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ABSTRACT. We prove that certain categories of Bousfield localizations are pre-
sentable and give explicit regular cardinals k for which they are k-presentable. As
an application, we show that the category of analytic rings in the sense of Clausen
and Scholze is (2%°)"-presentable.

1. INTRODUCTION

Many constructions in geometry and homotopy theory replace an object by one satisfy-
ing a prescribed condition. Sheafification, for example, associates a sheaf to a presheaf,
while a completion functor replaces a module by a complete one. A common feature is
that the resulting objects form a full subcategory whose inclusion admits a left adjoint.
Such left adjoints are called reflective localizations.

In this paper, we study reflective localizations of co-categories, which we henceforth
call categories. Explicit constructions in this setting must keep track of higher homo-
topies and their coherences, making abstract existence criteria especially valuable. For
presentable categories, such criteria take a particularly simple form: by the reflection
theorem, the inclusion of a full subcategory D < C admits a left adjoint if and only if D
is closed under small limits and sufficiently filtered colimits in C [RS26, Thm. 1.1].

Informally, a presentable category is a large category controlled by a small collection
of objects. More precisely, a category is k-presentable, for a regular cardinal k, if it admits
small colimits and is generated under k-filtered colimits by a small subcategory of -
compact objects. A category is presentable if it is k-presentable for some k. A reflective
localization between presentable categories is traditionally called a Bousfield localization.

We ask whether Bousfield localizations themselves form a presentable category when
their sources and targets are allowed to vary subject to fixed size bounds. We prove that
they do, both with and without compatible symmetric monoidal structures, and give
explicit cardinal bounds. We also obtain an accessibility bound for the subcategory of



localizations whose right adjoints preserve small colimits. Our main motivating appli-
cation is the presentability of the category of analytic rings in the theory of condensed
mathematics developed by Clausen and Scholze.

PRESENTABILITY OF CATEGORIES OF LOCALIZATIONS

Let k be an uncountable regular cardinal. We denote by Prt the category of k-presentable
categories and functors preserving small colimits and k-compact objects. The category
Prt is itself k-presentable [Aok25, Prop. 2.3], providing an ambient category in which
to study localizations together with their sources and targets.

For V € Prk, we denote by

Loc(V) C Fun(A', (Prh)y, )

the full subcategory spanned by Bousfield localizations. Concretely, an object is a local-
ization together with compatible functors from V to its source and target, all lying in Prk.
Its morphisms are commutative squares compatible with the corresponding structure
functors from V.

We also consider a symmetric monoidal variant. The category CAlg(Prk) consists
of the k-presentable symmetric monoidal categories whose tensor product preserves
small colimits separately in each variable, whose tensor unit is k-compact, and whose
k-compact objects are closed under tensor products. For W € CAlg(Prk), we define

Loc?(W) C Fun(A', CAlg(Prk)w, )

in the same way, now requiring the localizations and the structure functors from W to
be symmetric monoidal.

THEOREM A (2.2, 2.6). The categories Loc, (V) and Loc® (W) are k-presentable. Moreover, their
natural inclusions into the respective arrow categories preserve small colimits and k-compact
objects, and hence are morphisms in PrL.

The proof relies on a criterion for full faithfulness due to Haine-Ramzi-Steinebrunner
[HRS25, Prop. 1.4]. Applying this criterion to right adjoints, we construct a functor

P.: Fun(A',Prt) — Fun(A! x AT, Prb)

with the property that a morphism F in Prk is a Bousfield localization if and only if the
commutative square P (F) is a pushout.

Thus Loc, () is the fiber product of P and the functor sending each span to its pushout
square. We prove that both functors lie in PrL, so this pullback gives the asserted pre-
sentability and preservation properties. Passing to coslice categories gives the general
case; compatibility with tensor products gives the symmetric monoidal statement.



COLIMIT-PRESERVING RIGHT ADJOINTS

For the application to analytic rings, we impose an additional condition on a Bousfield
localization: we require its fully faithful right adjoint to preserve small colimits. We
denote the corresponding full subcategories by

Locy (V) C Locy(V),  Locy (W) C Loc2(W).

In the symmetric monoidal setting, this condition is weaker than the familiar notion of
a smashing localization [RS26, Thm. 7.7]. The distinction is essential for our application:
the completion functor associated with an analytic ring, introduced below, is smashing
if and only if it is an equivalence.

Recall that, for a regular cardinal p, a category is p-accessible if it satisfies the definition
of pu-presentability above, except that it is not required to admit all small colimits. The
following theorem shows that the subcategories introduced above are accessible and
provides an explicit bound on their accessibility rank.

THEOREM B (3.2, 3.12). Let u > « be a regular cardinal satisfying ecf(p) > «, and suppose that
V and W are p-compact. Then Locy (V) and Loc.. (W) are p-accessible. Moreover, the natural
inclusions

Lock(V) = Loce (V) and Locs (W) < Loc® (W)

preserve p-compact objects and k-filtered colimits.

Here ecf(p) denotes the exponential cofinality of y; see Remark 3.8. The smallest regular
cardinal p > k satisfying this condition is (2<*)*. Although the proof is more involved
than that of the preceding theorem, it follows the same general strategy. We construct a
functor

Q.: Fun(A',Prt) — Fun(AT, Ani),

where Ani denotes the category of animae (also known as oco-groupoids or spaces), such
that Q«(F) is an equivalence if and only if the right adjoint of F preserves small colimits.
Restricting Q to Loc (*), we obtain Loc, () as the pullback of Loc (*) — Fun(A', Ani)
along the inclusion of the full subcategory of equivalences into Fun(A', Ani). We prove
that Q« preserves k-filtered colimits and p-compact objects, so this pullback yields the
stated accessibility bound and preservation properties. As above, coslice categories and
compatibility with tensor products give the general and symmetric monoidal cases.

APPLICATIONS TO CONDENSED MATHEMATICS

Condensed mathematics provides a setting for studying algebraic objects equipped with
topologies using the tools of homological algebra. Analytic rings enrich this framework
with a notion of completeness for modules, allowing constructions such as tensor prod-
ucts to be followed by completion. Throughout this introduction, rings and abelian



groups are understood to be animated, and we leave the adjective light implicit. We
write Ring and Ab for the corresponding categories, and Cond(Ring) and Cond(Ab) for
their categories of condensed objects.

For a condensed ring A", we write D(A”) for its derived category of condensed mod-
ules. A pre-analytic ring is a pair A = (A", D(A)) consisting of a condensed ring A and
a full subcategory D(A) of D(A”). We think of its objects as the complete A”-modules,
and require the following conditions:

(i) The subcategory D(A) is closed under small limits and colimits. We denote its
inclusion by 14 and the left adjoint of 1o by — ®a> A.

(ii) For every M € D(A”) and N € D(A), the object Hom(M, N) lies in D(A).
(iii) The endofunctor LA := 1A o (— ®a> A) preserves connective objects.

By the reflection theorem of Ragimov—Schlank [RS26, Thm. 1.1], the left adjoint in (i)
exists and D(A) is presentable. Thus

— ®a> A: D(A®) — D(A)

is a Bousfield localization, which we regard as a completion functor. By (i), its fully
faithful right adjoint 15 preserves small colimits, so this localization belongs to the class
considered in the preceding subsection.

A morphism of pre-analytic rings A — B is a morphism of condensed rings ¢: A —
B" such that the restriction-of-scalars functor

@«: D(B”) — D(A")

maps D(B) into D(A). We denote by PAnRing the category of pre-analytic rings. An
analytic ring is a pre-analytic ring A for which A" lies in D(A), so that the underlying
ring is itself complete. We denote by AnRing C PAnRing the full subcategory consisting
of analytic rings.

Tueorem C (5.2, 5.9). The categories PAnRing and AnRing are w-presentable, for u = (2%0)*.

The p-presentability of analytic rings was announced in [CS23, Lecture 15], but, to our
knowledge, a proof has not appeared in the literature; with the question being raised as
an open point in [Rod26, §1.2, Footnote 2]. As an immediate consequence of presentabil-
ity, we obtain the following completeness statement, for which we are not aware of an
independent proof.

COROLLARY (5.7, 5.10). The categories PAnRing and AnRing are complete. Moreover, the inclu-
sion AnRing — PAnRing preserves and reflects small limits.



To prove the theorem, we first use condition (iii) to equip D(A) with the inherited t-
structure from D(A"). We then show that a pre-analytic ring is determined by its connec-
tive part, while condition (ii) ensures that completion is compatible with the symmetric
monoidal structure. Setting W = Cond(Ab), we obtain a cartesian diagram

PAnRing —— Locy, (W)

| |

Cond(Ring) M CAIg(Prk'Q1 W,/

where s sends a localization to its source.

The p-accessibility of PAnRing then follows from the general categorical results es-
tablished in Theorems A and B. Since PAnRing admits small colimits, it is in fact p-
presentable. Finally, AnRing is a reflective localization of PAnRing whose inclusion pre-
serves filtered colimits; consequently, AnRing is also p-presentable.

NOTATION AND CONVENTIONS
In addition to the notation introduced above, we use the following conventions.

* Cardinals. For a cardinal k, we write 2=* = sup._ . 2%, where T ranges over cardinals,
and denote by k" the least cardinal strictly greater than k. The cardinality of a set X
is denoted by #X.

* Categories and animae. We denote the categories of small categories and small animae
by Cat and Ani, respectively, and their large counterparts by Cat and Ani.

* Compact objects. For a regular cardinal k, we denote by C* C C the full subcategory of
k-compact objects: those objects X for which Mapc (X, —) preserves k-filtered colimits.

e Presentable categories. We write Pr and Pr® for the categories of presentable categories
and left and right adjoints, respectively. For regular «, the variants Prk and PrR have
k-presentable categories as objects. Morphisms in the former preserve small colimits
and k-compact objects; morphisms in the latter preserve small limits and k-filtered
colimits. Their full subcategories spanned by stable categories are denoted by Prt,St

R
and Pry .

* Accessible categories. We write Acc for the category of accessible categories and accessi-
ble functors, namely functors preserving A-filtered colimits for some regular cardinal
A. For regular k, the category Acc has k-accessible categories as objects and functors
preserving both k-filtered colimits and k-compact objects as morphisms.



* Groupoid completion and cores. For a category C, we denote by |C| its groupoid comple-
tion, obtained by inverting all morphisms, and by C= its core, obtained by retaining
only equivalences. These constructions are left and right adjoint, respectively, to the
inclusion Ani — Cat. We also write |S.| for the geometric realization of a simplicial
object S..
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2. THE CATEGORY OF LOCALIZATIONS

DEerFINITION 2.1. Let k be a regular cardinal, and let V be a k-presentable category. We

denote by
Loc (V) C Fun(A, (Prh)y, )

the full subcategory spanned by the morphisms that are Bousfield localizations. For the
terminal category %, we denote Loc (x) simply as Locy.

THEOREM 2.2. Let k > Ny be a reqular cardinal, and let V be a k-presentable category. Then the

natural inclusion
Lock (V) < Fun(A1 , (Pr';)v/)

is a morphism in Prk. In particular, the category Loc, (V) is k-presentable.

The proof of this result requires some preparation. Let i: 9A! < A denote the natu-
ral inclusion. If Cis a category admitting binary coproducts, then the restriction functor
i*: Fun(A',C) — Fun(dA', C) ~ C x C admits a left adjoint

iy: C x C — Fun(A',C)
(XY) = (X = XU1Y).

Moreover, for every morphism F: C — D in Prt, the functors iy fit into a commutative

square
CxC TP D x D
iul fu
Fun(Al,C) 40D £ inial D).



We now consider the functor
P.: Fun(A',Prt) = Fun(A! x AT, Prb)
that sends a morphism F: C — D in Pr; to the square displayed above.

Lemma 2.3. Let k be a reqular cardinal and let F be a morphism in Prt. Then F is a Bousfield
localization if and only if the commutative square P (F) is a pushout in Prt.

Proof. Let G: D — C be the right adjoint of F. By the equivalence (Prk)°P ~ PrR, the
square P (F) is a pushout in Prk if and only if the square

u 1
Fun(AT,D) —"M208) Eun(al, €)
| I
DxD SEAS CxC

is a pullback in PrR (or, equivalently, in Cat). This holds precisely if G is fully faithful
[HRS25, Prop. 1.4]. O

LEMMA 2.4. Let  be a regular cardinal. Then P, is a morphism in PrL,

Proof. According to [Aok25, Prop. 2.3], Prt is a commutative algebra in Prk. Thus, since
A" and A' x A' are finite posets, [Ker, Tag 06HY] implies that the source and target of
P are k-presentable, and that k-compactness in these categories is checked pointwise.
It therefore suffices to show that the endofunctors

C— Fun(dA", Q) ~CxC,  Cw~ Fun(A',Q)

of Prt preserve small colimits and k-compact objects of Prt.

Let K be either 0A! or A', and let J: K — P(K°P) denote the Yoneda embedding.
Given a small-colimit-preserving functor F: P(K°?) — C, we claim that F preserves k-
compact objects if and only if Fok takes values in C*. Since colimits in functor categories
are computed pointwise, the Yoneda lemma implies that every representable presheaf
is compact. Thus, if F preserves k-compact objects, then Fok takes values in C*, proving
one implication.

Conversely, suppose that F o & takes values in C*, and let f be a k-compact object
of P(K°P). By [HTT, Prop. 5.3.4.17], f is a retract of a k-small colimit of representables
g. Since F preserves small colimits, F(g) is therefore a k-small colimit of objects in C*.
As C* is closed under k-small colimits in C [Ker, Tag 064W], it follows that F(g) is k-
compact. Similarly, given that F(f) is a retract of F(g), [Ker, Tag 064Z] implies that F(f)
is also k-compact. This proves the converse and completes the proof of the claim.


https://kerodon.net/tag/06HY
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The claim above shows that the universal property of the Yoneda embedding [Ker,
Tag 03W9] restricts to an equivalence

£t Mapp,t (P(K*P), C) — Mapc, (K, C¥).
Now K°P is a compact object of Cat [Ker, Tag 068G], while the functor
Pt — Cat, Cw—C*

preserves k-filtered colimits [HTT, Props. 5.5.7.10-5.5.7.11 and Cor. 4.4.5.21]. It follows
that P(K°P) is a k-compact object of Prk.

Since Prk is a commutative algebra object in Prk, tensoring with P(K°P) therefore pre-
serves small colimits and k-compact objects. Finally, the equivalence

P(K°P) ® C ~ Fun(K, C),

which is natural in C € Prt [Ker, Tags 03W9, 071C, 071F], identifies this functor with
Fun(K,—). The two choices of K give the required endofunctors, and hence the result.
O

Proof of Theorem 2.2. Let u: A3 < A x Al be the natural inclusion of the walking span
into the walking commutative square. As above, if C admits pushouts, the restriction
functor u*: Fun(A" x A1, C) — Fun(A3, C) admits a fully faithful left adjoint

uy: Fun(A3, C) — Fun(A! x AT, C),
that sends a span X <- Y — Z to the pushout
z

Uy Z.

X =

—_
— X

Lemma 2.3 can then be reformulated as asserting that the commutative square

Loc, Fun(A3, Prk)
! [
Fun(A',Prk) — = Fun(A! x AT, PrY)

is cartesian. Given that A, A" x A!, and /\% are finite posets, [Aok25, Prop. 2.3] and
[Ker, Tag 06HY] imply that the categories

Fun(AT,PrY),  Fun(A' x AT PrY), and Fun(A3,Prb)
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are all k-presentable.

Note that, since the functor u* preserves all small colimits, its left adjoint u; is a mor-
phism in Prt. Moreover, by Lemma 2.4, so is the functor P.. We conclude from [Aok25,
Prop. 3.2] that Loc, is k-presentable and that the inclusion

j: Loce < Fun(A',Prb)

is a morphism in Prt.
Let s: Fun(A',Prt) — Prk be the functor that maps a morphism C — D in Prk to C.
Since the square

(Prt)v/ _ Fun(A1 , Pr',;)

| L

* v Pr,';

is cartesian and the functor Fun(A', —) preserves limits, we obtain a natural equivalence
Fun(A1 , (Prt)v/) ~ {idy} X Fun(AT,Prb) Fun(A1 , Fun(A1 , Pr';)) ~ Fun(A1 , Prt)idv/.

Under this equivalence, the full subcategory Loc. (V) of Fun(A', (Prk)y /) corresponds
to the full subcategory (Locy)iq, , of Fun(AT, Prt)idv /. The desired result then follows
from Proposition A.2. O

We now study a symmetric monoidal analogue of Theorem 2.2.
DEerFINITION 2.5. Let k be a regular cardinal, and let W be a commutative algebra object

in Prk. We denote by
Loc?(W) C Fun(A', CAlg(Prk)w, )

the full subcategory spanned by the morphisms that are Bousfield localizations. For
W = Ani, we denote Loc? (W) simply as Loc?.

THEOREM 2.6. Let k > Wi be a reqular cardinal, and let W be a commutative algebra object in
Prk. Then the natural inclusion

Loc?(W) = Fun(A', CAlg(Pri)w,)
is a morphism in Prt. In particular, the category Loc® (W) is k-presentable.

The proof uses the pointwise symmetric monoidal structure on the arrow category.
We first show that the inclusion of Loc is compatible with this structure.

LEMMA 2.7. Let k > Ny be a reqular cardinal, and endow Fun(A', Prk) with the pointwise
symmetric monoidal structure. Then the following statements hold.



1. The category Fun(A'", Pr) is a commutative algebra object in Pr, and there is a natural

equivalence
CAlg(Fun(A,Prk)) ~ Fun(A', CAIg(PrL))

Pl
in Pr.

2. The full subcategory Loc, C Fun(A',PrL) contains the symmetric monoidal unit and
is closed under tensor products. The induced symmetric monoidal structure makes the

inclusion
Loc, — Fun(A",PrL)

a morphism in CAlg(Prk).

Proof. According to [Aok25, Prop. 2.3], Prt is a commutative algebra object in Prk. Since
A is a finite poset, [Aok23, Prop. 2.17] implies that the same holds for Fun(A',Prk)
equipped with the pointwise symmetric monoidal structure. Moreover, [HA, Rem. 2.1.3.4]
gives a natural equivalence

CAlg(Fun(A,Prk)) ~ Fun(A', CAIg(PrL)).

Recall that, for every commutative algebra object C in Prk, the category CAlg(C) is
k-presentable. Indeed, it is presentable by [HA, Cor. 3.2.3.5], and the free commutative
algebras on k-compact generators of C form a set of k-compact generators, since the
forgetful functor preserves k-filtered colimits [HA, Cor. 3.2.3.2]. Together with [Ker,
Tag 06HY], this shows that both sides of the displayed equivalence are k-presentable.

To prove (2), note that the symmetric monoidal unit of Fun(A] , Prt) is idapi, which
is a Bousfield localization. Moreover, tensor products of Bousfield localizations remain
Bousfield localizations [Ker, Tag 071G]. It follows from [HA, Prop. 2.2.1.1 and Rem. 2.2.1.2]
that the pointwise symmetric monoidal structure restricts to Loc, making the inclusion

j: Lock < Fun(A!, Prb)

a symmetric monoidal functor.

By Theorem 2.2, applied to V = x, the category Loc is k-presentable and j preserves
small colimits and k-compact objects. Since j is fully faithful and preserves small col-
imits, the tensor product on Loc, preserves small colimits separately in each variable.
Moreover, full faithfulness and preservation of k-filtered colimits imply that j also re-
flects k-compact objects. Thus, the k-compactness of the symmetric monoidal unit and
the stability of k-compact objects under tensor products follow from the corresponding
properties in Fun(A', PrL). This proves that j is a morphism in CAlg(PrL). O

Proof of Theorem 2.6. By Lemma 2.7, both Loc, and the inclusion j: Loc, < Fun(A', Prk)
lie in CAlg(Prk). As a result, it induces a fully faithful functor

CAlg(j): CAlg(Loc,) < CAlg(Fun(A’, Prk)) ~ Fun(A', CAlg(Prk)),

10
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whose essential image consists of the morphisms whose underlying functors are Bous-
field localizations [HA, Rem. 2.2.1.5].

We claim that this functor is a morphism in Prk. Let R be the right adjoint of j. By
[HA, Rem. 2.2.1.5], the functor CAlg(j) admits a right adjoint whose underlying func-
tor is given by R. Since j preserves k-compact objects, R preserves k-filtered colimits.
These colimits are computed on underlying objects in categories of commutative alge-
bras [HA, Cor. 3.2.3.2], so the right adjoint of CAlg(j) also preserves k-filtered colimits.
Thus, CAlg(j) preserves small colimits and k-compact objects, proving the claim.

As in the proof of Theorem 2.2, there is a natural equivalence

Fun(A', CAlg(Pro)w, ) ~ Fun(A‘,CAlg(Pr';))idW/.
Since idy is a Bousfield localization, it determines an object of CAlg(Loc). Under the
displayed equivalence, the inclusion of Loc? (W) identifies with the functor

CAlg(Locy )iy, , — Fun(A', CAIg(Pr',;))idW/

induced by CAlg(j). The desired result then follows from Proposition A.2. O

m REMARK 2.8. The same arguments prove variants of Theorems 2.2 and 2.6 in which
coslice categories are replaced by slice categories. More precisely, under the same hy-
potheses, the full subcategories of

Fun(A',(Prk),v)  and  Fun(A,CAIg(Pr),w)

spanned by the morphisms that are Bousfield localizations are k-presentable, and their
natural inclusions are morphisms in PrL. It suffices to replace the application of Propo-
sition A.2 by [Ker, Tags 06HU and 06P6]. u

3. COLIMIT-PRESERVING RIGHT ADJOINTS

DerINITION 3.1. Let « be a regular cardinal, and let V be a k-presentable category. We
denote by
Lock (V) C Lock(V)

the full subcategory spanned by those Bousfield localizations whose fully faithful right
adjoints preserve small colimits. For the terminal category *, we denote Loc () simply
as Locy.

The main result of this section implies, in particular, that Lock (V) is p-accessible for
every -compact object V of Prk, provided that p > « > Xy are regular and ecf(p) > k.
Here ecf(p) denotes the exponential cofinality of p. The smallest regular cardinal p > «
satisfying this condition is (2<*)*; see Remark 3.8.

11
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THEOREM 3.2. Let 1 > k > Wy be reqular cardinals satisfying ecf(u) > . For a u-compact
object V of Prk, the natural inclusion

Lock (V) < Loc (V)

is a morphism in Acc,, and preserves k-filtered colimits. In particular, the category Locy (V) is
u-accessible.

The proof of this result, like that of the main theorem of the previous section, requires
some preparation. We begin with a simple observation. Let F: C — D be a morphism
in Prk, with right adjoint G: D — C. Since G preserves k-filtered colimits, it preserves
all small colimits if and only if its restriction to D* preserves pushouts and k-small co-
products [HTT, Props. 4.4.2.7 and 5.5.1.9]. This motivates the following definition.

DerINITION 3.3. Let k be a regular cardinal. We denote by I a set consisting of the walk-
ing span A3 and one discrete category of each cardinality strictly less than k.

We introduce the following notation, which will be convenient for the next lemma.
Given a full subcategory D C C and an object S € C, we set

D/S =D X¢ C/S-

Since the projection C,5 — C is an isofibration [Ker, Tag 0236], this fiber product has
the expected concrete description: it is the full subcategory of C,s spanned by the mor-
phisms X — S whose source X belongs to D [Ker, Tag 033T].

LEmMMA 3.4. Let k be a reqular cardinal, C be a k-accessible category, and let K € 1. For every
diagram w: K — C, the category
Fun(K, C") /,

is essentially small and k-filtered. Its tautological diagram has colimit w in Fun(K, C).

Proof. By [Ker, Tags 06HY and 06]3], the category Fun(K, C) is k-compactly generated,
and its k-compact objects are precisely the functors that factor through C* — C. Hence
the inclusion

Fun(K, C*) — Fun(K, C)
exhibits Fun(K, C) as the Ind «-completion of Fun(K, C*) [Ker, Tag 067C]. Moreover, since
C* is essentially small and K is small, the category Fun(K, C*) is essentially small. The
result therefore follows from [Ker, Tag 06GA]. O

Lemma 3.5. Let S — B be a functor from a small category to a small anima. This functor factors
uniquely through the groupoid completion S — |S| and, for every x € B, the natural map

IS xg {x}| = [S] x5 {x}

12
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is an equivalence.

Proof. The existence and uniqueness of the factorization follow from the universal prop-
erty of groupoid completion |—|: Cat — Ani, as the left adjoint to the natural inclusion
Ani — Cat. The Rezk nerve

N: Cat — Fun(A°P; Ani), S — ([n] = Ny(S) := Fun([n],S)~),

is fully faithful, with essential image the complete Segal animae. Under this identifi-
cation, animae correspond to constant simplicial animae, and groupoid completion is
computed by geometric realization:

IS| ~ colim N (S).
[n]eAc°r

See [Maz19, §2].
Since Ny, >~ Mapc,:([n], —) preserves limits, we have natural equivalences

Nn (S xg {x}) = Nn(S) xg {x},

compatible with the simplicial structure maps. Taking geometric realizations and using
the universality of colimits in Ani [Ker, Tag 05V5], we conclude that the natural map

IS xg {x}| = IS x5 {x}
is an equivalence. 0

We now construct a functor that detects whether the right adjoint of a morphism
in Prk preserves small colimits. In the proof of Theorem 3.2, this functor plays a role
analogous to that of Py in the proof of Theorem 2.2.

PROPOSITION 3.6. Let « be a regular cardinal. There exists a functor
Q«: Fun(A',Prt) — Fun(A', Ani)
such that Q«(F) is an equivalence if and only if the right adjoint of F preserves small colimits.

Proof. Let F: C — D be a morphism in Prk, with right adjoint G: D — C. Fix an object
K of I and a diagram v: K — D*. Since Mapc(c,—) are jointly conservative in C for
c € C*, the natural map

@: colimGov— G <colim v>
K K

is an equivalence if and only if Mapc (X, ¢) is an equivalence for all X € C*.

13
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To express these maps in finitary terms and solely in terms of the left adjoint F, con-
sider the category J« (F,v) defined by the fiber product

Jk(F,v) ——— Fun(K,D¥),

! |

Fun(K,C¥) —°= Fun(K,DX).
Thus, an object of J (F,v) is a pair (u, «) consisting of a functor u: K — C* and a natural
transformation oc: F o u — v. By adjunction, we obtain an equivalence

Je(Fv) ~ Fun(K,C*) /Goy

over Fun(K, C*).
Lemma 3.4 consequently shows that J(F,v) is k-filtered and that the tautological di-
agram
O (Fv): J«(F,v) = Fun(K,C*) — Fun(K, C)
has colimit Gov. Since, by [Ker, Tag 064X], a k-small colimit of k-compact objects remains
k-compact, we conclude that Mapc (X, ¢) is a morphism of the form

Jco(lFu\n}a) Mapc« (X Cohm O (F, v)) — Mapp« (F(X), co}(imv). (%)

For each K ¢ I, denote by Q¥(F) the colimit in Fun(A', Ani) of the maps (+) indexed
by the anima

BK(F) := (C*)™ x Fun(K,D")=,

and let Q(F) be the coproduct of the maps Q¥ (F) over all K € I,. Since small colim-
its are strongly universal in Ani [Ker, Tag 05VY], the preceding discussion shows that
Q«(F) is an equivalence if and only if the right adjoint G preserves small colimits. In
the remainder of the proof, we give an equivalent construction of QK (F) that makes its
functoriality in F transparent.

Step I: CONSTRUCTION OF THE TARGET OF QK (F). Denote by s and t the source and target
functors Fun(A',D*) — D* and consider the fiber product

BK(F) XM, (pr)= >—.

Since (s, t): Fun(A',D¥)> — (D¥)= x (D¥)~ is a Kan fibration [Ker, Tag 01F4], objects
of TK(F) are triples (X,v, g), where

X e Ck, v: K— DX, g: F(X) — co}(imv.
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The projection TK(F) — BX(F) is itself a Kan fibration, being a base change of the
source-target functor, hence a left fibration. Its fiber over (X, v) is naturally equivalent
to

Mapp« (F(X), Coll<imv).

Its straightening is therefore precisely the diagram BX(F) — Ani whose colimit defines
the target of QX (F). By [Ker, Tag 02VE], this colimit is the groupoid completion | TK(F)|
of TK(F). Since TX(F) is already an anima, we obtain

target of QX (F) ~ TX(F).

Step II: CONSTRUCTION OF THE SOURCE OF QRX(F). Let i: Fun(K,D*)™ < Fun(K,D¥)
denote the inclusion of the core. As above, denote by s and t the source and target
functors Fun(K x A',D¥) — Fun(K, D*). Define JX(F) by the cartesian square

JK(F) Fun(K x A, D)

l Jio

Fun(K, C%) x Fun(K,D%)* —°* 4 Fin(K, D) x Fun(K, D¥).

The source-target functor is an isofibration by [Ker, Tag 01F3], hence the objects of JX(F)
are triples (u, Vv, «) consisting of functors

u: K — C*, v: K — D*

and a natural transformation o: F o u — v. Taking the fiber of JX(F) — Fun(K,D*)=
over a functor v: K — D¥, we recover the category J.(F,v).

Again, let i: (C*)~ — C* denote the inclusion of the core, and write the source and
target functors Fun(A',CX) — C* as s and t, respectively. Define SK(F) as the fiber
product

SK(F) Fun(A', C¥)

l l(syt)

iXcolimg

(C)™ x JK(F) —— (C%)™ x Fun(K, C¥) Ck x CK.
The objects of SK(F) are quintuples (X, u, v, &, f), where
X e Cx, u: K — C~, v: K — D, a:Fou—v, f:X—)colKimu.

By composing the natural projections, we obtain a functor

U: SK(F) = (€)= x JX(F) = (C%)™ x Fun(K, C¥) x Fun(K, D)~ — BX(F),
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that maps a quintuple (X, u,v, &, f) to the pair (X,v). Given that the fiber of the projec-
tion JX(F) — Fun(K,D*)= at v is naturally equivalent to J (F,v), we obtain that the fiber
SK(F)(x,v) of Uat (X,v) € BK(F) fits into the cartesian diagram

SK(F)x,v) (C%)x/

| |

Je(Fv) — Fun(K,Cx) — o cx,

According to [Ker, Tag 018K], the natural functor (C*)x, — C* is a left fibration;
hence so is its pullback SK(F)(x,v) — J«(F,V). Its straightening is precisely the functor
J«(F,v) — Ani that maps (u, «) to

Mapc« (X, coll(im u) .

As a result, Lemma 3.5 and [Ker, Tag 02VE] imply that

~ colim M .<<X, lim @ (F, )
JcKo(Flwm) apc colim «(F,v)

SK) 0y = [SE Pl

Since B¥ (F) is an anima, the functor U factors uniquely through the groupoid comple-
tion; yielding a functor u: |S’,§(F)‘ — B¥(F). One more application of [Ker, Tag 02VE]
yields that

source of QX(F) ~

SK().

Step I11: CONSTRUCTION OF THE MAP QK (F): |Sf§ (F)| = TX(F). We begin by constructing
a functor R: SK(F) — Fun(A, D) sending (X, f, 1, v, &) to the composite

F(X) ﬂ F(co}ém u) ~ co}(imF ou M co}(imv.

We construct separately the three functors corresponding to the three morphisms in this
composite.

In what follows, any unlabeled functor is understood to be a projection from a fiber
product. The first functor Ry : SK(F) — Fun(A',D¥) is the composite

SK(F) — Fun(A',C*) -2°= Fun(A', D).

By the cartesian square defining SK(F), it sends (X, f, u, v, &) to F(f): F(X) — F(colimyk u).
Similarly, the third functor R3: SK(F) — Fun(A', D¥) is the composite

colimg

SK(F) — JK(F) — Fun(K x A", D*) ~ Fun(A', Fun(K, D¥)) Fun(A',DX).
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It remains to construct the middle morphism. Let yk(F): Fun(K,C*) — Fun(A',D¥)
be the functor induced by the natural transformation

colim(Fo —) — F(colim —>.
K K

Since F preserves k-small colimits, yk (F) takes every diagram u: K — C* to an equiv-
alence. Let Y(F): Fun(K,CX) — Fun(A',D¥) be the functor obtained by taking the
inverse of this equivalence. We then define R; as the composite

SK(F) — JK(F) = Fun(K, C%) <5 Fun(al, DX).

Finally, we define R: SK(F) — Fun(A',D¥) as the composite

(R] »R23R3)
D,

SK(F) Fun(A",D*) xpx Fun(A',D¥) xp« Fun(A", D) — Fun(A',DX),

where the morphism on the right is composition. By definition, a morphism
(X, fyu,v, o) — (X, 0,V )

in SK(F) has components X — X’ and v — V' that are equivalences. Hence R carries every
morphism to an equivalence in Fun(A', D), so that it factors through Fun(A', D¥)=,

Using the universal property of pullbacks, the functor R: SK(F) — Fun(A',D¥)* to-
gether with the natural projection SK(F) — BX(F) give rise to a functor SK(F) — TK(F).
Since TK(F) is an anima, it induces the desired map

QX(F):

Opening up the constructions above, we see that the map induced on the fibers over
(X,v) € BK(F) is the map (+). O

SK(R)| - TE().

We next establish the properties of Q « needed for the accessibility argument. We first
prove a compactness bound for the functor C — C*.

LEmMMA 3.7. Let u > k > Ny be reqular cardinals satisfying ecf(n) > «. Then the functor
Prt — Cat, C—C¥
preserves pw-compact objects.

Proof. Let Rex, denote the subcategory of Cat whose objects are small categories admit-
ting k-small colimits and whose morphisms are functors preserving k-small colimits. By
[HTT, Prop. 5.5.7.8 and Rem. 5.5.7.9], the functor Prk — Cat appearing in the statement
of the lemma factors through an equivalence Prk =~ Rex,. It therefore suffices to show
that the natural inclusion

i: Rex, — Cat
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preserves p-compact objects.

By the universal property of presheaf categories [HTT, Thm. 5.1.5.6], the inclusion i
admits a left adjoint F, given on objects by F(C) = P(C)*. Moreover, this adjunction is
monadic by [Aok25, Prop. 2.7], yielding an equivalence between Rex, and the category
of algebras over the monad T := ioF on Cat. Since F preserves all colimits and i preserves
k-filtered colimits [HTT, Prop. 5.5.7.11], the monad T also preserves k-filtered colimits.

To match the notation of [HM25], set A := Cat" and let Tha(T) C Rex, be the essential
image of the composite

A = Cat* — Cat —— Rex.

We continue to write F: A — Tha(T) for the induced functor. By [HM25, Thm. 6.7] and
[Aok25, Lem. 2.4], there is a pullback square

Rex, ———— P(Tha(T))

{ [-orer

Cat — = P(A),

where X denotes the restricted Yoneda embedding.

Next, we claim that both & and — o F°P belong to Acc,, and preserve k-filtered colim-
its. Their sources and targets are all Xyp-presentable: presheaf categories are compactly
generated by representables, while Cat is Rp-presentable by [Aok25, Lem. 2.4]. Since
colimits in presheaf categories are computed pointwise, precomposition with F°P pre-
serves all small colimits. On the other hand, since every object of A = Cat" is k-compact
in Cat, the restricted Yoneda embedding J preserves k-filtered colimits.

To verify that & preserves u-compact objects, first note that A is p-small [Ker, Tag 03UW].
Hence, by [Ker, Tag 06]Y], a presheaf on A is p-compact if and only if it takes values in
Ani*. Now let C be a p-compact object of Cat. For every D € A = Cat", we have

£(C)(D) = Mapcy(D, €) = Fun(D, 0)*.

Since D is k-small and C is p-small [Ker, Tag 068N], we obtain that this anima is p-
compact by [Ker, Tags 03ST, 035V, and 0680]. Thus X (C) takes values in Ani", proving
the claim.

It remains to show that — o F°P preserves p-compact objects. By [HTT, Prop. 5.3.4.17],
every p-compact presheaf is a retract of a p-small colimit of representables. Since — o F°P
preserves small colimits, it therefore suffices to verify that it maps representables to pi-
compact objects. For E € A = Cat", adjunction identifies the image of the presheaf
represented by F(E) with

Mapgex, (F(=), F(E)) ~ Mapcai(—, T(E)) ~ Fun(—, T(E))~.
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On the other hand, another application of [Ker, Tag 06]Y] gives that
T(E) ~ Fun(E°P, Ani*).

Since E is k-small and Ani* is p-small, the same size estimates used above imply that T(E)
is a u-compact category. Hence the preceding paragraph shows that Fun(—, T(E))~ is a
u-compact presheaf, as desired.

Having established that & and — o F°P belong to Acc,, and preserve k-filtered colimits,
we may apply [Ker, Tag 06JE] to conclude that the natural inclusion i: Rex, — Cat
preserves p-compact objects. [

m REMARK 3.8 — ON EXPONENTIAL COFINALITY. Let Kk, . be regular cardinals. Then ecf(p) >
k in the sense of [Ker, Tag 03RT] holds if and only if p > « in the sense of [HTT,
Def. A.2.6.3]. Either condition implies p > k in the sense of [Ker, Tag 061K].

Indeed, ecf(i) > k means that every product of p-small sets indexed by a k-small
set is pu-small [Ker, Tag 03RV]. Applying this to constant families gives pus° < p for all
cardinals kg < k and pp < p, which is precisely the condition p > «.

Conversely, suppose p >> k, and let {T; }ic1 be a family of p-small sets indexed by a k-
small set. Writing k¢ := #I, we have ko < 2° < p by Cantor’s theorem [Ker, Tag 03R4].
Regularity of u therefore gives a cardinal py < p, the supremum of the #T;, such that
#T; < po for every i € I [Ker, Tag 03R]]. Hence

#(HT1> < HSO < W,
i€l

proving ecf(p) > k. Since either condition forces p > «, the implication p > « follows
from [Ker, Tag 061P].

The smallest regular cardinal p > « satisfying these equivalent conditions is © =
(2=%)*. This cardinal satisfies 1 > k by [Bor94, Prop. 5.4.7]. To verify minimality, let
i > k be any regular cardinal satisfying u > . Then 2*° < p for every ko < k, and
regularity of p gives

2<% = sup 2*° < .

Ko <K
Here, we used that #{cardinals ko < k} < k < p, which can be proved by seeing «k as
the set of ordinals « < k. Thus (2<%)" < u, as claimed. n

m REMARK 3.9 — LURIE’s sIMPLICIAL ARGUMENT. The proof of [HA, Lem. 4.8.4.2] yields an
alternative proof of Lemma 3.7. If X is a k-small collection of k-small simplicial sets
and p > k, Lurie shows that every object of Cat(X) is a p-filtered colimit of p-small
categories in Cat(X). Consequently, every p-compact object of Cat(X) is a retract of a
u-small category, and hence p-compact in Cat.

For X = I as in Definition 3.3, we have Cat(X) = Rex,. In this case, the hypothesis
that X is k-small holds when « is a successor cardinal, but fails when « is a limit cardinal.
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However, this hypothesis is used in Lurie’s proof only to establish claim (x), where it
ensures that every p-small simplicial subset is contained in a p-small subcategory whose
inclusion is a morphism in Cat(X).

Under our assumptions p > k > Ry and ecf(n) > k, the collection of K-shaped di-
agrams in any p-small simplicial set is u-small for every k-small simplicial set K [Ker,
Tag 03SG]. Moreover, I is itself p-small, since #I« < k < p. Consequently, the con-
struction used to establish (x) in loc. cit. still involves adjoining only a u-small simplicial
subset at each stage, and the rest of the argument carries over verbatim. n

ProPOSITION 3.10. Let u > k > Ny be reqular cardinals satisfying ecf(u) > «. The functor
Q«: Fun(A',Prt) — Fun(A', Ani)

constructed in Proposition 3.6 preserves k-filtered colimits and u-compact objects. In particular,
it is a morphism in Acc,,.

Proof. The functor Qy is the coproduct of the functors Q¥, indexed by K € I,. Since
colimits commute with colimits, Q. preserves k-filtered colimits if each QX does. Like-
wise, [Ker, Tag 064X] shows that Q. preserves p-compact objects provided that each QX
does. Colimits in functor categories being computed pointwise, [Ker, Tag 06HY] then
implies that it is enough to verify that, for every K € I, the functors

SE ,T,'f: Fun(A1,Pr',‘<) — Ani,

constructed in the proof of Proposition 3.6, preserve k-filtered colimits and p-compact
objects.

STEP I: PRESERVATION OF K-FILTERED COLIMITS. Let F: C — D be the colimit of a k-filtered
diagram

| - Fun(A",Pry), i [Fi: Gy — Dy.
Since colimits in functor categories are computed pointwise, we have
C ~ colim C; and D ~ colim D;
iel i€l

in Prk. By [HTT, Cor. 4.4.5.21 and Props. 5.5.7.8-5.5.7.11], the functor Prki — Cat, that
maps a k-presentable category E to the full subcategory E*, preserves k-filtered colimits.
It follows that

C* ~ colim Cf and D® ~ colim Df,
i€l i€l

where the colimits on the right-hand side are computed in Cat.

Now let Kbe a k-small category. In particular, K may be any element of I, the category
A, or any finite product of such categories. By [Ker, Tags 068N and 068G], K is a k-
compact object of Cat. Hence the functor

Fun(K,—)= ~ Mapc,(K,—): Cat — Ani
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preserves k-filtered colimits. Taking K = %, we conclude in particular that the functor
(—)~ preserves k-filtered colimits.

Since filtered colimits are left exact in Ani [Ker, Tag 05Y0], it follows that the functor
TX preserves k-filtered colimits. The proof that

SK: Fun(A',Prt) — Cat

preserves k-filtered colimits is analogous. Indeed, it suffices to use that filtered colimits
are left exact in Cat and that the functor

Fun(K,—): Cat — Cat

preserves k-filtered colimits. The first of these facts is proved in [SAG, Lem. 4.5.3.1].
For the second assertion, let E = colim;¢ E; be a k-filtered colimit in Cat, and consider
the natural functor
C(gleillm Fun(K,E;) — Fun(K, E).
Since Cat is compactly generated by A" [Aok25, Lem. 2.4], the functor Mapc,,(A', —) is
conservative. It therefore suffices to show that the induced map

colimie) Mapc, (A", Fun(K, E{)) —— Mapc,; (A', colimie| Fun(K, Ey)) U

Q Mapc, (A", Fun(K, E))

is an equivalence.
Since Cat is cartesian closed, this reduces to the fact that A x K is k-compact in Cat.
Finally, we note that the groupoid completion functor

|—|: Cat — Ani

also preserves k-filtered colimits, as it is left adjoint to the inclusion Ani — Cat.

STEP II: PRESERVATION OF -COMPACT OBJECTS. Let F: C — D be a p-compact object of
Fun(A",PrL). By [Ker, Tag 06HTY], both C and D are p-compact objects of Prk. Lemma 3.7
therefore implies that

C*,D* € Cat".

Equivalently, C* and D* are p-small categories [Ker, Tag 068N].
As in the first step, let K be a k-small category. Since ecf(n) > «, the functors

Fun(K,—): Cat —+ Cat and Fun(K,—)=: Cat — Ani

preserve pu-compact objects [Ker, Tags 03ST, 035V, and 0680]. In particular, taking K = x,
we conclude that the functor
(—)~: Cat — Ani
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also preserves p-compact objects.
By [Ker, Tag 035Z], the full subcategory Cat" C Cat is stable under fiber products.
Moreover, the groupoid completion functor

|—|: Cat — Ani

preserves p-compact objects by [Ker, Tags 02ST and 05P8]. Since |SK(F)| and TK(F) are
obtained from F by iterating the operations considered above, it follows that both are
u-compact objects of Ani. O

We can now prove Theorem 3.2 by combining the criterion of Proposition 3.6 with the
preservation properties established above.

Proof of Theorem 3.2. From Proposition 3.6, we obtain a cartesian diagram

Lock Eq(Ani)

i I

Loc, s Fun(A',Prt) —25 Fun(A, Ani),

where Eq(Ani) C Fun(A, Ani) denotes the full subcategory spanned by the equivalences.
By Theorem 2.2, the category Loc is k-presentable and the inclusion

Loc, < Fun(A",PrL)

is a morphism in Prk. Likewise, Proposition 3.10 shows that Q is a morphism in Acc,,
which preserves k-filtered colimits.

Consider now the natural inclusion Eq(Ani) < Fun(A',Ani). Evaluation at either
endpoint induces an equivalence Eq(Ani) ~ Ani, under which this inclusion is naturally
equivalent to the functor

§: Ani — Fun(A", Ani), X~ (id: X = X).

The category Ani is Rp-presentable [Ker, Tag 06K]]. Since colimits in functor categories
are computed pointwise, the functor  preserves small colimits. Moreover, it preserves
compact objects by [Ker, Tag 06HY]. Thus 8, and therefore the inclusion above, is a
morphism in Pr;';o.

Since every morphism in the cartesian diagram above lies in Acc, and preserves k-
filtered colimits, [Ker, Tags 06LM and 06 AH] implies that the natural inclusion

Loc, < Locy

is a morphism in Acc,, that preserves k-filtered colimits. The desired result now fol-
lows by the same argument as in the proof of Theorem 2.2, with Proposition A.2 being
replaced by Proposition A.3.
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For the reader’s convenience, let us verify the compactness condition needed to apply
Proposition A.3. Since V is u-compact in Prk, [Ker, Tag 06HY] implies that idy is -
compact in Fun(A', Prk). Using that the inclusions

Loc, — Loc, < Fun(A',Prb)

are fully faithful and preserve p-filtered colimits, we deduce that idy is u-compact in
Locy, as required. O

We now study a symmetric monoidal analogue of Theorem 3.2.

DErINITION 3.11. Let k be a regular cardinal, and let W be a commutative algebra object
in Prk. We denote by
Locs (W) C Loc® (W)

the full subcategory spanned by those Bousfield localizations whose fully faithful right
adjoints preserve small colimits. For W = Ani, we denote Loc. (W) simply as Loc.. .

THEOREM 3.12. Let p > k > Wy be reqular cardinals satisfying ecf(n) > k. For a u-compact
object W of CAlg(PrY), the natural inclusion

Locs (W) < Loc® (W)

is a morphism in Acc,, and preserves k-filtered colimits. In particular, the category R%(W) is
u-accessible.

The proof uses the symmetric monoidal structure on Loc constructed in the previous
section. We first show that this structure restricts to Loc.

LeEmmA 3.13. Let k > Ry be a reqular cardinal. Endow Loc with the symmetric monoidal struc-
ture of Lemma 2.7. Then, the full subcategory Loc. C Locy contains the symmetric monoidal
unit and is closed under tensor products.

Proof. Let Cat denote the very large 2-category of large categories, and let Pz~ C Cat
be the sub-2-category whose objects are the presentable categories, whose 1-morphisms
are the left adjoints, and whose 2-morphisms are arbitrary natural transformations. As
in [Hai25, §1.2], the Lurie tensor product equips #:" with the structure of a symmetric
monoidal 2-category. In particular, it induces a 2-functor

— @ —: Pt x Pt — Pt

Let F and F’ be objects of Loc, with right adjoints G and G/, respectively. Since G and
G’ preserve small colimits, they are themselves 1-morphisms in #:-. Thus the adjunc-
tion

(FF)H(G,G)
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is internal to the 2-category P x ®+". Since 2-functors preserve adjunctions, applying
the tensor product gives an adjunction

FRFA4G®G.

In particular, G ® G’ preserves small colimits and so F @ F’ lies in Loc,. Finally, the
symmetric monoidal unit ida,; clearly belongs to Locy. O

Proof of Theorem 3.12. By Lemma 3.13, the category Loc is symmetric monoidal, and the
inclusion Loc, < Locy is a symmetric monoidal functor. We therefore obtain a cartesian
diagram

CAlg(Locy) —  CAlg(Loc)

| J

Lock © Locy,

where the vertical arrows are the forgetful functors. The functor CAlg(Loc«) — Loc pre-
serves k-filtered colimits by [HA, Cor. 3.2.3.2] and u-compact objects by Proposition A.5.
Moreover, Theorem 3.2 shows that the inclusion Loc, < Locy has the same two prop-
erties.

Applying [Ker, Tags 06LM and 06 AH] to the cartesian square above, we deduce that

CAlg(Locy) — CAlg(Locy)

lies in Accy and preserves k-filtered colimits. As observed in the final paragraph of
the proof of Theorem 3.2, the object idyy is p-compact in CAlg(Locy). Proposition A.3
therefore implies that the induced functor

CAIg(EK)idW/ — CAIg(LocK)idW/

also lies in Acc,, and preserves k-filtered colimits.
Finally, under the canonical equivalence

Fun(A', CAIg(Pr)w, ) = Fun(A', CAg(Pry)) . |

the latter functor identifies with the desired inclusion Loce (W) < Loc® (W), finishing
the proof. O

Combining the main theorems of Sections 2 and 3, we obtain the following corollary,
which is the form of these results that we will use in the rest of the paper.

CoOROLLARY 3.14. Let i > k > Ry be reqular cardinals satisfying ecf(u) > «. For a u-compact
object W of CAlg(Prk), the source and target functors

s,t: Locy, (W) — CAIg(PrX)y

24


https://kerodon.net/tag/06LM
https://kerodon.net/tag/06AH

which send a localization C — D to C and D, respectively, are morphisms in Acc,, that preserve
Kk-filtered colimits.

Proof. By [Aok25, Prop. 2.3], Proposition A.2, and [Ker, Tag 06HY], the source and target
functors
Fun(A', CAlg(Prt)w, ) — CAlg(Prt)w,

are morphisms in Pr. The result therefore follows by restricting these functors along
the natural inclusions

Loc, (W) = LocZ(W) = Fun(A', CAlg(Prt )y, ),

which belong to Acc,, (and preserve k-filtered colimits) and Prk, respectively, by Theo-
rem 3.12 and Theorem 2.6. O

m REMARK 3.15. The same arguments prove variants of Theorems 3.2 and 3.12, as well as
of Corollary 3.14, in which coslice categories are replaced by slice categories. In these
variants, the assumptions that V and W be p-compact are not needed. The proofs are
the same, except that Proposition A.3 is replaced by [Ker, Tags 06HHU and 06L]]. n

4. CONDENSED MATHEMATICS

DEerFINITION 4.1. Let S be a profinite set. We define:
e The size k(S) as the cardinality of S.
® The weight A(S) as the cardinality of the Boolean ring Cont(S,F).

For an uncountable cardinal A, we say that S is A-light if A(S) < A. The category of A-light
profinite sets will be denoted as Profy. In particular, for A = Ry (the first uncountable
cardinal), we say that S is light if A(S) is countable.

We note that, if k(S) is infinite, A(S) coincides with the cardinality of the smallest index
set I for which there exists a presentation

S =lim Si)
iel

with each S; finite and discrete. Moreover, if A is an uncountable strong limit cardinal,
a profinite set S is A-light if and only if k(S) < A.

DEeFINITION 4.2. We define a Grothendieck topology on Profy by saying that {S; — S}icr

is a covering if I is finite and | |;; Si — S is surjective. For a presentable category V, we
denote by Cond, (V) the category of V-valued hypersheaves on Profj.
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According to [SAG, Prop. A.5.7.2], an object of Condy (V) is the same as a functor
X: Prof” — V satisfying the following conditions:

(i) For a collection {S;}ic1 of A-light profinite sets indexed by a finite set I, the natural
map

X <]_[ si> — T x(s)
iel i€l
is an equivalence;

(ii) For a hypercover S, — S in Prof,, the natural map

X(S) = lim X(Sy)

neA

is an equivalence.

If V is an n-category for some finite n, it suffices to check the second condition above on
Cech nerves [HTT, Lem. 6.5.2.9]. We also note that the category Condj (V) is presentable
and equivalent to the tensor product Condj (Ani) ® V [HM24, Lem. A.4.22].

LEmMMA 4.3. Let S be a A-light profinite set. The representable presheaf S: Prof” — Set C Ani,
defined as S(T) = Cont (T, S) is an Rq-compact object of Cond (Ani).

Proof. Since the functor Cont(—, S) takes finite coproducts to products, it is a hypersheaf
as soon as the map

Cont(T,S) — eq(Cont(T’,S) = Cont(T" x1 T',S))

is an equivalence for every surjection T" — T of A-light profinite sets, which is clear.
Now let X = colimie X be an X;-filtered colimit of condensed animae. To say that S
is Ny-compact means that the natural map

colim X;(S) ~ colim Map(S, X;) — Map(S, X) ~ X(S)
iel i€l
is an equivalence. Equivalently, one must show that the functor
S — colim X;(S)
i€l
satisfies hyperdescent. This follows from the fact that each X; is a hypersheaf and that
Ny -filtered colimits commute with countable limits in Ani [Ker, Tag 05Y0]. O

Let G: W — V be a morphism in Prf and let Y € Condy (W). Since G preserves small
limits, the composition G o Y still satisfies hyperdescent. Thus, we obtain an induced
functor

Cond) (W) — Condx (V)
(Prof> 5 W) = (Prof? s w S5 V).
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Under the natural equivalence Cond) (—) ~ Cond (Ani) ® —, the induced functor is noth-
ing butid ® G. Similarly, given a morphism F: V — W in Pr", we also obtain an induced
functor

Conda (V) ~ Condy(Ani) @ V “22%5 Condy (Ani) ® W ~ Condy (W)

which maps a V-valued hypersheaf X to the hypersheafification of F o X.

PROPOSITION 4.4. Let k > Wy be a reqular cardinal. Then the assignment V — Condj (V)
defines an endofunctor of each of the categories

PR PR Prt Prt

K) K,st) K) K,st*
Moreover, it induces an endofunctor on the categories of commutative algebra objects in Prt and
L
PrK)St.

Proof. We first show that Condj (—) preserves k-presentability. Since the tensor product
of presentable categories does so [HA, Lem. 5.3.2.11], it suffices to prove that Condy (Ani)
is k-presentable. To thisend, by [HTT, Cor. 5.5.7.3], it is enough to show that Cond, (Ani) =
HSh(Profy, Ani) is closed under k-filtered colimits in PSh(Profy, Ani), which is precisely
the content of Lemma 4.3.

Next, since limits and colimits in functor categories are computed pointwise, the cat-
egory PSh(Profy,V) is stable whenever V is. Finally, the full subcategory Condx (V) =
HSh(Profy, V) is closed under fibers and shifts, and is therefore stable as well.

Since Condy (Ani) is a topos, small colimits in Cond, (Ani) are universal. Therefore, to
show that its cartesian symmetric monoidal structure defines an object of CAlg(PrL), it
suffices to verify that the tensor unit * is k-compact and that the full subcategory of
k-compact objects is closed under finite products.

The tensor unit is representable, and hence k-compact by Lemma 4.3. Moreover, by
[HTT, Prop. 5.3.4.17 and Cor. 5.5.7.3], every k-compact object of Cond (Ani) is a retract
of a k-small colimit of representables. It follows again from Lemma 4.3 that k-compact
objects are stable under finite products.

We now show that Cond, (V) inherits a k-presentably symmetric monoidal structure
from V. By [HA, Cor. 3.2.4.8], the category CAlg(Prk) admits finite coproducts, and these
are compatible with the tensor product in Prk in the sense that the diagram

Condj (Ani)U—

CAlg(Prb) CAlg(Prb)
PrL Condj (Ani)®— PrL

K K)

commutes, where the vertical maps are the forgetful functors. It follows that tensoring
with Cond (Ani) carries commutative algebra objects to commutative algebra objects,
giving the desired k-presentably symmetric monoidal structure on Condj (V).
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For the stable case, recall that — ® Sp: Prk — Pr',;’St is symmetric monoidal. Hence it
endows
Condy (Sp) ~ Condj (Ani) ® Sp.

with a k-presentably symmetric monoidal structure. Applying the same argument as
above, with Cond, (Ani) replaced by Cond,(Sp), gives the corresponding result in the
stable setting. O

Let Ab and Ring denote the categories of (animated) abelian groups and commutative
rings, respectively. Equivalently, these are the categories of finite-product-preserving
functors

Lat®® — Ani and Poly°? — Ani,

where Lat is the category of finitely generated free abelian groups Z™, and Poly is the
category of finitely generated polynomial rings Z[x1,...,xy], forn > 0.

By the Dold-Kan correspondence, the category Ab is equivalent to the connective part
D(Z)>0 of the derived category D(Z). Furthermore, it may be identified with

Modz(Sp™),

the category of HZ-modules in connective spectra, where HZ denotes the Eilenberg—
MacLane spectrum of Z.

Passing to condensed objects, [HPT25, Thm. 1.2.(2)] endows Condj (D(Z)) with a t-structure
whose connective and coconnective parts are given by

Cond)\(D(Z))>o ~ Cond)\(D(Z)>o) and Cond}\(D(Z))go ~ Cond)\(D(Z)go),

respectively. Consequently, Cond; (Ab) identifies with the full subcategory of connective
objects in Cond)(D(Z)). This t-structure is right complete and compatible with both
filtered colimits and the symmetric monoidal structure [HPT25, Prop. 3.8].

PROPOSITION 4.5. Let = ((2=*)%)*+. Then Cond, (Ab) is a p-compact object of CAlg(Pry, ).

Proof. We begin by recalling that, by Stone duality, the category Prof, is anti-equivalent
to the category Bool) of A-small Boolean rings. It is a classical theorem that, for each infi-
nite cardinal p, there are exactly 2° isomorphism classes of Boolean rings of cardinality
p [Mon89]. Hence
#110(BoolY) = sup 2P =: 2=,
pP<A

Choose a skeleton Bool, of Bool) and let A, B be objects of it. We have that
#Mapg, (A, B) < # Mapse,(A, B) < 2R #A#E) < 9=A,

It follows that the full subcategory Profy C Profy spanned by the profinite sets S such
that Cont(S,F,) € Booly is (2<*) " -small.
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Let C be the (2<*)*-small category Profy x Lat and, for each object (S, Z™) of C, denote
by & (S,Z™) the corresponding representable presheaf in P(C). Let W be the collection
of morphisms in P(C) consisting of the maps

—=

(W1) X(S8,Z) — X(S,Z"), S € Profy, n > 0;
j=1
m m L
(W3) [15632) =& []S5Z2 |,  Sj €Profa, m>0;
j=1 =1
(W3) colim k(Sn,Z) — Kk(S,Z), S« — S a hypercover in Profy,

[nJeAcr

and let Py C P(C) be the full subcategory spanned by the W-local objects.
Now let X : Wf;p X Lat®® — Ani be a presheaf, and let

X: Profy’ — Fun(Lat®?, Ani)

be the corresponding curried functor. The presheaf Xy is local with respect to the maps
in Wy precisely if X takes values in Ab C Fun(Lat®?, Ani). Similarly, locality with respect
to W, and W3 is equivalent to the condition that X is a hypersheaf. We therefore obtain
an equivalence Py ~ Cond (Ab).

By the discussion above, the collections W7 and W, are visibly (2<M)*-small. For W3,
note that A, is countable. Hence the collection of augmented simplicial objects in Profy,
has cardinality at most

( 2<?\)NO <.

In particular, W3 is p-small, and therefore so is W. Since the source and target of every
morphism in W are Xj-compact, the result follows from Propositions A.5 and A.6. [

Contrary to what one might expect, the category Ring of (animated) commutative
rings is not equivalent to

CAlg(Ab) ~ CAlg(Modz(Sp)) ~ CAlg(Sp™)nz, -

The universal property of animation [HTT, Prop. 5.5.8.15] provides a sifted-colimit-preserving
extension
©: Ring — CAlg(Sp™)nz,

of the Eilenberg-MacLane functor H: Poly — CAlg(Sp™)nz,. While © is not an equiva-
lence, the corresponding functor obtained after replacing Z by Q is an equivalence.

That being said, ©® will be useful in our study of Ring. Indeed, by [SAG, Prop. 25.1.2.2],
the functor © is conservative and preserves all small limits and colimits. The following
lemma establishes another important property of ©.
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LEMMA 4.6. The functor ©: Ring — CAlg(Sp“ )z, preserves q-compact objects. Conse-
quently, © is a map in Prg .-

Proof. According to the Hilbert Basis Theorem [HA, Prop. 7.2.4.31], the polynomial ring
HZ[x1,...,xn] is almost of finite presentation as an E-algebra over HZ. By definition,
this means that HZ[x1,...,xn] is a compact object of T, CAlg(Sp™ )z, for all m > 0.
We claim that this implies that HZ[x1, ..., Xn] is Ry-compact for alln > 0.

Let (Bi)ic1 be an R;-filtered diagram in CAlg(Sp™)pz,. Since Postnikov towers con-
verge in this category [HA, Prop. 7.1.3.19], we have that

Map(HZ[x1,...,xn],colimBi) ~ lim Map(HZ[xh...,xn],TgmcolimBJ
iel m>0 iel

~ lim Map (HZ[M yeeoyXnly CQli%n TgmBi)
€

m>=0 i
~ i lim Map(HZ - T<mDBi
Jlim colim ap(HZ[x1, ..., Xn], T<mB1i)
~ colim lim Map(HZ[x1,...,Xn], T<mBi)
iel m2>=0

~ C(.)li%n Map(HZ[x1,...,Xn], Bi).
1€

Here, we used on the fourth line that X -filtered colimits commute with countable limits
in Ani. In other words, HZ[x1, ..., xn] is Ry-compact for all n > 0.

To conclude that © preserves X-compact objects, we will prove that its right adjoint
OR preserves X;-filtered colimits. Given an Eq-algebra B over HZ, the adjunction im-
plies that ©R (B) is the functor

Poly°? — Ani

Z[X1y ...y Xn]| — Map(HZ[x1,...,xn], B).

Since sifted colimits (in particular, Xy-filtered colimits) in Ring are computed pointwise,
the Xy-compactness of HZ[x1, . .., xn] implies that ©R preserves R -filtered colimits. [J

For an object W of CAlg(PrL), the natural equivalence
Fun(Profs®, CAlg(W)) ~ CAlg(Fun(Profy”, W))
is compatible with hypersheafification and therefore induces an equivalence
Condy (CAlg(W)) ~ CAlg(Condx(W));

see [MP25, Prop. 2.1.6] for further details. In particular, applying this to W = Ab allows
us, for a A-light condensed ring A®, to regard Cond) (©)(A") as an object of

CAlg(Cond, (Ab)) C CAlg(Cond,(D(Z))).

We denote this object by AZ.
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DErINITION 4.7. Let A” be a A-light condensed ring. Its derived category is
D(AD) = MOdAE (CondA(D(Z)));

the category of AZ-modules in Cond)(D(Z)). The connective derived category of A” is the
full subcategory D(A”)>( spanned by those AZ-modules whose underlying object of
Condx(D(Z)) lies in Condy (Ab).

The following lemma shows that our nomenclature is well-chosen, and verifies some
additional properties of these categories.

LEmmA 4.8. Let A® be a A-light condensed ring. Then the following statements hold.

1. The category D(A") admits a right complete t-structure whose connective part is D(A”) > .
This t-structure is compatible with filtered colimits and the symmetric monoidal structure.

2. There is a natural equivalence
D(AD)QO ~ MOdAg (COI‘Id;\(Ab)),

and D(A") is the stabilization of D(A”)>o. Moreover, D(A”)>o and D(A”) are com-
mutative algebra objects in the categories of Condy (Ab)-linear and Condy(D(Z))-linear
N1 -presentable categories, respectively.

3. Every morphism @: A> — B> of A-light condensed rings induces an adjunction
@*: D(A”) 2 D(B®) : 4,

where @™ is extension-of-scalars and @ is restriction-of-scalars. These functors restrict
to an adjunction between the connective derived categories.

Proof. As noted above, the t-structure on Cond; (D(Z)) is right complete and compatible
with both filtered colimits and the symmetric monoidal structure. By [AN21, Prop. A.15],
the category D(A”) inherits a t-structure compatible with the symmetric monoidal struc-
ture from Cond, (D(Z)), with connective part

D(AD)ZO ~ MOdAE (Cond)\(Ab)) .

Since the forgetful functor D(A”) — Cond, (D(Z)) is conservative, t-exact, and preserves
small colimits, the right completeness of this t-structure and its compatibility with fil-
tered colimits follow from the corresponding properties of Condx (D(Z)).

The fact that D(A”) is the stabilization of D(A”) > is explained in [SAG, Rem. C.3.1.5].
Moreover, by Proposition 4.4 and [Aok25, Lem. 2.2], the categories D(A”)>( and D(A")
are naturally objects of

CAlg(Pry, Jw/»
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for W := Condj (Ab) and W := Cond, (D(Z)), respectively.
The third item follows directly from [HA, Prop. 4.6.2.17], applied first with C = M =
Condx(D(Z)) and then with C = M = Condx(Ab). O

PROPOSITION 4.9. The assignments A® — D(A”)>o and A” — D(A") define functors
Condx(Ring) — CAIg(Prklg1 W/
for W := Condx (Ab) and W := Condy (D(Z)), respectively, that lie in Pr'gh.

Proof. We begin by considering W = Condj(Ab) and the connective derived category.
The functor given on objects by A” — D(A”)>, is the composite

Cond)\ (@)

. MOd(,)(W)
Cond) (Ring) ————— Cond, (CAlg(Ab)) ~ CAlg(W)

CAlg(Pry, Jw/,
where the middle equivalence was explained just above Definition 4.7. Proposition 4.4
and Lemma 4.6 imply that Condy (@) is a morphism in Prg ,» and the same holds for
Mod_)(W) by [Aok25, Lem. 2.11].

According to Lemma 4.8, the functor given on objects by A” — D(A”) is the composi-
tion of the functor above with

SplLl—: CAIg(Prk'Q])W/ — CAIg(Prz'QI )SpLIW,/ -
The latter has a right adjoint, given by restriction of scalars along the natural inclusion
W — SpuUW,

where the coproduct is computed in CAlg(Prg ,)- (See also the proof of Proposition 4.4.)

Since this right adjoint is given by precomposition, it leaves the underlying object of
CAlg(Prk ,) unchanged. Moreover, filtered colimits in coslice categories are computed
on underlying objects [Ker, Tags 0236, 02KT, and 02PH]. It therefore preserves filtered
colimits. Consequently, Sp LI — is a morphism in Prj ,» which completes the proof. [

5. ANALYTIC RINGS

Before stating the definition of pre-analytic rings, we first make the following construc-
tion. Let FF denote the full subcategory of Fun(A', Cat) consisting of fully faithful func-
tors, and consider the pullback diagram

Pa FFoP

| L

Condy (Ring) G BN fa\top,
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where t: FF — Cat sends a functor to its target.

Since t is an isofibration, [Ker, Tag 033T] provides an explicit description of P,. Its
objects are pairs A = (A”,D(A)), where A" is a A-light condensed ring and D(A) is a
full subcategory of D(A”). A morphism A — B in P, consists of a morphism of A-light
condensed rings ¢: A” — B" such that the associated restriction-of-scalars functor

@+: D(B”) — D(A")
carries D(B) into D(A).
DEeFINITION 5.1. A A-light pre-analytic ring A is a pair (A”,D(A)) consisting of a A-light
condensed ring A” and a full subcategory D(A) of D(A”) such that:

(i) The full subcategory D(A) C D(A”) is closed under small limits and colimits
(hence the inclusion ta : D(A) < D(A") admits a left adjoint, denoted — ® > A);

(ii) For every M € D(A”) and N € D(A), the object Hom(M, N) lies in D(A);

(iii) The composition La :=ta o (— ®a» A) preserves connective objects.
We define PAnRing, to be the full subcategory of P, spanned by the A-light pre-analytic
rings.
THEOREM 5.2. The category PAnRing,, is w-presentable, for p = ((2<2)%0)*.

The proof of this theorem requires us to reinterpret each of the three conditions in
Definition 5.1. We begin with the third, which leads us to consider a variant P§" of P;,
obtained by replacing the functor D(—) in its definition with

D(—)>0: Condx(Ring) — Cat .

In the same spirit, we introduce the following connective analogue of Definition 5.1.

DEerINITION 5.3. We denote by PAnRing5" the full category of P{" spanned by pairs A =
(A%, D(A)>0), consisting of a A-light condensed ring A” and a full subcategory D(A)>¢
of D(A”) >0 such that:

(i) The full subcategory D(A)>o C D(A”)>0 is closed under small limits and colimits
(hence the inclusion admits a left adjoint, which we still denote by — @ A);

(ii) For every M € D(A”)>o and N € D(A)o, the object T>oHom(M,N) lies in
D(A)>o.

33


https://kerodon.net/tag/033T

There is a natural comparison between PAnRing, and PAnRing}". To construct it, let
FFR denote the full subcategory of Fun(A', PrR) spanned by the fully faithful functors.
The reflection theorem implies that the composite PAnRing{" — P{* — FF°P factors as

PAnRing§® ---------- > FFRop

l ﬂ

P — 5 FFOP,

Now let A” be a A-light condensed ring. By Lemma 4.8, there is an equivalence of
categories D(A”) ~ D(A”)>0 ® Sp. It follows from the universal property of the fiber
product that these equivalences assemble into the dashed functor ¥, in the diagram
below:

PAnRing® — FFRop — —®%  ppRop

[ |

P =N FFoP,
: . D(—) ——op
Condj (Ring) == Cond)(Ring) ———— Cat .

LemMA 5.4. The functor W : PAnRing}" — Py is fully faithful, with essential image PAnRing.
In particular, it induces an equivalence PAnRing{" ~ PAnRing,.

Proof. We first outline the argument, before giving the details of each step. After observ-
ing that the essential image of ¥, is contained in PAnRing,, we obtain a commutative
diagram

WY

PAnRing}* PAnRing;

us G

Condx (Ring),

where U and U forget the categories of complete modules. We then show that both
U™ and U are cocartesian fibrations and that W, preserves cocartesian maps. According
to [Ker, Tag 028B], it therefore suffices to show that ¥, induces an equivalence on each
fiber. On fibers, this reduces to the classical fact that pre-analytic ring structures can be
encoded in terms of abelian categories.

STEP I: THE ESSENTIAL IMAGE OF W 1S CONTAINED IN PAnRing,. Let (A”,D(A)>0) be an
object of PAnRing}". Since stabilization is a 2-functor [CLL25, Rem. 6.1.7], we obtain an
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adjunction
(—®a>A)RSp

A

D(A>)>o ® Sp 1 D(A)go ® Sp.

In particular, the full subcategory D(A)>o ® Sp € D(A”)>0 ® Sp ~ D(AP) is stable
under small limits. On the other hand, the inclusion D(A)>o — D(A”)>o preserves
small colimits and therefore admits a right adjoint. Stabilizing this adjunction shows
that D(A)>o ® Sp € D(A”) is also closed under small colimits.

By Proposition A.4, the completion functor

— ®a> A D(A>)>o — D(A)>o

endows D(A)> o with a symmetric monoidal structure for which this functor is symmet-
ric monoidal. Moreover, Proposition A .4 shows that it defines a morphism in CAlg(Prk L)
Applying the argument of Proposition 4.9, we obtain the corresponding statement for

(* R A> A) ® Sp

In particular, this functor is compatible with the symmetric monoidal structure in the sense
of [HA, Def. 2.2.1.6]. Condition (ii) of Definition 5.1 now follows from [RS26, Lem. 7.5].

Finally, condition (iii) of Definition 5.1 follows by applying [SAG, Prop. C.3.1.1] to the
inclusion D(A)>o — D(A®)>0 and to the completion functor — ® > A.

SteP II: U AND U ARE COCARTESIAN FIBRATIONS. We treat U, as the same argument
applies to U". Let A = (A®,D(A)) be a A-light pre-analytic ring, and let ¢: A* — B”
be a morphism of A-light condensed rings. Write BY , for the induced pre-analytic ring
structure on B” [Rod26, Lem. 4.1.9]. Thus, we have a pushout square of A-light pre-
analytic rings

AP — A
of

B> —— B?A.

The functor U maps ¢: A — B? A to @, so it suffices to prove that @ is a U-cocartesian
morphism.

For any A-light pre-analytic ring C, the universal property of the pushout gives a carte-
sian square

MapPAnRing)\ (B;A) C) — MapPAnRing;\ (A) C)

| J

MapPAnRing)\ (BD? C) B Ma‘pPAnRingA (AD) C)
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By [Rod26, Lem. 4.1.5], we have

MapPAnRing)\ (AD, C) = MapCond;\(Ring) (AD) CD))

and similarly for B>. Hence, the square above identifies with the cartesian square

MapPAnRing;\ (87A> C) - MapP/—\nRingA (A? C)

! !

MapCond;\(Ring)(BD) C) — MapCond;\(Ring) (AD) C)a

which proves that @ is U-cocartesian and completes the proof.

SteP III: THE FUNCTOR W), PRESERVES COCARTESIAN MORPHISMS. Running the preceding
argument in reverse, we see that a morphism A — B in PAnRing, (resp. in PAnRing5"
is U-cocartesian (resp. U"-cocartesian) if and only if the diagram

AP —— B>

L

A——B

is a pushout, or equivalently, if and only if B carries the pre-analytic ring structure on
B” induced from A.

It therefore remains to show that ¥, preserves induced pre-analytic ring structures.
Let A = (A", D(A)>0) be an object of PAnRing}" and let ¢: A> — B” be a morphism of
A-light condensed rings. By [Rod26, Lem. 4.1.9], the pushout B, , defining the induced
pre-analytic ring structure exists, and its connective derived category admits the explicit
description

D(BR,)>0 ~{M € D(B”)>0 | .M € D(A)30}-

Thus, it suffices to verify that the stabilization D(B’ /);o ® Sp admits the analogous
description in terms of D(B”) ~ D(B”)>¢ ® Sp and D(A)>0 ® Sp.

By [Rod26, Prop. 4.1.8], an object M € D(B”) ~ D(B”)>0 ® Sp belongs to D(B%, ,)>0 ®
Sp if and only if 71; (M) does for every i € Z. Since 7t;(M) is static, this is equivalent to
requiring that 71; (M) belong to D(B’, /)0 for every i € Z. By the description above, the
latter condition amounts to

@i (M) € D(A)>0 foralli e Z.

Since restriction of scalars is t-exact, we have ¢, (M) ~ m;(@<M). A second applica-
tion of [Rod26, Prop. 4.1.8] therefore shows that the condition above is equivalent to

@«M € D(A)>0 @ Sp.

This gives the desired description of the induced pre-analytic ring structure.
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Step IV: W) IS AN EQUIVALENCE ON FIBERS. We have now established the hypotheses
of [Ker, Tag 028B], so it remains to show that ¥, induces an equivalence on each fiber.
For a A-light condensed ring A", the fiber of U over A" is the partially ordered set of
pre-analytic ring structures on A, ordered by reverse inclusion, and similarly for U°".
The required equivalence is then a direct consequence of [Rod26, Thm. 4.4.1]. O

Since presentability is not preserved under passage to opposite categories, it will be
convenient to reformulate the definition of PAnRing}" in terms of the covariant functor

D(—)>0: Cond)(Ring) — Cat,
rather than its contravariant counterpart.

LemmaA 5.5. Let @: A® — B" be a morphism of A-light condensed rings, and consider full
subcategories D(A)>o € D(A”)>0 and D(B)>o € D(B®)>o closed under small limits and
colimits. We retain the notation of Definition 5.3, but do not assume condition (ii) therein. The
following conditions are equivalent:

(a) The restriction-of-scalars @.: D(B¥)>0 — D(A")>0 sends D(B) o into D(A)>o;
(b) There exists a functor @*: D(A)>o — D(B)>0 and a natural isomorphism
Xp: (—®p>B)o@* =@ o (—®@as A)
witnessing the commutativity of the diagram

—®ADA

D(A")>0 D(A)>o0
/| l»
—®p>B
D(B”)>0 . D(B)>o.

The anima of pairs (¢*, &) as in (b) is contractible when these conditions hold, and empty
otherwise.

Proof. Assume (a), so that ¢, restricts to a functor @,: D(B)>o — D(A)>o, and define
@* = (— ®p> B) 0 @* o 1a. For M € D(A)>0 and N € D(B)>0, we have that

Mapp ()., ("M, N) ~ Mapp B>)>0((p*LAM, tsN) B ®pr — - p
~ Mappa»). s(taM; @4 N) ©* - @x
~ Mappa») O(LAM tA®«N) @4 O LB LA O @y
~ Mapp(a).,(M, @«N) LA is fully faithful.
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As a result, the functors (— ®g> B) 0 ¢* and §* o (— ®a» A) are both left adjoint to

@x OB X LA O @y,

and so they are naturally isomorphic.
Conversely, assume (b). Precomposing &, with 1o and using that 14 is fully faithful,
we obtain a natural equivalence

6*2@*0(—®A>A)OLAE(—®B>B)O(p*OLA.

Since 1A preserves small colimits and the other two functors on the right are left adjoints,
@™ preserves small colimits; hence admits a right adjoint @,. Taking right adjoints in
o yields a natural equivalence

@x OB X LA O @y,

showing that ¢, sends D(B)> into D(A)>0, as required.
Finally, since the completion functor — ® > A: D(A”)>o — D(A)>o is a localization,
it induces a fully faithful functor

—o(~®arA)
Fun(D(A)>0,D(B)>0) c Fun(D(AD)EO)D(B)>O)'
The induced functor on cores is still fully faithful [Ker, Tag 01JP], and the anima of pairs
(9", xy) is its fiber over (— Rpr B) o @*. It follows that this anima is either empty or con-
tractible [Ker, Tags 06SF and 056B]; the latter happening precisely when the equivalent
conditions are satisfied. O

The following lemma makes precise, with the size bounds needed here, the connective
pullback description outlined in [Kip26, §2.1.1.9].

LEMMA 5.6. Set W := Condj (Ab). Then PAnRingX" is naturally equivalent to the fiber product
of the diagram
D(— -
Condy (Ring) &} CAIg(Pr'&] Jw/ — Loc?l (W),
where s is the functor sending each symmetric monoidal localization to its source.
Proof. Let Q5" denote the fiber product in the statement. Since Rff , (W) is a replete full
subcategory of Fun(A', CAIg(Pr§1 )w,), the functor
s: Locy, (W) — CAlg(Pr )w,

is an isofibration by [Ker, Tags 01EX and 01F3]. Consequently, as at the outset of this
section, [Ker, Tag 033T] identifies the objects of Q§" with pairs (A", —®a» A), consisting
of a A-light condensed ring A and a symmetric monoidal localization

— ®A> A: D(AD)>O — D(A)>O
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belonging to Liocg (W). In particular, it folows from Definition 5.3 — rephrasing condition
(ii) therein via [RS26, Lem. 7.5] — that (A", D(A)>0) is an object of PAnRing}".

The universal property of fiber products yields a functor Q3" — P, induced by the
canonical projection Q{* — Condj (Ring) and the composite

Locs (W) — Fun(A', Prt) ~ Fun(A", PrR)°P — Fun(A’, Cat)°P,

whose essential image is contained in FF°P. As above, the resulting functor takes values
in PAnRing}" and thus induces a functor

D, : Q3" — PAnRingy",

which we claim is an equivalence.

To prove that @, is essentially surjective, let (A”, D(A)>() be an object of PAnRing§".
As explained in the first step of the proof of Lemma 5.4, the completion functor —®a» A
equips D(A)>o with a symmetric monoidal structure making

— QAr A: D(A>)>o — D(A)>0

a morphism in CAlg(Prk ,)- Equipping D(A)>o with the induced symmetric monoidal
functor from W, we obtain an object (A", — @a> A) of Q" satisfying

(D)\(AD, — ®A> A) ~ (AD, D(A)>0).

To prove that @, is fully faithful, observe that it is a functor over Cond,(Ring). It
therefore suffices to show that, for every morphism ¢: A> — B” of A-light condensed
rings, the induced map on fibers over ¢ of

MapQg\“ ((AD> — QA A)) (BD> — B)) — N[apPAnRingﬁ\n ((AD, D(A)>0)» (BD> D(B)>O))

is an equivalence. By definition of PAnRing}", the fiber on the right is contractible if ¢.
maps D(B)>o into D(A) >0, and empty otherwise. Thus, it remains to establish the same
description for the fiber on the left.

To establish the same description for the fiber on the left, consider the following carte-
sian square of mapping animae, induced by the defining fiber product of Q§":

Mainn ((A‘>, — @ar A), (B‘>, — Qpe B)) _— Mapﬁﬁf’] w) (— Rar A, — Qo> B)

UJ ls
MapCond;\(Ring) (AD) BD) - MapCAIg(Pr;‘;] Iw, (D(AD)>O> D(BD)ZO) .

The pasting law gives an equivalence between the fiber of U over ¢ and the fiber of s
over @*. By Lemma 5.5, the latter is contractible if ¢, maps D(B)> into D(A)>0, and
empty otherwise. This establishes the desired description and completes the proof. [J
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Proof of Theorem 5.2. Lemmas 5.4 and 5.6 identify PAnRing, with the pullback of the di-
agram

Condy (Ring) POzo, CAlg(Prl, Jw, > Locy, (W),
where W = Condy (Ab). By Proposition 4.9, the morphism on the left lies in Prj ;- On
the other hand, Proposition 4.5 allows us to apply Corollary 3.14, which shows that the
morphism on the right lies in Accy, and preserves R -filtered colimits.

The argument of [Ker, Tag 06LM] therefore shows that PAnRing, is p-accessible. Fi-
nally, [Rod26, Lem. 4.1.10 and Prop. 4.1.11] proves that PAnRingy, admits small colim-
its. The same arguments apply verbatim for every uncountable cardinal A, and hence
PAnRing, admits small colimits in general. O

A convenient feature of presentable categories is that they are automatically complete
[Ker, Tag 06PU]. We therefore obtain the following corollary, for which we are not aware
of a direct proof.

CoRroOLLARY 5.7. The category PAnRing, is complete.

In Clausen—Scholze’s theory of analytic geometry, one typically works with analytic
rings, namely pre-analytic rings A satisfying A* € D(A). In the light setting, where
A = Ny, pre-analytic rings enjoy an additional important property: for every prime p,
the Frobenius morphism

bp: A" = A%/p

underlies a morphism of pre-analyticrings A — A/p, where A /p carries the pre-analytic
ring structure induced by A [Rod26, Thm. 4.3.2]. As it is unclear whether this property
extends to arbitrary A, we henceforth restrict to the light setting and suppress A from the
notation.

DerFINITION 5.8. Let A be a light pre-analytic ring. We say that A is an analytic ring if
the object A” of D(A”) belongs to the full subcategory D(A). We denote by AnRing C
PAnRing the full subcategory spanned by the analytic rings.

We are now in a position to state the main application of the machinery developed in
Sections 2 and 3. As noted in the introduction, the following theorem was announced in
[CS23, Lecture 15] without proof and raised as an open point in [Rod26, §1.2, Footnote 2].

THEOREM 5.9. The category AnRing is w-presentable, for = (280)*,
Proof. According to [Rod26, Thm. 4.1.13 and Cor. 4.2.7], the natural inclusion

AnRing — PAnRing
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admits a left adjoint. It follows from Corollary 5.7 and [Ker, Tag 04]X] that AnRing is com-
plete and that the inclusion preserves and reflects small limits. By [Rod26, Cor. 4.1.12],
we also have that the category AnRing is stable under sifted, hence filtered, colimits in
PAnRing. The desired result then follows from Theorem 5.2 and Proposition A.4. O

For convenience, we record the following consequence of the preceding proof.
CoroOLLARY 5.10. The category AnRing is complete. Moreover, the inclusion

AnRing < PAnRing

preserves and reflects small limits.

A. AUXILIARY RESULTS ON PRESENTABLE AND ACCESSIBLE CATEGORIES

In this appendix, we collect some folklore results on presentable and accessible cate-
gories that we were unable to find in precisely the form needed here. Rather than merely
citing analogous statements, we explain how the relevant arguments adapt to our set-
ting.

We begin with a criterion for a presentable category to be k-compactly generated, and
therefore k-presentable. The case k = Xy is due to Mathew [Mat16, Lem. 6.22]; the proof
below follows his argument for an arbitrary regular cardinal «.

ProOPOSITION A.1. Let k be a regular cardinal and let C be a presentable category. Let Co C C*
be a full subcategory stable under k-small colimits in C. We say that Co detects equivalences
ifamap f: X = Y in Cis an equivalence whenever

Mapc (Z,X) —2= Mapc(Z,Y)
is an equivalence for every Z € Co. Then the induced functor
Ind¢(Cp) = C
is an equivalence if and only if Co detects equivalences.

Proof. Let F: Ind(Cp) — C be the induced functor, and identify Ind(Co) with the full
subcategory of P(Cy) spanned by the functors C;” — Ani that preserve k-small limits
[HTT, Cor. 5.3.5.4]. Since Cy is stable under k-small colimits in C, the restricted Yoneda

functor
C— P(Co)

factors through Ind(Cp), and the resulting functor &: C — Ind(Co) is right adjoint to
F by [Ker, Tag 03WN].
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The assumption that Cy detects equivalences is precisely the statement that J is con-
servative. On the other hand, [HTT, Prop. 5.3.5.11] implies that F is fully faithful. It
follows that F is an equivalence, since a fully faithful left adjoint is an equivalence if and
only if its right adjoint is conservative; this is the dual of [Ker, Tag 03UZ]. O

We now apply this criterion to coslice categories. The next proposition extends [Ker,
Tags 06HW and 06P6] by removing the compactness hypothesis on S. The proof again
follows Mathew’s argument in [Mat16, Lem. 6.22].

ProOPOSITION A.2. Let k be a regular cardinal, let C be a k-presentable category, and let S &
C. Then the coslice category Cs, is k-presentable, and its subcategory of k-compact objects is
generated under k-small colimits and retracts by the objects

(S—=SuUX)e (Cs))",
for X € C*. Moreover, for every morphism F: C — D in Prk, the induced functor

Fs/i CS/ — DF(S)/
is again a morphism in Prk.

Proof. As Cis k-compactly generated, the full subcategory C* generates C under k-filtered
colimits. Hence the functors

MapC(X)_)a Xe CKa

are jointly conservative. For every X € C* and every object S — Y of Cg /, the universal
property of the coproduct gives a natural equivalence

Mapc,, (S UX,Y) ~ Mapc(X,Y).

Since the forgetful functor Cs, — C preserves k-filtered colimits, this equivalence
implies that S — S LI X is k-compact in Cg, [Ker, Tags 0236, 02KT, and 02PH]. The
conservativity of the projection Cg, — C then gives that the functors

Mapc, (SUX,—), X & C,

are jointly conservative.

Denote by Cy the full subcategory of Cs, generated under k-small colimits by the
maps S — S U X with X in C*. Note that Cg, is presentable and Cy is contained in
(Cs/)*, by [Ker, Tags 06P6 and 064X]. Proposition A.1 then implies that the natural
functor

|ndK(C0) — CS/
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is an equivalence. It follows that Cg, is k-presentable and the description of (Cs,)* fol-
lows from the fact that Ind« (Co )~ is the idempotent completion of Co [HTT, Lem. 5.4.2.4].

Finally, let F: C — D be a morphism in Prk. By the dual of [Ker, Tag 02KD], the
induced functor Fg, admits a right adjoint. Moreover, Fs, preserves k-compact objects:
on the generators described above, it is given by

[S = SUX] — [F(S) = F(S) UF(X)],
which is k-compact since F(X) is k-compact. O

We next consider coslice categories in the accessible setting. Assuming that S is k-
compact gives the following analogue, with a simpler description of the k-compact ob-
jects.

PrOPOSITION A.3. Let k be a regular cardinal, let C be a k-accessible category, and let S € C
be k-compact. Then the coslice category Cs, is k-accessible, and an object S — X of Cg, is
k-compact if and only if X is k-compact in C. Moreover, for every morphism F: C — D in Accy,
the induced functor

FS/I CS/ — DF(S)/
is again a morphism in Accy.
Proof. The first statement follows from [Ker, Tags 06HHW and 06L]]. The characteriza-
tion of the k-compact objects of Cg, immediately implies that Fg , preserves k-compact

objects. Finally, [Ker, Tags 0236, 02KT, and 02PH] shows that Fg, preserves k-filtered
colimits. m

We next record a simple consequence of the reflection theorem of Ragimov—Schlank
[RS26, Thm. 1.1]. Since we will use it repeatedly, it is convenient to state it explicitly.

PROPOSITION A.4. Let « be a regular cardinal, let C be a k-presentable category, and let Co C
C be a full subcategory closed under small limits and k-filtered colimits in C. Then Cy is k-
presentable, and the inclusion Co — C admits a left adjoint

LZC—)CO

which is a morphism in Prk.
Suppose in addition that C is a commutative algebra object in Pr and that

Hom(X,A) € Co  forall X € Cand A € Cy,

where Hom denotes the internal Hom in C. Then Co admits a unique symmetric monoidal
structure for which L is symmetric monoidal. With respect to this structure, Cg is a commutative
algebra object in Prt, and L: C — Cy is a morphism in CAlg(Prk).
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Proof. By the reflection theorem [RS26, Thm. 1.1], the category Cy is presentable and
the inclusion i: Cy < C admits a left adjoint L. Since 1 preserves k-filtered colimits, the
adjunction equivalence

Mapco (L(X)> Y) ~ Mapc (X> i(Y»

implies that L(X) is k-compact for every k-compact object X € C.

For every A € Cop, choose a presentation i(A) ~ colimjecy X;j as a small k-filtered

colimit of objects Xj € C*. Applying L, we obtain
A ~L(i(A)) =~ colim L(X;j).

jed
Since C* is essentially small and each L(X;j) is k-compact in Cy, the objects L(X), for
X € C¥, form an essentially small collection of k-compact objects generating Co under
k-filtered colimits. Hence Cy is k-presentable, and L is a morphism in Prk. Moreover,
if A is k-compact, its identity factors through one of the objects L(X;) in the preceding
presentation. Hence every k-compact object of Cy is a retract of L(X) for some X € C¥;
see also [HTT, Cor. 5.5.7.3].

Now assume the additional hypotheses. By [RS26, Lem. 7.5], the condition on internal
Homs is equivalent to L being compatible with the symmetric monoidal structure in the sense
of [HA, Def. 2.2.1.6]. It therefore follows from [HA, Prop. 2.2.1.9] that Cy inherits a
symmetric monoidal structure for which L is symmetric monoidal. Writing ®¢ for the
resulting tensor product, we have

Ao B~LH(A)®i(B), I, ~L(lc):

The condition on internal Homs then implies that Hom(i(—),i(—)) is an internal Hom
in Cp. Thus ®¢ preserves small colimits separately in each variable.

Finally, the unit L(1¢) is k-compact. If A, B € C§, choose X,Y € C* such that A and B
are retracts of L(X) and L(Y), respectively. Then A ®¢ B is a retract of

LX) @0 L(Y) = L(X®Y),

which is k-compact since X® Y is k-compact. It follows that Cy is a commutative algebra
in Prt. Since I is symmetric monoidal and preserves k-compact objects, it is a morphism
in CAlg(Prk), as desired. O

We now turn to commutative algebra objects. The following is a commutative-algebra
version of standard monadic compactness results. The ordinary-categorical argument
appearsin [Low16, Thm. 2.18]. For the higher-categorical free-algebra and bar-resolution
arguments, compare [BSY22, Lems. 6.15-6.16]; for the stable associative analogue, com-
pare [Efi24, Prop. 3.2(2)]. We include a proof in the generality needed here.
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PROPOSITION A.5. Let k > Ny be a reqular cardinal and let C be a commutative algebra in Pr.
Then the forgetful functor
u: CAlg(C) —» C

preserves and reflects k-compact objects.

Proof. Let F 4 U denote the free—forgetful adjunction, and put T := U o F. We first
observe that both F and T preserve k-compact objects. For F, this follows from the fact
that its right adjoint U preserves sifted colimits [HA, Cor. 3.2.3.2]. As for T, we use the
free-algebra formula
T(X) ~ [ sym™(X) ~ T T (X*™)s,,
n>0 n=0

of [HA, Ex. 3.1.3.14]. If X is k-compact, then, since C is an object of CAlg(Prk), each
tensor power X®™ is k-compact, including X®° = 1. Moreover, each classifying anima
BSy is Ny-small; hence [Ker, Tag 064X] first gives that each orbit (X®™)s  is k-compact
and then, since the coproduct is countable, that T(X) is k-compact.

Now let A be a commutative algebra in C such that U(A) is k-compact. The standard
augmented bar resolution has terms B, (A) ~ F(T™(U(A))), and its augmentation in-
duces an equivalence

colim Bn(A) — A;
[n]eAcpr

see [HA, Prop. 4.7.3.14 and Lem. 3.2.2.6]. By the preceding paragraph, every B, (A) is
k-compact, so another application of [Ker, Tag 064X] shows that A is k-compact as well.

For the converse, let K C CAlg(C) be the full subcategory spanned by the algebras
whose underlying objects are k-compact. We have just shown that

K C CAlg(C)*.

In order to prove equality, we first claim that K is stable under k-small colimits. Let
D: | — K C CAlg(C) be a k-small diagram. Applying the bar resolution objectwise and
taking the colimit over | gives a simplicial commutative algebra

Sy = CQHIIH B.(Di) € Fun(A°P, CAlg(Q)).
i€

By the commutation of colimits with colimits, the geometric realization of S, is [S.| =~
colimi¢| Di. Moreover, since F preserves small colimits, we have that

Sn =~ cqlilm F(T™(UW(Dy))) ~ F(Xn), for X, := cqlilrn T (W(Dy)).
i€ e

The objects U(D;) are k-compact, and T preserves k-compact objects. Since k-compact
objects are stable under k-small colimits, each X, is therefore k-compact. Hence so is

45


https://kerodon.net/tag/064X
https://kerodon.net/tag/064X

The forgetful functor U preserves sifted colimits, and in particular geometric realiza-
tions. It follows that

U(colim Di> ~ U.( colim Sn> ~ colim U(Sy).
iel [n]eAcp [n]eAcr

Once again, this is a k-small colimit of k-compact objects, and is thus k-compact. This
establishes the claim.

Next, using the nomenclature of Proposition A.1, we claim that K detects equivalences
in CAlg(C). Let ¢: A — B be a morphism in CAlg(C) such that

Mapcaig(c)(Cy A) —“— Mapcajg(c)(C, B)

is an equivalence for every C € K. For each X € C¥, the free algebra F(X) belongs to K,
as U(F(X)) = T(X) is k-compact. The adjunction F -+ U therefore shows that

Mapc(X, U(A)) 275 Mape (X, U(B))

is an equivalence for all X € C*.
Since C* detects equivalences in C, the map U(¢) is an equivalence, and hence so is
@, because U is conservative. Proposition A.1 now gives an equivalence

Ind«(K) — CAIg(C).

Finally, K is stable under retracts: indeed, U preserves retracts and k-compact objects of
C are stable under retracts [Ker, Tag 064Z]. Consequently, [HTT, Lem. 5.4.2.4] identifies
the k-compact objects of Ind (K) with the objects of K. Under the preceding equivalence,
this gives

CAlg(O)* =K,

which proves that U preserves k-compact objects. O

We conclude with a compactness result for localizations of presheaf categories, viewed
as objects of Prk. This result will be used to prove Proposition 4.5.

PROPOSITION A.6. Let p > k be uncountable regular cardinals, let C be a p-small category, and
let W be a yu-small set of morphisms between k-compact objects of

P(C) = Fun(C°P, Ani).
Then the full subcategory of P(C) spanned by the W-local objects is a u-compact object of Prk.

Proof. Let Eq(Ani) C Fun(A', Ani) be the full subcategory spanned by the equivalences.
For each morphism w: X — Y in W, consider the functor T,,: P(C) — Fun(A',Ani)
sending Z € P(C) to the morphism

Mapp c) (Y, Z) — Mappc)(X, Z).
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The full subcategory Py C P(C) defined by the pullback

Po —— ] Ea(Ani)

| T

P(C) —— ] Fun(A',Ani)
wew

is therefore precisely the full subcategory spanned by the W-local objects.

Since the maps in W are between k-compact objects, the functors T,, lie in Pr'lf, and
so the preceding square is a pullback in Prk. Indeed, Pr} admits small limits and the
inclusion

Pr's < Cat

preserves them [HTT, Prop. 5.5.7.6]. Passing to left adjoints therefore yields a pushout

square
[T Fun(a’, Ani) — P(C)
wew l
I Ea(Ani) —— P
wew
in PrL.

The same argument as in the proof of Lemma 2.4 shows that P(C) is a p-compact
object of Prk. Tt also shows that Fun(A', Ani) is p-compact, by taking C = (A')°P, while
Eq(Ani) ~ Aniis p-compact by taking C = *. Since W is p-small, [Ker, Tag 064X] implies
that all vertices of the pushout square are p-compact, as desired. O
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