—>€§2@—1>€§17§—0>€§0)

is an equivalence. In particular, all Postnikov towers are convergent.
(5) The t-structure on € is right separated if

m ng ~ (.
neZ

(6) The t-structure on C is left separated if
ﬂ ezn ~ 0.
nez

Remark A.2. If C is a stable presentable category with a t-structure compatible
with filtered colimits, the functor 7<o is accessible, implying accessibility of the
t-structure [Lurl7, Prop. 1.4.4.13].

We will primarily be concerned with a variant of ¢-stable categories as defined by
Aambg [Aam24, Def. 2.22], subject to the further requirement of left completeness.

Definition A.3. Let C be a stable presentable category with ¢-structure (C>g, C<).
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(1) Cis t-bistable if the t-structure is compatible with filtered colimits and both
left and right complete.

(2) € is tT-bistable if it is t-bistable and the t-structure on € is furthermore
compatible with countable products.

Remark A.4. By [Lurl7, Rmk. 1.3.5.23], the heart of a stable presentable category
with accessible t-structure and compatible with filtered colimits is Grothendieck
Abelian. In particular, the hearts of ¢-bistable categories are Grothendieck Abelian
categories and are in particular presentable (cf. [Bek00, Prop. 3.10]). If the category
is furthermore ¢ T-bistable, then countable products are exact in the heart, as can be
observed by countable products in the connective and coconnective subcategories
agreeing.

t-bistable categories satisfy Whitehead’s theorem.

Lemma A.5. Let C be a t-bistable category.

(1) Cis both left and right separated.

(2) Whitehead’s theorem holds in the stable category C: f : M — N is an
equivalence in C if and only if m.(f) : (M) — 7.(N) is an equivalence of
graded objects in €Y.

Proof of (1). This is [Ant18, Lem. 2.15]. O
Proof of (2). (=) If f: M — N is an equivalence in € then we can take the trivial

cofiber sequence M i) N — 0 and consider the long exact sequence on homotopy
objects to obtain the claim.

(<) Suppose f : M — N is a morphism in € which induces an equivalence of
graded homotopy objects in the heart and set C' := cofib(f). Since m.(f) is an
equivalence, the long exact sequence gives 7 (C) ~ 0 for all k € Z. Fix r < 0 and
consider C, := 75,C € C>,. We have (co)fiber sequences m(Cy)[k] — 7<xC, —
T<k—1Cy so induction with base case k = r where 7<,C, ~ 7,(C,)[r] exhibits each
Postnikov truncation 7<;C) as an extension of zero objects, hence zero. By left
completeness, C, ~ limy 7<;C, ~ 0 and C' is such that C, ~ 0 for all » < 0 so
writing C as the colimit of its Whitehead tower yields C' ~ 0, as desired. O

We isolate a further condition on a t-bistable category, not automatic but satis-
fied in cases of interest, which strengthens the exactness of products considered in
Remark A.4. It rests on the following notions.

Definition A.6. Let C be a t-bistable category.
(1) An object P € C>¢ is compact projective if Home (P, —) : € — Sp is t-exact
and preserves small colimits.
(2) Cis generated by compact projective objects if there exists a set of compact
projective objects { P; };er such that the functors
{Home(F;, —) : € — Sptier

are jointly conservative.
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The t-structure of a t-bistable category generated by compact projective objects
is compatible with products, a stable counterpart of the fact that a Grothendieck
Abelian category generated by compact projective objects has exact products [Nee0O1,
Lem. A.3.15].

Proposition A.7. Let C be a t-bistable category generated by compact projective
objects. Then the t-structure on C is compatible with small products.

Proof. Let {M;};cr be a small collection of connective objects with product M :=
[Lic; M;. For each compact projective generator P, using that Home(—, —) com-
mutes with limits in the second argument, we have an equivalence Home(P, M) ~
[L;c; Home (P, M;) which is connective by right t-exactness of Home (P, —), connec-
tivity of M;, and compatibility of the ¢-structure on Sp with small products, as
the formation of homotopy groups commutes with products in Sp. Consider the
(co)fiber sequence 7>oM — M — 7<_1 M. For any compact projective generator P,
we obtain a (co)fiber sequence Home (P, 7>0M) — Home (P, M) — Home(P, 7<_1 M)
where Home (P, 759 M) is connective by P being compact projective and Home(P, M)
is connective by the previous argument. Since connective objects are closed un-
der cofibers, it follows that Home(P,7<_1M) is connective as well. But com-
pact projectivity of P also implies that Home(P,7<_1M) € Sp._; showing that
Home(P, 7<—1 M) ~ 0. By joint conservativity of the compact projective generators,
we conclude 7<_1M ~ 0 and 7>9M — M an equivalence. ([l

When @€ is tT-bistable, the exactness properties of the heart do not by themselves
recover the homotopy of a sequential limit from that of its terms: the relationship
is mediated by a Milnor sequence, whose theory is the concern of the next section.

A.2. Milnor sequences in the heart. For a sequential diagram
= X9 = X1 — X

in the category Ani, of pointed animae with limit X, the Milnor sequence

1
0— limﬂk+1(Xn) — Wk(X) — limwk(Xn) —0

recovers the homotopy groups of X in degrees k > 2 as an extension. In the
category of Abelian groups, the Mittag—Leffler condition gives a convenient criterion
for the derived limit term lim} 7, 1(X,) to vanish so that there is an isomorphism
(X)) ~ lim,, 7 (X,,).

Definition A.8. (1) Let € be a tT-bistable category. The category of towers
Tow(C) is the functor category Fun(NOPP @),

(2) Let A be a Grothendieck Abelian category in which countable products are

exact. The category of towers Tow(A) is the functor category Fun(NOPP A).

As in the case of the category of Abelian groups, the higher derived limits of
sequential diagrams vanish by a result of Roos.
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Lemma A.9 ([Roo06, Thm. 2.1 & Rmk. 2.3]). Let A be a Grothendieck Abelian
category in which countable products are exact. Then the functor lim,, : Tow(A) —
A given on objects by (--- — Ay — A1 — Ap) — lim, A4,, admits higher derived
functors lim;" which vanish for m > 2.

Only the limit and its first derived functor contribute, and Milnor sequences take
the familiar form.

Proposition A.10. Let € be a ¢tT-bistable category and {M,}, € Tow(€) a tower
with limit M. Then for all k¥ € Z there is a short exact sequence in €V

1
(A1) 0 — lim w1 (M) — m(M) — lim (M) — 0.

Proof. Writing M as an equalizer of a product, we obtain a (co)fiber sequence
M &M, LT M,
N N

where we have regarded N as a set and f is the endomorphism induced by the
transition maps pn41 : Myy1 — M, of the sequential diagram by (mp)nen —
(mp, — prt1(Mpt1))nen. Passing to the long exact sequence on homotopy objects

mr+1(f)

- N1 (M) > Ty 1 (M)

P

v

we obtain short exact sequences
(A.2) 0 — coker(mi4+1(f)) = (M) — im(mi(e)) ~ ker(mi(f)) — 0.

By exactness of countable products and the formation of homotopy objects preserv-
ing countable products, we get that ker(my(f)) ~ lim,, 7 (M,,). The identification of
the cokernel with the higher derived limit coker(my1(f)) ~ lim} 741 (M) follows
from [Roo06, Lem. 2.2]. O

Remark A.11. The Mittag—Leffler criterion persists under stronger exactness hy-
potheses. If small products are exact in the Grothendieck Abelian category A, then
lim}L vanishes on every tower in A with epimorphic transition maps [Roo06, Thm.
3.1]. In particular, if the t-structure on the t*-bistable category € is furthermore
compatible with small products, so that small products are exact in C¥ by the ar-
gument of Remark A .4, then the third term of (A.1) computes 7 (M) whenever the
tower {mgy1(M,)}, has epimorphic transition maps.

The derived-limit term in Proposition A.10 vanishes under a hypothesis weaker
than exactness of small products.

Definition A.12. A t*-bistable category € is lim'-epi-acyclic if every tower
{Ap}n>0 in @Y with epimorphic transition maps satisfies lim} A,, ~ 0.
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Remark A.13. If X is a replete 1-topos, then any ¢T-bistable category whose heart
is equivalent to Abelian sheaves on X is lim'-epi-acyclic [BS15, Prop. 3.1.10].

Under this condition, a heart-preserving functor that is left t-exact is automati-
cally t-exact.

Proposition A.14. Let € be a t-bistable category, € a lim'-epi-acyclic category,
and F': C — &€ an exact, limit-preserving, left t-exact functor. If F(GO) C &Y then
F' is t-exact.

Proof. We need to show that F' is right t-exact.
Let M € Cjg,) be connective and bounded above. Whitehead truncations yield
(co)fiber sequences 7> M — T>p_1 M — mp_1(M)[k — 1], giving a (co)fiber sequence

F(TZkM) — F(TzkflM) — F(?kal(M)[k — 1]) ~ F(Trkfl(M))[k — 1]

where the final equivalence is from exactness and heart-preservation of F'. Decreas-
ing induction with base case k = n exhibits each Whitehead truncation for £ > 0
as an extension of connective objects, the connective objects are closed under exten-
sions, showing each F(7>;M) is connective, and in particular F'(M) ~ F(r>oM) is
connective.

Now let M € C>g be connective. By left completeness, we may write M as its
Postnikov tower M =~ lim, 7<, M and use the (co)fiber sequences from Postnikov
truncations 7y (M)[k] = T7<pM — T<p_1 M. From the resulting (co)fiber sequence

F(mp(M))[k] = F(r<eM) = F(r<x-1M)

in €, we note that F(r<xM) — F(7<x_1M) induces an equivalence on m, in &Y
for all » < 0 and k¥ > 1. As F preserves limits, we have F(M) ~ lim, F(7<,M).
Using the Milnor sequence constructed in Proposition A.10, we have a short exact
sequence in &Y

0— li:ILIITFT+1(F(T§nM)) — m(F(M)) — liTI;Ilﬂ'r(F(TSnM)) — 0.

Since & is lim'-epi-acyclic, the equivalences F(7<x M) — F(7<x_1 M) on non-positive
homotopy groups imply that 7. (F(M)) ~ lim,, m(F(7<,M)) for r < —1. F sends
bounded above connective objects to connective ones 7, (F(7<p,M)) ~ 0 for r < —1
and thus 7. (F(M)) ~ 0 for r < —1 showing that F(M) is connective in &, as
desired. O

A.3. Symmetric monoidal structures. The ¢-bistable categories of interest are
frequently equipped with a symmetric monoidal structure compatible with the t-
structure. We record that compatibility and its elementary consequences.

Definition A.15. Let C be a stable presentable category equipped with a t¢-
structure and symmetric monoidal structure.
(1) Cis a presentably symmetric monoidal t-bistable category if it is presentably
symmetric monoidal with underlying category t-bistable and the symmetric
monoidal structure on € restricts to one on C>g.
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(2) €is a presentably symmetric monoidal t™-bistable category if it is presentably
symmetric monoidal t-bistable and its underlying category is ¢T-bistable.

Remark A.16. Relative to a fixed symmetric monoidal structure and ¢-structure,
the conditions of Definition A.15 — that the tensor product preserve colimits in each
variable, that the t-structure be both left and right complete, and that € be closed
under tensor products with connective unit — are properties.

Remark A.17. In the language of [Lurl7, Ex. 2.2.1.3], the t-structure on the t¢-
bistable (resp. t'-bistable) category € is compatible with the symmetric monoidal
structure. Under this hypothesis, the Postnikov truncation functors 7<, become
symmetric monoidal functors €>g — Cyg ) [Lurl7, Ex. 2.2.1.10].

A recurring device compares such a category with modules over the static com-
mutative algebra object my(1le). We begin with the case of a general connective
commutative algebra object A.

Lemma A.18. Let C be a presentably symmetric monoidal ¢-bistable category,
A € CAlg(C>p), and € := Mod4(C€). Then:

(1) Denote by f*: € — € the scalar extension functor and by f, its right adjoint.
The category € is itself a presentably symmetric monoidal ¢-bistable category
with respect to which the forgetful functor f. : € — € is conservative, t-exact,
and preserves small colimits. If € is t*-bistable, then the same holds for €.

(2) For all M € C, N € € there is an equivalence

f«Home (f*M, N) ~ Home (M, f.N).

Proof of (1). Since the t-structure on C is accessible, [AN20, Prop. A.15] endows
€ with the induced accessible t-structure compatible with the symmetric monoidal
structure, in the sense that €>9 < € is a symmetric monoidal functor. Moreover, f,
is conservative [Lurl7, Prop. 4.8.5.8 (5)] and t-exact and, by [Lurl7, Cor. 4.2.3.7],
preserves small limits and colimits.

For any filtered diagram of coconnective objects, coconnectivity of the colimit
can be checked after applying the t-exact functor f.. Since the functor is t-exact
and colimit-preserving, compatibility of the t-structure on & with filtered colimits
follows from compatibility of the ¢-structure on € with filtered colimits. Similarly,
t-exactness implies f, preserves Whitehead and Postnikov towers in € so by conser-
vativity their convergence can be checked in € after applying f.. Thus left and right
completeness of € implies the same for €.

Finally, if C is t*-bistable, then so is € as compatibility with countable products
holds in € by [AN20, Prop. A.15 (2)]. O
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Proof of (2). For P € € we compute

Home (P, Home(M, fiN)) =~ Home(P ®¢ M, f«N) ®e < Home
~ Homg (f*(P ®e M), N) A f
~ Homg(f*P ®¢ f*M,N) f* sym. mon.
~ Home (f*P,Hom, (f*M,N))  ®¢ +Homg
~ Home(P, fHomg ("M, N)) [P f

and we conclude by the Yoneda lemma. O

In the case of the connective commutative algebra object mo(1e), the comparison
provides a convenient tool to reduce questions about € to the module category over
mo(le). In particular, scalar extension induces an equivalence on hearts, is well
behaved on internal homs, and is conservative on bounded below objects.

Proposition A.19. Let C be a presentably symmetric monoidal ¢-bistable category
with unit 1¢ and € := Mod(1,)(C). Then:
(1) Denote by f*: € — & the scalar extension functor and by f, its right adjoint.
The functor f* induces an equivalence f¥* : €¥ — &Y given on objects by
M s w§(M ®¢ 7§(1¢)), with inverse the restriction of f,.
(2) The functor f*: € — & is conservative on bounded below objects: if g : M —
N is a morphism of bounded below objects in € such that f*(g) : f*M —
f*N is an equivalence in € then g is an equivalence in C.
(3) For M, N € ¥, Home(M, N) € Cxq.

Proof of (1). This is [AN20, Lem. A.13 & Prop. A.15 (3)]. O

Proof of (2). By shifting we may take M and N to be connective. Let M 5HNSC
be the associated (co)fiber sequence in €, so C' € C>¢ as a cofiber of connective
objects. Exactness of the tensor product identifies ﬂg(le) ®e C with the cofiber of
f*(g) computed in €, which vanishes as f*(g) is an equivalence.

We claim C' € €, for all n > 0, arguing by induction with base case n =
0 established above. Suppose C € €, so C[—n| is connective and Wg(le) ®e
Cl—n] =~ (n§(1¢) ®e C)[—n] ~ 0. Since T<q : C>o9 — € is symmetric monoidal by
Remark A.17, we compute in GV

0 = mo(§(le) @e Cl—n]) = 75 (Le) ®eo 75 (Cl-n]) = 7§(C[-n]) = m;(C)

where the third equivalence holds as 7§ (1¢) is the unit of C%. So 7<,C' =~ m,,(C)[n] =~
0 and C € C>y4 for all n > 0. Left separatedness — which holds by Lemma A.5 (1)
— gives C' ~ 0, so ¢ is an equivalence. g

Proof of (3). As Home(M, —) is right adjoint to the right t-exact M ®e — it is left
t-exact, so Home(M, N) € C<o for N € €¥ C Cxq. g

An object was called compact projective in Definition A.6 when the spectrum-
valued Home(P, —) is t-exact and preserves small colimits. With a closed symmetric
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monoidal structure now at hand, the same two conditions may be asked of the
internal hom Home (M, —) : € — €. It is convenient to name these separately.

Definition A.20. Let C be a presentably symmetric monoidal ¢-bistable category.

(1) An object M € C is internally compact if Home(M, —) preserves small col-
imits.

(2) An object M € Cs¢ is internally projective if the left t-exact functor
Home (M, —) is t-exact as an endofunctor of C.

(3) An object M € C>¢ is internally compact projective if it is both internally
compact and internally projective.

Internal compact projectivity is inherited by the unit and preserved under finite
(co)products and tensor products, and implies ordinary compact projectivity when
the unit is compact projective.

Lemma A.21. Let € be a presentably symmetric monoidal ¢-bistable category.

(1) The unit 1le is internally compact projective, and the internally compact
projective objects are closed under finite (co)products and tensor products.

(2) If the unit 1e is compact projective, then every internally compact projective
object is compact projective.

Proof of (1). 1¢ is internally compact projective as Home(1le, —) ~ ide which is ¢-
exact and preserves small colimits. In the case of finite (co)products we can reduce to
the case of binary ones, where it follows Home(—, —) preserving finite (co)products
in the first argument and t-exactness of finite (co)products. Now let M, N be in-
ternally compact projective. Then Home(M ®e N, —) ~ Home (M, Home (N, —)) is
the composite of two t-exact functors which preserve small colimits, hence is t-exact
and preserves small colimits. O

Proof of (2). Let M be internally compact projective. The mapping spectrum fac-
tors as Home(M, —) ~ Home(le, Home (M, —)). Now Home(M, —) is t-exact and
preserves small colimits as M is internally compact projective, and Home(le, —)
is t-exact and preserves small colimits as le is compact projective, so their com-
posite Home (M, —) is t-exact and preserves small colimits. Thus M is compact
projective. O

Internal compactness is moreover implied by ordinary compactness whenever the
compact objects are closed under tensoring. This uses neither the t-structure nor a
compact unit, so we state it for a stable w-presentable category.

Lemma A.22. Let C be a stable w-presentable presentably symmetric monoidal
category with compact unit in which the compact objects are closed under tensor
product. Then every compact object is internally compact.

Proof. For each compact generator M and compact object N we have a natural
equivalence Home (M, Home (N, —)) ~ Home(M ®e N, —) which preserves small col-
imits as M ®e N is compact so Home(N,—) commutes with small colimits, as
desired. O
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Remark A.23. Equivalently, Lemma A.22 holds for stable w-presentable pre-
sentably symmetric monoidal category in which binary tensor products of compact
objects are compact, and in particular for stable w-presentably symmetric monoidal
categories. See Section 1.3 for the conventions we adopt.

This relationship holds not only within a fixed category, but along free functors
to the module category over some connective commutative algebra object in C.

Proposition A.24. Let C be a presentably symmetric monoidal ¢-bistable category
and A € CA'g(ezo)

(1) If M is internally compact projective in € then A®e M is internally compact
projective in Mod 4(C).

(2) If Cis generated under small colimits and shifts by a set { P; };er of internally
compact projective objects, then Mod 4(C) is generated under small colimits
and shifts by {A ®¢ P, }ier-

Proof of (1). Using Lemma A.18 (2), this follows from f, preserving small colimits
and being t-exact. O

Proof of (2). The objects A ®e P; for varying i € I are internally compact pro-
jective by (1). These objects generate because, by adjunction, Home(FP;, fi(—)) ~
Homypeq , () (A ®e P, —) are jointly conservative as functors to Sp by conservativity
of f. and Home(P;, —) being jointly conservative in C. O

This completes the framework of presentably symmetric monoidal ¢-bistable cat-
egories and their internal notions of compactness and projectivity. We turn now to
the localizations of such categories.

A.4. Localizations of stable presentable categories. Localizations of ¢-bistable
categories arise repeatedly in the main text. We isolate the class relevant to our pur-
poses, whose defining feature is that the reflection is compatible with the connective
part of the t-structure.

Definition A.25. Let € be a t-bistable category. A full subcategory CF C € is
w-stably reflective if G is closed under small limits and small colimits in € and the
inclusion CF — € admits a left adjoint L : € — €L which is right t-exact regarded
as an endofunctor of C.

Before turning to the induced t-structure on the local objects, we record the clo-
sure property that makes the argument go through in its natural generality. Mem-
bership in a full subcategory is detected by retracts as soon as the subcategory is
idempotent complete, with no reference to any additional structure.

Lemma A.26. Let C be a category and € C € an idempotent complete full subcate-
gory closed under equivalences. If an object C' € € admits a retraction C' = E - C
in C with F € €, then C € €.

Proof. Recall the simplicial sets Idem C Idem™ D Ret of [Lur09, Def. 4.4.5.2]. The
simplicial set [dem™ has exactly two vertices « and y, of which « is the unique vertex
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of Idem, and Ret is the quotient of A2 collapsing the edge A1%2} to y. A map Ret — C
is then the datum of a 2-simplex witnessing a retraction, so the given retraction
determines a weak retraction diagram F : Ret — € with F(z) = F and F(y) = C
in the sense of [Lur09, Def. 4.4.5.4]. The inclusion Ret C Idem™ is inner anodyne
by [Lur09, Prop. 4.4.5.6], so the restriction map Fun(ldem™, €) — Fun(Ret, €) is a
trivial fibration by [Lur09, Cor. 4.4.5.7]. Choose an extension F : ldem™ — € of F/
and set

ﬁ = F|Idem : ldem — G,

a coherent idempotent carried by E with underlying endomorphism ¢or : F — E.

We claim F factors through €. As € C C is full, a simplex of € lies in € if and only
if each of its vertices does. The simplicial set Idem has the single vertex z by [Lur(9,
Rem. 4.4.5.3], and F(z) = E € &, so every simplex in the image of F' has all its
vertices equal to £. Thus F=10Gfora unique G : ldem — &, where ¢ : £ — € is
the inclusion. Since € is idempotent complete, G is effective, so extends to a strong
retraction diagram H : ldem™ — & [Lur09, Cor. 4.4.5.14 & 4.4.5.15).

Set E' := H(y) € & and let D C Fun(ldem, C) be the full subcategory spanned
by the effective idempotents. The idempotent Fis effective, being the restriction of
F, so lies in D, as do the restrictions of F' and ¢ o H to Idem, both of which recover
F. The restriction map Fun(ldem®,€) — D is a trivial Kan fibration by [Lur09,
Cor. 4.4.5.16], so its fiber over F is a contractible Kan complex, and F' ~ (o H in
Fun(ldem™, €). Evaluating at y gives

C=F(y)~(oH)(y) =F
in €. As & is closed under equivalences and E’ € &, we conclude C € €. O

This is slightly more than the retract closure recorded in [Lur09, §4.4.5], but
it is elementary and streamlines the verification that CF is closed under retracts,
reducing it to idempotent completeness of the subcategory of local objects @L. With
it in hand, the 7-stably reflective condition shows that the local objects admit the
induced t-structure.

Proposition A.27. Let C be a t-bistable category and @ C @ a 7-stably reflective
subcategory.

(1) @F is itself a stable presentable category closed under extensions and retracts
in C.

(2) G admits the induced t-structure from € with respect to which €% is itself
t-bistable.

(3) M € CL if and only if mx(M) € (€F)? for all k € Z.

(4) If € is furthermore ¢*-bistable then C is itself ¢*-bistable with respect to
the induced ¢-structure.

Proof of (1). Closure under small limits and colimits implies @ is a stable category
[Lurl7, Lem. 1.1.3.3] and presentability follows from [RS26, Thm. 1.1].
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For closure under extensions, we can contemplate the diagram

M —— My ——— 0

(A.3) l l l

0 —— Mg —— M[1]

in @ where all squares are biCartesian. Since M;, M3 € CL and €F is closed under
colimits, M;[1] € €X. Closure under limits then places My, the fiber of M3 — M;[1]
in @, in CL.

Cocompleteness of € and € imply they are idempotent complete [Lur09, Rmk.
4.4.5.3 & Cor. 4.4.5.15]. Thus CF is closed under retracts by Lemma A.26. 0

Proof of (2). To show that €L admits the induced t-structure, it suffices to show
that C is closed under the Postnikov truncation functor 7<o in € [BBDS2, §1.3.19
& §2]. Fix M € CL. Since 7<oM =~ cofib(r>1M — M) and @ is closed under
colimits, it suffices to show that 7> M € CL. We exhibit 7>1M as a retract of
L(t>1M) in which case (1) implies 751 M € CL.

Write ¢ : 7>1M — M for the counit of the Whitehead truncation with coconnec-
tive fiber (7<oM)[—1]. Since L is exact and right t-exact, L(7>1M) € C>;. Applying
Home(L(7>1M), —) to the (co)fiber sequence (r<oM)[—1] — 7>1M — M gives an
isomorphism on mp from Home(L(7>1M),7>1M) to Home(L(m>1M), M), as the
fiber Home(L(7>1M), (T<oM)[—1]) lies in Sp._5. Indeed, Home(L(7>1M), <o M)
is coconnective as L(t>1 M) € €>¢ and 7<gM € €<, and vanishes in degree 0 as
L(t>1M) € C>1, so 7<oM lies in Sp~_;, and shifting gives (7<oM)[—1] € Sp<_,.
There exists a unique morphism 3 : L(7>1M) — 7>1M such that co 8 ~ «
where a : L(t>1M) — M is the composite of L(c) with the inverse of the unit
ny 2 M — L(M), which is invertible since M € CF.

We claim Bon,., pr >~ id,., . Using the naturality square involving the downward-
pointing vertical arrows

Tle - ¢ v M

(A.4) nTZIJVIJ’ WMf /jmjfl

L(TEIM) T} (M)

we compute
coBonm, > aon. =y oL(e)on,, i ~ny onroc~c.
Since 7>1 M € C>1, the same argument applied to the (co)fiber sequence (7<oM)[—1] —
7>1M % M with Home(7>1 M, —) in place of Home(L(7>1M), —) shows that the
map
Home(m>1M, 751 M) — Home(7>1 M, M), g cog,
is an isomorphism on m, the fiber Home(7>1M, (T<oM)[—1]) lying in Sp._, as

before. In particular, it is injective on my, so 3 o ., n and id- v, which the
preceding computation sends to the common value ¢, are homotopic. This exhibits
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7>1M as a retract of L(t>1M) € CF so 71 M € CF by (1). Using the (co)fiber
sequence 7>1M — M — 7<oM and closure of CF under colimits, we conclude
T7<oM € CF which is what we wanted to show.

Since CF is equipped with the induced t-structure and the inclusion €X «— @
preserves and reflects small limits and colimits, each defining property of a t-bistable
category is inherited by €% from €. O

Proof of (3). (=) If M € @ then m, (M) € (CH) for all k € Z, since CF admits
the induced t-structure.

(<) By right completeness of C, we can write M as the colimit of its Whitehead
tower, and each Whitehead truncation again satisfies the hypothesis, its homotopy
objects being among those of M. Since CF is closed under small colimits in €, it
suffices to treat M bounded below, say M € C>,. By left completeness, we have
M ~ limj, 7<; M, and since CL is closed under limits it suffices to show that each
Postnikov truncation 7<; M lies in @L. We argue by induction on k > r using the
(co)fiber sequences

Wk(M)[k‘] — Tng — Tgk—1M7
which exhibit 7<;M as an extension of 7<;_1M by m,(M)[k]. In the base case
k = r, the boundedness M € C>, gives 7<,M =~ m,(M)[r] which lies in CL because
7. (M) € (€F)* and € is closed under shifts. For the inductive step, 7 (M)[k] € CF
by hypothesis and 7<;_1M € CL by the inductive hypothesis, so T<iM € el by
closure under extensions in (1). Hence each 7<;M lies in €% and therefore so does
M ~ hmk Tng- ]

Proof of (4). The only condition left to verify atop those shown in (2) is compat-
ibility with countable products. Since C* admits the induced t-structure and the
inclusion @Y < @ reflects limits, compatibility of the induced t-structure on C* with
countable products follows from compatibility of the ¢-structure on € with countable
products. ]

We extend these considerations to the symmetric monoidal setting. The following
criterion of Lurie gives conditions under which a localization is compatible with the
tensor product.

Proposition A.28 ([Lurl7, Prop. 2.2.1.9]). Let C® be a symmetric monoidal

category and L : C — @ a localization of the underlying category such that for all L-

equivalences f : M — N and all P € C, the induced morphism P®eM % P®eN

is an L-equivalence. Then CF admits a unique symmetric monoidal structure with
respect to which L assembles into a symmetric monoidal functor L% : €® — (CH)®,

Remark A.29. In the situation of Proposition A.28, the inclusion €Y — € is lax
symmetric monoidal with respect to the respective symmetric monoidal structures.

We name the localizations meeting this hypothesis in the setting of interest.

Definition A.30. Let C be a presentably symmetric monoidal t¢-bistable category
and G a m-stably reflective subcategory. The localization functor L : € — CF is
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®e-compatible if it satisfies the hypothesis of Proposition A.28: L-equivalences are
preserved by tensoring.

Compatibility promotes the induced structure on €% to a monoidal one.

Proposition A.31. Let C be a presentably symmetric monoidal ¢-bistable category
and CL a m-stably reflective subcategory with ®e-compatible localization L : € —
el
(1) CF is a presentably symmetric monoidal ¢-bistable category.
(2) If € was furthermore t*-bistable, then Gl is a presentably symmetric
monoidal ¢*-bistable category.

Proof of (1). Note that the underlying category C” is ¢-bistable with respect to the
induced t-structure by Proposition A.27. The symmetric monoidal structure on G
is given by M ®er N := L(M ®¢e N) [Lurl7, Prop. 2.2.1.9], and L is right t-exact,
so the tensor product on CL restricts to one on CL,. O

Proof of (2). This follows readily from (1) since ¢-bistability is a condition on the
underlying category which is satisfied by Proposition A.27 (4). ]

A.5. Recognizing symmetric monoidal localizations with smashing kernel.
We characterize when a ®e-compatible localization of a t-bistable category is an open
immersion, that is, has kernel the category of modules over an idempotent algebra
[CS26, Prop. 6.5].

Definition A.32. A morphism f* : € — € in CAIg(Prlgt) with a fully faithful
right adjoint is an open immersion if it satisfies either of the following equivalent
conditions:

(a) f* admits a fully faithful left adjoint f; that satisfies the projection formula:
for all M € € and N € € the natural morphism f;(f*M ®¢ N) — M ®¢ fyN
is an equivalence in C.

(b) The kernel ker(f*) := {K € € : f*K ~ 0} C @ is equivalent, as a full
subcategory of €, to Modg(C) for some idempotent algebra @ € ldem(C).

The two formulations are connected by the adjoint functor theorem: an open
immersion f* admits a left adjoint and so preserves limits. Preservation of limits
is one of the two structural inputs the kernel analysis requires — the other being
homotopy-detection which we define below.

Definition A.33. Let L : @ — @ be a m-stably reflective localization of a t-bistable
category. Its kernel is homotopy detected if it admits the induced t-structure: for
each K € ker(L) and every n € Z, both 7<, K and 7>, K lie in ker(L).

Remark A.34. Homotopy detection of ker(L) is implied by, but weaker than ¢-
exactness of L. If L is t-exact, then it commutes with the truncation functors, so
L(K) ~ 0 forces L(t<,K) ~ 7<p L(K) ~ 0 and ker(L) is closed under truncation.
The converse need not hold: we only require the comparison map for truncations to
be an equivalence for all K € ker(L), but not necessarily for all objects of C.
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We consider the structure of the kernel of an ®e-compatible m-stably reflective
localization under the additional assumption that L preserves small limits.

Lemma A.35. Let L : € — €L be a ®c-compatible m-stably reflective localization
of a presentably symmetric monoidal ¢-bistable category with L preserving small
limits. Then:

(1) ker(L) := {K € € : L(K) ~ 0} C C is a stable tensor ideal closed under
small limits, colimits, and extensions in €.

(2) If moreover ker(L) is homotopy detected, K € ker(L) if and only if 7 (K) €
ker(L) N €Y for all k € Z.

Proof of (1). By [Aam24, Def. 2.26 & Lem. 2.27], ker(L) is a stable subcategory
of € closed under small colimits and extensions. Since L preserves limits, for M :=
lim;e; M; a limit of objects M; € ker(L), we have L(lim;e; M;) ~ lim;e; L(M;) =~
lim;e7 0 ~ 0 showing L(M) ~ 0 and M € ker(L). To see ker(L) is a tensor ideal, we
note that for K € ker(L) that K — 0 is an L-equivalence, so by Proposition A.28,
M ®¢ K — M ®e 0 ~ 0 is an L-equivalence showing M ®¢ K € ker(L) for all
M € €. ]

Proof of (2). (=) Let K € ker(L). Since ker(L) is homotopy detected, each homo-
topy group 7 (K) lies in ker(L) N CY.

(<) By right completeness we can write K as the colimit of its Whitehead tower,
and each Whitehead truncation again satisfies the hypothesis. Since ker(L) is closed
under small colimits, we may assume K to be bounded below. For K € C>,, we
appeal to left completeness to write K ~ lim; 7<; K as the limit of its Postnikov
tower, and further reduce to showing each term of the Postnikov tower lies in ker(L).
Induction with base case

m(K)[r] = 7<; K = 7<p—1 K ~ 0

exhibits each term of the Postnikov tower as an extension of two objects in ker(L),
and thus lies in ker(L) by closure of ker(L) under extensions. We then conclude
that K € ker(L) for ker(L) is closed under limits. O

We use the following recognition criterion for the category of modules over an
idempotent algebra.

Proposition A.36 ([RS26, Thm. 7.7]). Let C be a presentably symmetric monoidal
category and & C C a full subcategory. The following are equivalent:
(a) €~ Modg(C€) for some idempotent algebra @ € ldem(C).
(b) The inclusion ¢ : € < € admits a left adjoint given on objects by M
M ®e Q for some object Q € C.
(c) € is closed under limits and colimits in € and E ®e¢ M, Home(M, E) € € for
Eecé& MecC.

The internal hom condition of Proposition A.36 (c) is the substantive one to verify.
The next two results reduce it to a condition on static objects: first by commuting the
internal hom past Whitehead and Postnikov towers, then by descending membership
to homotopy objects.



90 WERN JUIN GABRIEL ONG

Lemma A.37. Let € be a presentably symmetric monoidal ¢-bistable category.

(1) If M € C is bounded below, then Home(M, —) commutes with Whitehead
towers of bounded above objects: Home (M, N) =~ colimy Home (M, 755 N).

(2) If N € C is bounded above, then Home(—, N) commutes with Postnikov
towers of bounded below objects: Home(M, N) =~ colimy Home (1<, M, N).

Proof. By exactness of Home(—, —) and shifting, we may reduce to the case of M
connective and N coconnective.

We first show (1). As the right adjoint of the right t-exact functor M ®e —, the
functor Home(M, —) is left t-exact. Writing N ~ colimy, 7>, /N for the Whitehead
tower, which converges by right completeness, we obtain a comparison morphism

(A.5) co}cim Home (M, 75, N) — Home (M, N).

Applying Home (M, —) to the (co)fiber sequences 7>, N — N — 7<,_1 N identifies
the fiber of Home(M, 7>, N) — Home(M, N) with Home (M, 7<—1N)[—1]. Since
finite limits commute with filtered colimits, the fiber F' of (A.5) is

F ~ co}gim Home (M, 7<—1N)[—1].

By left t-exactness of Home (M, —), each Home (M, 7<—1N)[—1] lies in C<y, so for
every r € Z the homotopy object m, of the k-th term vanishes once k < r. This
holds cofinally in the filtered colimit computing 7, (F'), so m,.(F") ~ 0 for all r, hence
F ~ 0 and (A.5) is an equivalence.

The proof of (2) is dual. Applying the contravariant Home(—, N) to the (co)fiber
sequences T>i4+1M — M — 7<) M identifies the cofiber of the comparison morphism
colimy, Home(7<x M, N) — Home(M, N) with colimy Home(7>p41M, N). Coconnec-
tivity of N and adjunction means Home(—, N) carries C>p41 into C<_j_1, so these
terms grow arbitrarily coconnective and the colimit vanishes, whence the comparison
is an equivalence. ]

Iterating along both towers reduces an internal hom membership to its values on
the homotopy objects of the two arguments.

Corollary A.38. Let C be a presentably symmetric monoidal ¢-bistable category
and & C C a subcategory closed under small colimits, countable limits, and exten-
sions in C. Let M € C, E € € and suppose Home (7, (M), m,(E)) € € for all a,b € Z.
Then Home(M, E) € €.

Proof. By closure of & under colimits and countable limits, we may use Whitehead
towers in M and Postnikov towers in F to reduce to the case of M bounded below
and E bounded above. Then, by shifting and exactness of Home(—, —), we can take
M to be connective and F to be coconnective.

Now suppose Home (7, (M), m,(E)) € € for all a,b € Z. Since E is coconnective
and m,(M) is in the heart — and hence connective — we have by Lemma A.37 (1)
that colimy Home(me (M), 7>, E) ~ Home(me (M), E). We show each term of the
colimit lies in €. Using the (co)fiber sequences 7>y E — T, 1 E — mp_1(E)[k — 1]
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in €, induction with base case
Home(ma (M), 7>0F) — Home (e (M), 7>_1E) — Home (e (M), 7—1(E))[—1]

exhibits each term of the colimit as an extension of two objects that lie in &,
hence each lies in € by closure under extensions. Here the base term satisfies
Home (74 (M), 7>0E) ~ Home(mo (M), mo(E)) € € as 7>0F ~ m(E) by coconnec-
tivity of E. We thus obtain Home(m, (M), E) € € for all a € Z.

Now using the equivalence colimy Home(7<; M, E) ~ Home (M, E) of Lemma A .37
(2), it remains to show each term of the colimit lies in €. Applying the exact con-
travariant Home(—, E') to the (co)fiber sequences mp(M)[k] — 7<pM — 7<p_1 M
produces (co)fiber sequences

Home (7<4—1 M, E) — Home (<1 M, E) — Home (7, (M), E) [—k]

in €, exhibiting Home(7<;xM, E) as an extension of Home(m,(M), E)[—k] by
Home(7<ix—1M, E). The base case k = 0 gives Home(7<oM, E) ~ Home(mo(M), E) €
€ by the previous paragraph, and the third term lies in € by the same to-
gether with stability of €. Induction on k and closure under extensions then give
Home (1< M, E) € € for every k, and we conclude Home(M, E) € € as desired. [

We now prove the recognition criterion in C.

Theorem A.39. Let L : € — CL be a ®e-compatible m-stably reflective localization
of a presentably symmetric monoidal ¢-bistable category with L preserving small
limits and ker(L) homotopy detected. The following conditions are equivalent:

(a) L is an open immersion with ker(L) ~ Modg(C) for some idempotent algebra
Q in C.
(b) Home(M, K) € ker(L) for all M € ¥, K € ker(L) N €Y.

Proof. (=) If L is an open immersion, Home(M, K) € ker(L) for all M € C, K €
ker(L) by Proposition A.36, of which (b) is a special case.

(<) By Lemma A.35 (1), ker(L) is a stable tensor ideal closed under small limits,
small colimits, and extensions in €. To conclude ker(L) ~ Modg(€) for an idempo-
tent algebra @ € ldem(C) it therefore suffices, by Proposition A.36 (c), to show that
Home (M, K) € ker(L) for all M € € and K € ker(L).

Fix such M and K. Apply Corollary A.38 to ker(L), whose closure under small
colimits, small limits, and extensions is furnished by Lemma A.35 (1). We show
Homg (7, (M), mp(K)) € ker(L) for all a,b € Z. Here m,(M) € €% and my(K) €
ker(L) N €Y by Lemma A.35 (2), so the hypothesis of Corollary A.38 holds by (b).

As M € € and K € ker(L) were arbitrary, the conditions of Proposition A.36
(c) hold, so there is an idempotent algebra @@ € Idem(€) with ker(L) ~ Modg(C),
exhibiting L as an open immersion. (|

It remains to record a practically verifiable sufficient condition for homotopy
detection. In particular, we show the hypothesis holds when the localization has
t-amplitude at most 1.
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Definition A.40. Let F': € — & be an exact, right t-exact, small colimit-preserving
functor between t-bistable categories, and let n > 0. F' is of t-amplitude < n if
F(e®> - gfn-

Lemma A.41. If F : ¢ — €& is an exact, right t-exact, small colimit-preserving
functor of t-amplitude < 1 between t-bistable categories, then F(C<y,) C E<m1
and

ker(F):={KeC: F(K)~0}C¢C
admits the induced t-structure.

Proof. First observe that for M € CY, exactness of F gives F(MIk]) ~ F(M)[k] €
E<py1 for k € Z.
Now assume M € €y is bounded. We can write it as a Whitehead tower

02T2b+1M—>TZbM—> —>Tza+1M—>TZaM2M

with (co)fiber sequences 7>,41 M — 7> M — m(M)[k]. Applying F' we get a
diagram

OZF(TZbJrlM) —>F(TZbM) — = F(Tza—f—lM) — F(TZGM) ZF(M)

with (co)fiber sequences F(7>,41 M) — F(1>,M) — F(m,(M))[k]. Each F(r>,M)
is an extension of objects in <41 and hence lies in E<j11 showing F(M) € E<py1
as well.

Now let M € C<y,. Writing M as its Whitehead tower, we have F'(M) o~
colimy F(7>,M) in € as F' preserves small colimits. Since each 7>;M term is
bounded, F(M) is a filtered colimit of objects in €<;,,11. Since passage to ho-
motopy objects in & commutes with filtered colimits, we compute m,(F(M)) =~
colimy (7, (F' (7>, M))) which vanishes for r > m + 2 as each term does. This shows
F(M) € E<m+1 by Lemma A.5 (2), proving the first claim.

For the second claim, let K € ker(F') and m € Z. By stability, ker(F') is closed
under fibers and cofibers. Using the (co)fiber sequences 7>m+1 K — K — 1<, K, it
suffices to show that 7<,, K € ker(F'). Applying F' to the (co)fiber sequence, we get a
(co)fiber sequence F(T>m11K) = F(K) ~ 0 — F(1<,K) in € showing F(7<p, K) ~
COﬁb(F(TZm_;,_lK) — 0) ~ F(sz_HK)[l]. We have that F(sz_HK)[l] € (C,Zm_;,_g
by right t-exactness of F' but F(7<;,K) € E<;mt1 by the preceding argument. So
F(r<mK) € E<mt1 N Esmya =~ 0, showing that 7<,, K € ker(F'), as desired. O

Remark A.42. The argument does not carry over for functors of t-amplitude n > 2.
For F(€Y) C €<, the same computation only places F(7<;,K) in E<pmin N Esmoa,
which need not be zero.

We obtain the following corollary.

Corollary A.43. Let L : € — @l be an ®c-compatible m-stably reflective localiza-
tion of a presentably symmetric monoidal ¢ T-bistable category such that L preserves
small limits and is of t-amplitude < 1. The following are equivalent:

(a) L is an open immersion with ker(L) ~ Modg(C) for some idempotent algebra
Q € ldem(C).
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(b) Home(M, K) € ker(L) for all M € €%, K € ker(L) N CY.

Proof. L is exact, right t-exact, small colimit-preserving, and of t-amplitude < 1,
so Lemma A.41 gives that ker(L) is homotopy detected. The hypotheses of Theo-
rem A.39 apply, giving the desired equivalence. ]
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APPENDIX B. NUCLEARITY IN THE K-PRESENTABLE SETTING

In [CS26, Lecture VIII], Clausen and Scholze introduce trace-class morphisms and
nuclear objects in a stable w-presentable symmetric monoidal category with compact
unit (though not necessarily w-presentably symmetric monoidal — see Section 1.3)
and relate them to dualizability.

The categories of interest in the preceding text are not necessarily w-presentable.
Assuming that the tensor unit is (w-)compact, we introduce a k-presentable version
of nuclearity adapted from Ramzi’s rigidification. These nuclear objects form a full
subcategory closed under small colimits, and we prove that an object is dualizable
if and only if it is both nuclear and compact. Much of the discussion below builds
on work of Aoki [Aok25a] and Ramzi [Ram24a, Ram24b].

B.1. Dualizability and trace-class morphisms. We begin with a set-theoretic
preliminary.

Lemma B.1. Let € be a presentably symmetric monoidal category such that the
underlying category is k-presentable for an uncountable regular cardinal . Then
Ce CAIg(Pr,';) if and only if the unit 1e is k-compact and the x-compact objects are
preserved by the tensor product.

Proof. This follows from [Lurl7, Not. 5.3.2.8 & Lem. 5.3.2.11]. O

Remark B.2. By [Lurl7, Lem. 5.3.2.12], for every presentably symmetric monoidal
category C there exists an uncountable regular cardinal x such that € € CAlg(PrL).
Thus one may always choose & such that this hypothesis is satisfied. The substantive
additional requirement in what follows is that the unit be (w-)compact, in contrast
to the w-presentability assumed in [CS26, Lecture VIII].

Trace-class morphisms, and the nuclear objects of the next subsection, are both
closely tied to dualizability. We first recall that notion, in the slightly restricted
generality of a closed symmetric monoidal category.

Definition B.3. Let C be a closed symmetric monoidal category.

(1) Let M € €. The pre-dual of M is the object M" := Home(M, 1¢). Write
evyr : M®e MY — 1¢ for the counit morphism of the adjunction M ®¢ (—) -
Home(M, —) at le.

(2) An object M € C is dualizable if there exists a morphism coevys : leg —
MY ®e M such that the composites

idy® Reid
M 1dprQecoevyy M®€ MY ®€M eV Qeldys M

Vv CoeV]w®(gid]w\/ Vv idM\/®(geV]u
— M M

M MV®@M®GM Mv

are identities. In this case, we say the pre-dual MY of M is the dual of M.

Under the set-theoretic assumptions of Lemma B.1, we have the following defini-
tion of trace-class morphisms.
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Definition B.4. Let x be an uncountable regular cardinal and € € CAlg(PrL) such
that 1le is compact (ie. w-compact). A morphism f : M — N in € is trace-
class if the morphism l¢ — Home(M, N) classifying f admits a factorization as
le & MY ® N — Home(M, N) where MY ® N — Home(M, N) is the adjoint

morphism to M ®e¢ MY @ N oMEeldn, N
Remark B.5 ([Aok25a, §7.1]). In the situation of Definition B.4, write 1y : 1l¢ —
MY ®¢ N for a lift of the classifying morphism. Then f itself admits a factorization

idy®eny evy®eidy

(B.1) M

where ev) is the evaluation morphism for the pre-dual in Definition B.3.

M ®@e MY ®c N N

B.2. Rigidification and (basic) nuclear objects. Throughout this subsection,
fix an uncountable regular cardinal k and a stable x-presentably symmetric monoidal
category @ € CAIg(Prgtﬁ) with compact unit. We define the (basic) nuclear objects
of € directly, and then identify them with the essential image of the rigidification of
[Ram24a]. The comparison functor is not in general fully faithful, but is so under
this hypothesis.

Definition B.6. Let x be an uncountable regular cardinal and C € C/-\Ig(Prgt,H) be
a stable k-presentably symmetric monoidal category with compact unit.

(1) An object of € is basic nuclear if it is a Q>¢-indexed colimit of k-compact
objects along trace-class morphisms. Write BNucl(€) for the full subcategory
of basic nuclear objects.

(2) An object of € is nuclear if it is in the full subcategory of € generated under
small colimits by basic nuclear objects. Write Nucl(€) for the full subcategory
of nuclear objects.

Remark B.7. Under the identification of nuclear objects with the essential image
of the rigidification (Proposition B.12), [Ram24a, Thm. 4.81] shows that nuclearity
is independent of the cardinal k.

When the underlying category is w-presentable, every basic nuclear object in the
sense above is basic nuclear in the sense of Clausen and Scholze, as recorded in the
following lemma.

Lemma B.8. Let x be an uncountable regular cardinal and € € CAIg(Pr'gt’K) be a
stable k-presentably symmetric monoidal category with compact unit, and suppose
furthermore that the underlying category is w-presentable. Then every basic nuclear
object of € in the sense of Definition B.6 (1) is basic nuclear in the sense of [CS26,
Def. 8.5].

Proof. Suppose M is basic nuclear in the sense of Definition B.6 (1), and write
M ~ colimyeq., My where each M, is xK-compact and each transition morphism is
trace-class. The inclusion of posets N < Qs is cofinal [Ram24b, Rmk. 2.59], so
M =~ colim,en M,,. The transition morphisms M,, — M,1 are trace-class, being
composites of trace-class morphisms in the original diagram, hence this expresses
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M as a sequential colimit along trace-class morphisms. Thus M is basic nuclear in
the sense of [CS526, Def. 8.5]. O

To establish the properties of nuclear objects, we identify them with the essential
image of the rigidification of €, following Ramzi [Ram24a, Const. 4.79 & Thm. 4.81].

Definition B.9. Let x be an uncountable regular cardinal, C € CAIg(Prgtﬁ) be a
stable k-presentably symmetric monoidal category, and denote by y : C; < Ind(C,)
the Yoneda embedding. The rigidification Rig(C) of € is the full subcategory of
Ind(C,) generated under small colimits by objects of the form colimgeq.,y(M;)
where {M;}qecq-, is a diagram of k-compact objects with trace-class transition mor-
phisms.

Remark B.10. A morphism between k-compact objects is trace-class in €, if and
only if it is trace-class in € [Ram24a, Rmk. 3.2]. By symmetric monoidality of the
Yoneda embedding, the corresponding morphisms are trace-class in Ind(C,).

We record the properties of the comparison functor that we will need.

Lemma B.11. Let x be an uncountable regular cardinal and C € CAIg(Pr'gm) be
a stable k-presentably symmetric monoidal category with compact unit.

(1) The category Rig(C) admits a symmetric monoidal structure for which the
composite

Rig(€) — Ind(€,) <2 @

is symmetric monoidal.

(2) Rig(€) is wi-presentable. Moreover, every object of the form colim,eq., y(M,)
occurring in Definition B.9 is wi-compact.

(3) The functor in (1) is fully faithful, induces an equivalence on the dualizable
objects, and its essential image is closed under small colimits computed in C.

Proof of (1). The symmetric monoidal structure on Rig(C) is constructed in [Ram24a,
Const. 4.79] and symmetric monoidality of the composite is verified in [Ram24a,
Thm. 4.81]. O

Proof of (2). This is shown as part of the proof of [Ram24a, Thm. 4.81]. O

Proof of (3). The functor in (1) is fully faithful when the unit is compact [Ram24a,
Cor. 4.75 & Lem. 4.84], and restricts to an equivalence on dualizable objects by
[Aok25a, Rmk. 7.21]: the rigidifications of Aoki and Ramzi agree by their universal
properties stated in [Aok25a, Cor. 7.20] and [Ram24a, Thm. 4.81].

As a fully faithful morphism in CAlg(Prk,), it exhibits Rig(€) as a coreflective
subcategory of €, so by (the dual of) [Ker24, Tag 04JX] its essential image is closed
under small colimits computed in C. O

Together, these properties identify nuclear objects with the essential image of the
rigidification.


https://kerodon.net/tag/04JX
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Proposition B.12. Let x be an uncountable regular cardinal and € € CAIg(Pr'gm)
be a stable k-presentably symmetric monoidal category with compact unit. An
object of € is nuclear if and only if it is in the essential image of the comparison
functor ¢ : Rig(€) — € of Lemma B.11.

Proof. (=) Suppose M is nuclear. First suppose M is basic nuclear and choose a
presentation M ~ colimgcqg., My by k-compact objects along trace-class morphisms.
Applying the Yoneda embedding gives an object colim,eq.,y(M,) of Rig(€) C
Ind(C,) whose image under ¢ is M. Thus every basic nuclear object lies in the
essential image of ¢. Since the essential image of ¢ is closed under small colimits by
Lemma B.11 (3), every nuclear object lies in the essential image of ¢.

(<) Conversely, by definition Rig(€) is generated under small colimits by objects
of the form colimgeq., y(My) in Ind(Cx), where each M, is k-compact and the tran-
sition morphisms are trace-class. Since ¢ is the restriction of the colimit functor, it
preserves small colimits and carries each such generator to colimyeq., My, which is
basic nuclear by definition. The nuclear objects are closed under small colimits by
definition, so every object in the essential image of ¢ is nuclear. Hence the essential
image of ¢ is precisely Nucl(C). O

Nuclearity is preserved by symmetric monoidal functors and satisfies a projection
formula when the right adjoint is sufficiently well-behaved.

Proposition B.13. Let x be an uncountable regular cardinal and F': € — € be a
morphism in CAlg(Pr'gt’H) with compact units. Then:

(1) F preserves nuclear objects.
(2) Suppose the right adjoint G : & — € preserves small colimits. For all M €
Nucl(€) and N € &, the natural morphism

M ®¢ G(N) — G(F(M) ®¢ N)
is an equivalence.

Proof of (1). As a morphism in CAIg(Pr'gtyn), F' is symmetric monoidal, preserves
small colimits, and preserves k-compact objects. Being symmetric monoidal, it
preserves trace-class morphisms [Ram24a, Rmk. 3.2]. Thus F' carries basic nuclear
objects of C to basic nuclear objects of €. The full subcategory of objects of €
carried into Nucl(€) therefore contains the basic nuclear objects, and it is closed
under small colimits since F' preserves small colimits and Nucl(€) is closed under
them, so it contains all of Nucl(C). O

Proof of (2). The functors (—) ®e G(N) and G(F(—) ®¢ N) preserve small colimits,
so the objects of € on which the natural morphism is an equivalence form a sub-
category closed under small colimits. Since the nuclear objects are generated under
small colimits by the basic nuclear objects, it suffices to treat basic nuclear objects.
Thus suppose M ~ colimyeq., My with the M, x-compact and the transition mor-
phisms trace-class. For each ¢ > ¢ in Q>0 with My, — My trace-class, [Ram24a,
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Prop. 3.4] supplies a diagonal filler
My, ®e G(N) ———— My ®e G(N)

l ,,,,,,,3,,,,,,,, l

G(F(Mg) ® N) ——— G(F(My) ®¢ N)
inducing an equivalence on the filtered colimits by [Aok25a, Lem. 2.16]. O

Finally, we obtain the identification of the dualizable objects with the compact
nuclear objects [CS26, Prop. 9.3].

Proposition B.14. Let x be an uncountable regular cardinal and € € CAIg(Prgtﬁ)
be a stable k-presentably symmetric monoidal category with compact unit. An
object M € € is dualizable if and only if it is compact and nuclear.

Proof. (=) Suppose M is dualizable. A dualizable object is C-atomic, and since 1e
is compact the C-atomic objects are compact [Ram24b, Ex. 1.23 & Cor. 1.26], so M
is compact. Moreover its coevaluation exhibits idy; as trace-class, so the constant
Q>o-indexed diagram at M, with every transition morphism idys, realizes M as
a Q>o-indexed colimit of the compact, in particular s-compact, object M along
trace-class morphisms, exhibiting M as basic nuclear and hence nuclear.

(<) Conversely, suppose M is compact and nuclear. By Proposition B.12, M ~
t(M) for some M € Rig(€), where ¢ : Rig(€) — € is the comparison functor of
Lemma B.11. For a filtered diagram {Y;};cr in Rig(C) we compute

HomRig(e)(M, CQIiIm Y:) ~ Home(M, L(cqlilrn Yi)) ¢ fully faithful
1€ 1€

~ Home (M, CQliIl’Il u(Y;)) ¢ colimit-preserving
1€
~ chiIm Home (M, (Y3)) M compact
1€

~ C(i)éi}n Hompgjg(e) (M, Y;) ¢ fully faithful

so that M too is compact. Now Rig(C) is rigid [Ram24a, Thm. 4.81], and in a
rigid category a compact object is dualizable: the identity of a compact object is
a compact morphism [Aok25a, Ex. 3.7], a compact morphism in a rigid category
is trace-class [Aok25a, Prop. 7.17], and an object whose identity is trace-class is
dualizable by [Ram24a, Ex. 2.9 & 2.15] and [Ram24b, Ex. 1.23]. So M is dualizable,
and by Lemma B.11 so is M ~ (M). O
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APPENDIX C. COMMUTATIVE ALGEBRA OF [E,,-RINGS

The preceding text relies on several facts about the commutative algebra of con-
nective Eoo-rings, which this appendix collects. The finiteness conditions on modules
and morphisms used in the main text are recalled first, together with some structural
properties of the category of connective E,o-rings.

We then turn our attention to two classes of morphisms. The morphisms of finite
expansion are a natural enlargement of the collection of morphisms of finite type,
while the pseudo-lisse morphisms carve out a generality in which a morphism almost
of finite presentation and of finite Tor-amplitude retains a workable structure theory,
one that the animated setting supplies automatically but that the spectral setting
does not.

C.1. Finiteness properties of modules and morphisms. The finiteness condi-
tions used below follow [Lurl7, §7.2] and [Lurl8, §4].

Definition C.1. Let A € CAIg™ and M € Mod4(Sp).

(1) M is pseudocoherent if there exists k € Z such that M € Mod4(Sp)>r and
T<pM is compact in ModA(Sp)Um] for all n > 0.
(2) M is perfect if it is compact as an object of Mod 4(Sp).

Remark C.2. In [Lurl7, §7] and [Lurlg], pseudocoherent modules are referred to
as almost perfect modules.

Passing from modules to morphisms, one meets a familiar obstruction. As Lurie
points out, many conditions on morphisms of static commutative rings do not gen-
eralize directly to connective Eo-rings, since the higher coherences force one to
prescribe relations among relations without end. The conditions recorded below
appear in [Lurl7, §7.2.4] and [Lurl8, §4.1 & §5.2] (cf. [Lurl8, Rmk. 5.2.0.2]) and

are formulated with that constraint in mind.

Definition C.3. Let f: A — B be a morphism in CAlg®".

(1) fis of finite presentation if B is a compact object of the category of connec-
tive A-algebras CAlg§'.

(2) fis almost of finite presentation if 7<, B is a compact object of the category
of connective n-truncated A-algebras for all n > 0.

(3) fis of finite type if mo(f) : mo(A) — mo(B) is a finite type morphism of static
commutative rings.

(4) fis finite if mo(B) is finitely generated as a module over 7y(A).

(5) f is of finite Tor-amplitude if B ®4 (—) : Mod4(Sp) — Modp(Sp) carries
Mod 4(Sp)¥ into Modp(Sp)<, for some n.

(6) fis flat if mo(f) : mo(A) — mo(B) is a flat morphism of static commutative
rings and the map mo(B) ®xy(a) Tk(A) — m,(B) is an isomorphism of mo(B)-
modules for all &£ > 0.

(7) f is faithfully flat if f is flat and mo(f) : mo(A) — mo(B) is faithfully flat as
a morphism of static commutative rings.

(8) f is étale if f is flat and mo(f) : mo(A) — mo(B) is étale as a morphism of
static commutative rings.
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Remark C.4. Our terminology differs from that of [Lurl7, §7.2.4], where mor-
phisms of finite presentation in the sense of Definition C.3 are called morphisms
locally of finite presentation.

Two families of algebras over a connective E.-ring recur throughout this appen-
dix, the free E-algebras and the polynomial algebras.

Definition C.5. Let A be a connective Ey.-algebra in Sp and let n > 0.
(1) The free Eo-algebra on generators Ti,...,T, over A is A{Ty,...,T,} =
Sym 4 (A®™).
(2) The polynomial algebra in the variables Ty, ...,T, over A is A[Ty,...,T,] :=
A ®s XN, the monoid algebra of the free commutative monoid N".

Remark C.6. Let A be a connective E-algebra in Sp and n > 1. By [Lurl8, Rmk.
5.4.1.2 & Not. B.1.1.2], we have equivalences

mo(A{T1,..., Tn}) =~ mo(A[Th, ..., Ty]) =~ mo(A)[T1, ..., Ty],

and A[Th,...,T,] is flat over A. Over the sphere, S{T1,...,T,} carries the homol-
ogy of the symmetric groups and is not of finite Tor-amplitude, while S[T7, ..., T),]
is flat. This underlies the contrast between the morphisms of finite expansion of
Appendix C.2 and the pseudo-lisse morphisms of Appendix C.3.

Many statements about algebras over a connective Eo-ring reduce to the finitely
presented case, by writing a general algebra as a filtered colimit of finitely presented
ones as in the static setting. The relevant approximation is the following, an ana-
logue of [Stacks, Tag 00QL].

Proposition C.7 ([Lurl7, Prop. 7.2.4.27]). Let A be a connective E-algebra in
Sp.
1) The category CAlgy' is generated under sifted colimits by retracts of finitely
A
generated free algebras (Definition C.5 (1)). In particular, it is w-presentable.
(2) Write CAIng C CAlgq for the full subcategory spanned by the finitely pre-
sented algebras. The inclusion induces an equivalence Ind(CAIgff;) ~ CAlgq'.
(3) A connective A-algebra B is almost of finite presentation if and only if for
every n > 0 there is a finitely presented A-algebra C' such that 7<,B is a
retract of 7<,,C.

C.2. Morphisms of finite expansion. The morphisms of finite expansion were
introduced by Hamacher [Ham19] to carry the exceptional pushforward and pullback
functors of étale cohomology beyond the case of morphisms of finite type.

The notion is recalled first for static commutative rings, then transported to
connective E..-rings through its effect on mg, before its permanence properties are
taken up.

Definition C.8 ([Ham19, Def. 1.1 & Rmk. 1.2]). Let A — B be a morphism
of static commutative rings. Then A — B is of finite expansion if it admits a

factorization
A— AT,...,T,) — B


https://stacks.math.columbia.edu/tag/00QL
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where A[Ty,...,T,] — B is integral.

The finite expansion condition is phrased using the free algebra A{T},...,T,} of
Definition C.5. That it depends only on 7y, where it reduces to the static notion, is
the content of the following lemma.

Lemma C.9. Let f: A — B be a morphism of connective E,-algebras in Sp. The
following are equivalent.

(a) The morphism f admits a factorization A — A{T},...,T,} — B for which
mo(A{Th,...,Ty}) — mo(B) is integral.

(b) The induced morphism of static rings m(f) : mo(4) — mo(B) is of finite
expansion in the sense of Definition C.8.

Proof. (=) Connectivity of A and B gives mo(A{Th,...,Tn}) ~ mo(A)[T1,...,T)]
[Lurl8, Not. B.1.1.2], so applying mo(—) to the factorization of (a) presents my(A) —
mo(B) as mo(A) — mo(A)[T1,...,T,] = mo(B) with the second map integral.

(<) The classifying map mo(A)[T1,...,T,] = mo(B) of (b) is the datum of n ele-
ments of o (B). Lifting these to points of 2°°B and invoking the universal property
of the free algebra of Definition C.5, furnished by the free—forgetful adjunction,

Morcaig , (A{T,...,T,},B) ~ (2*B)",

produces a factorization A — A{Th,...,T,} — B. On 7 this recovers the map
mo(A)[T1,...,T,] — mo(B), which is integral, so mo(A{T1,...,T,}) — mo(B) is
integral. O

With the equivalence in hand, we define the notion of a morphism of finite expan-
sion between connective E..-rings.

Definition C.10. Let A — B be a morphism of connective E.-algebras in Sp. Then
A — B is of finite expansion if it satisfies the equivalent conditions of Lemma C.9.

Proposition C.11. The morphisms of finite expansion between connective E.-
algebras in Sp satisfy the following permanence properties.

(1) (Composition) If A — B and B — C' are of finite expansion, then so is the
composite A — C.

(2) (Base Change) If A — B is of finite expansion and A — C'is arbitrary, then
C — B®4 C is of finite expansion.

(3) (Left Cancellation) If the composite A — B — C and A — B are of finite
expansion, then so is B — C.

Proof. By Lemma C.9, each assertion reduces to the corresponding statement for the
induced morphism on static rings. For base change, mo(B®aC) =~ mo(B)®,(4)T0(C)
for connective Eoo-rings A, B, C, so that 7o(C) — mo(B ®4 C) is the base change of
m0(A) — mo(B) along mo(A) — mo(C) [Lurl7, Cor. 7.2.1.23]. Composition and left
cancellation are verified in [Ham19, Lem. 1.3 (1)] and base change in [Ham19, Lem.
1.3 (3)]. O

The finiteness conditions of Definition C.3 relate to finite expansion as follows.
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Lemma C.12. Let f : A — B be a morphism in CAlg®". If f is of finite presentation,
almost of finite presentation, or of finite type, then f is of finite expansion.

Proof. By Lemma C.9, it suffices to show that my(f) is of finite expansion in each
case. Finite presentation implies almost of finite presentation, which in turn implies
finite type [Lurl8, §4.1], so under any of the three hypotheses my(f) : mo(A4) — mo(B)
is a finite type morphism of static rings. Such a morphism factors as a surjection
mo(A)[Th,...,T,] — mo(B) out of a polynomial algebra, and a surjection is integral,
so mo(f) is of finite expansion. O

C.3. Pseudo-lisse morphisms. Finite expansion constrains a morphism only
through its effect on 7wy and leaves its Tor-amplitude uncontrolled — the morphism
A — A{Ty,...,T,} is of finite expansion yet need not be of finite Tor-amplitude
when n > 1. The last class considered in this appendix restores that control.

In the animated setting, a morphism of animated rings almost of finite presen-
tation and of finite Tor-amplitude admits a factorization A — A[T1,...,T,] — B
with B perfect over A[T1,...,T,] [HM26, Lem. 2.7.12 (iv)]. In the spectral set-
ting, choosing representatives in 2°°B of n elements of m(B) produces a morphism
of A-algebras A{T},...,T,} — B but need not produce a morphism of A-algebras
AlTy,...,T,] — B. Since the free E,-algebra may fail this Tor-amplitude condition,
the animated factorization theorem does not directly carry over. The definition be-
low instead imposes a factorization through a flat algebra with perfect second leg,
at the cost of a slightly more restricted generality than that of morphisms almost of
finite presentation and of finite Tor-amplitude.

Definition C.13. Let A — B be a morphism in CAlg®".

(1) A — B is pseudo-lisse if it admits a factorization
A—-C—B

in which A — (' is flat and almost of finite presentation, and B is perfect as
a C-module.
(2) A — B is elementary pseudo-lisse if it admits a factorization

A— ATy,...,T,| = B
for some n > 0 in which B is perfect as an A[T1,...,T,]-module.
Elementary pseudo-lisse and pseudo-lisse morphisms satisfy the following.

Proposition C.14. (1) Every elementary pseudo-lisse morphism is pseudo-
lisse.
(2) Every pseudo-lisse morphism is almost of finite presentation and of finite Tor-
amplitude. In particular, every pseudo-lisse morphism is of finite expansion.
(3) The elementary pseudo-lisse morphisms satisfy the following permanence
properties:
(3.1) (Composition) If A — B and B — C are elementary pseudo-lisse, then
so is the composite A — C.
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(3.2) (Base Change) If A — B is elementary pseudo-lisse, then for any mor-
phism A — C the induced morphism C' — B® 4 C is elementary pseudo-
lisse.

(4) The pseudo-lisse morphisms satisfy the following permanence property:

(4.1) (Base Change) If A — B is pseudo-lisse, then for any morphism A — C
the induced morphism C — B ® 4 C' is pseudo-lisse.

Proof of (1). Flatness follows from [Lurl8, Rmk. 5.4.1.2]. Being almost of finite
presentation is preserved by base change [Lurl7, Rmk. 7.2.4.28], which reduces the
claim to the universal case S — S[T1,...,T},], and this follows from the Hilbert
Basis Theorem for connective Eo-rings [Lurl7, Prop. 7.2.4.31]: S and S[T1,...,T}]
are Noetherian in the sense of [Lurl7, Def. 7.2.4.30] as both are connective, on m
these are Z and Z[T1,...,T,], which are Noetherian (and in particular coherent)
as static commutative rings, and each higher homotopy group of either is finitely
generated — equivalently, as my is Noetherian, finitely presented — over my. For
S this is Serre’s celebrated finiteness of the stable stems in positive degrees. For
S[T1,...,T,] = ¥N" one has m;(S[T1, ..., T,]) ~ mi(S) ®z Z[T1, ..., T,], which is
finitely generated over Z[T1,...,T,] because mx(S) is finite when k > 1. O

Proof of (2). We first show A — B is almost of finite presentation. By [Lurl7, Cor.
7.4.3.19], being almost of finite presentation is preserved by composition and A — C
is almost of finite presentation by assumption, so it suffices to show that C — B is
almost of finite presentation. Since B is perfect over C, the morphism C' — B is
finite and B is pseudocoherent as a C-module. A finite morphism is almost of finite
presentation if and only if its target is pseudocoherent over the source [Lurl8, Cor.
5.2.2.2], so C'— B is almost of finite presentation.

For the finite Tor-amplitude, A — C is flat and B is of finite Tor-amplitude
over C, being perfect [Lurl7, Prop. 7.2.4.23], so the composite A — B is of finite
Tor-amplitude [Lurl8, Lem. 6.1.1.6]. O

Proof of (3). Let A — A[Ty,...,T,] - B and B — BI[Ti,...,T,] — C be factor-
izations of A — B and B — (' as elementary pseudo-lisse morphisms. We claim

that the composite factors as A — A[T1,...,Th+n] — C where C is perfect over
AlT1, ..., Tingn]. First note that A[Th,...,Tonin] @4y, 1 B =~ BT, ..., Tl
providing a factorization of A-algebras A — A[T1,...,Tm+n] — C. Since scalar
extension preserves compact objects, B[T1, ..., T,,] is perfect over A[T1,..., Tminl,
hence B[T1,...,Ty,] is contained in the minimal full subcategory of A[Th, ..., Tymin]-
modules containing the unit and closed under finite colimits and retracts.

Since C' is perfect over B[T1, ..., Ty,], restriction of scalars exhibits it as an object
of the minimal full subcategory of A[T1, ..., Ty4n|-modules containing BT, ..., T,]
and closed under finite colimits and retracts. As B[Ti,...,T,,] is perfect over
A[Ty, ..., Tynsn], this subcategory is contained in the perfect A[T1,..., Tminl-
modules, so C' is perfect over A[T1, ..., Tpinl-

For closure under base change, applying C' ® 4 (—) to a factorization of A — B
as an elementary pseudo-lisse morphism yields a factorization of C' — B ®4 C as
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an elementary pseudo-lisse morphism by functoriality of the polynomial algebra and
the permanence of perfectness under base change. ]

Proof of (4). This follows from the base change argument of (3), instead using that
flatness and being almost of finite presentation are preserved by base change along
general maps [Lurl7, Prop. 7.2.2.16 & Rmk. 7.2.4.28]. O
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