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The instructor re-
marks that this is his
favorite diagram.
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1. LECTURE 1 — 11TH APRIL 2025

Recall that the construction of the Habiro ring of a number field [GS+24, Sch24]
was motivated by an expectation of the instructor, circa 2017, that there exists
some form of “Habiro cohomology.” Within this larger aspriational framework, the
Habiro ring of a number field serves as the zero-dimensional case where the variety
is a discrete collection of points. More precisely, in the case of the Habiro ring of a
number field, there are certian g-series related to pertubative Chern-Simons theory
giving rise to an explicit approach to Habiro rings of number fields. In particular,
these g-series from pertubative Chern-Simons theory as computed by Garoufalidis
and Zagier arise as elements of the abstract Habiro ring of a number field.

The goal of this course, then, is to explicate this aspirational framework of Habiro
cohomology that synthesizes the concrete approach of Garoufalidis-Zagier with the
instructor’s abstract approach. In particular, we will define a new explicit coho-
mology theory for algebraic varieties that has specializations to clasical cohomology
theories: de Rham cohomology as well as p-adic étale cohomology, crystalline co-
homology, and prismatic cohomology for all primes p. Moreover, this cohomology
theory will extend to the rigid-analytic setting of Berkovich spaces.

Let recall a modern definiton of Weil-type cohomology theories for algebraic va-
rieties: functors

Schift — Prly
where Sch;?;ft is the category of separated finite type schemes over k and Prl':l the cat-
egory of presentable A-linear categories with a six-functor formalism and satisfying
the Kiinneth formula. In particular this exculedes some cohomology theories such
as motivic cohomology.

The state of the art of Weil-type cohomology theories for algebraic varieties can
be summarized in the following diagram.

. Prismatic Cohomology
............. oy
TR 7 X+ RTA(X)
o .
2 ) de Rahm Cohomology
......
= X — DMod(X)
.% Crystalline Cohomology
= IEEERPURR "7 X+ DMod(X)
|5}
8 e Etale Cohomology
L5 e X e Da(Xa, 2/002)
N
3
Betti Cohomology
=2
o X D(X(0),2) ® (—)

p - Characteristic

F1GURE 1. Cohomology theories for algebraic varieties. Or: the instructor’s
favorite diagram.
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e Betti cohomology X +— D(X(C),Z)® (—) produces a cohomology theory for
complex schemes. But coefficients can be taken in any field by base change.

e de Rham cohomology X +— DMod(X) associating to a scheme its category of
D-modules produces a cohomology theory for k-schemes (modulo technical-
ities). This produces a k-vector space for a k-scheme, hence has coefficients
equal to the characteristic of the scheme.

e Etale cohomology as defined by Grothendieck X Det(Xet, Z/ ) pro-
duces for a k-scheme X, a cohomology theory with Z/¢"Z-coeffients with
¢ of characteristic distinct from that of k. That étale cohomology is able
to produce cohomology in coefficients modulo powers of £ is represented by
the thickening of the horizontal. Note that étale cohomology satisfies the
Kiinneth formula, but not its categorical variant.

e Crystalline cohomology after Grothendieck, Berthelot, Caro, et. al. that
associates to a k-scheme where k is of positive characteristic a cohomology
theory X — DMod(X) that associates to X its category of arithmetic D-
modules and which satisfies the categorical Kiinneth formula. This produces
a module over the Witt vectors W (k) of k for a k-scheme, and is represented
by vertical thickenings at the characteristic.

e Prismatic cohomology was defined by Bhatt-Scholze [BS22] as a universal
cohomology theory at the (p, p)-point by computing the structure sheaf co-
homology of the prismatic site X +— RI's(X) where X is a scheme over Ok
where ﬁ is a mixed characteristic local field which has coefficients valued in
prisms.

Characteristic= p

de Rahm Cohomology
X — Hig(X)

Etale Cohomology

X — H}(Xey, 2/0"T)
Crystalline Cohomology
X — H! (X, W(k))

cyrs

Coeffs. in char. p

Prismatic Cohomology
3 X > RIT,(X)

¢ - Coefficients

p - Characteristic

FIGURE 2. Prismatic cohomology at the (p, p)-point.

11t would be more precise to state this using “derived category of sheaves” associated to prismatic
cohomology, namely the category of F-gauges a la Bhatt-Lurie [Bha22], but we do not comment on this
further.



The instructor re-
marks that he is un-
sure how to unify
Habiro cohomology
with classical Hodge
theory.

4 WERN JUIN GABRIEL ONG

The study of the relationship between cohomology theories at the (p, p)-point is the
subject of p-adic Hodge theory: more precisely, p-adic hodge theory seeks to investi-
gate the relationship between crystalline cohomology (with the Frobenius endomor-
phism), de Rham cohomology (with the Hodge filtration), and étale cohomology
(with the action of the absolute Galois group Gal(Q,/Q,)) are related. Fontaine
made some preliminary progress in this area by formulating comparison conjec-
tures via the so-called period rings that furnish isomorphisms H, érys(X ) ® Bcrys =

H! (X) ® Bcyys which are compatible with the additional structure listed above.
Moreover, the diagram reflects several important comparison phenomena between
the abovementioned cohomology theories:

e The intersection of the lines corresponding to Betti and de Rham cohomology
at the (0o, 0o)-point is substantiated by the comparison isomorphism between
singular cohomology with C-coefficients and de Rham cohomology via the
Riemann-Hilbert correspondence.

e The intersection of the lines corresponding to étale and Betti cohomology at
the (o0, p)-points are substantiated by the Artin’s comparison isomorphism
between étale and Betti cohomology.

e The intersection of the thickenings of crystalline cohomology meeting de
Rham cohomology along the diagonal at the (p, p)-point is substantiated by
the isomorphism between crystaline cohomology reduced modulo p and de
Rham cohomology.

e Prismatic cohomology as depicted in Figure m admits specializations to de
Rham, crystalline, and étale cohomology. Prismatic cohomology is addi-
tionally compatible with the structures of the various cohomology theories
around the (p, p)-point, specializing to the action of the Frobenius in crys-
talline cohomology, the Hodge-Tate filtration in the case of de Rham coho-
mology, and the action of the absolute Galois group Gal(Q,/Q,) in the case
of étale cohomology.

e The “prismatization” at the (0o, 00)-point is the content of classical complex
Hodge theory, which considers Hodge filtrations on de Rham cohomology
and associated objects.

Observe, then, that de Rham cohomology is the unifying cohomology theory on
the diagonal, while prismatic cohomology only exists at a fixed prime. One then
wonders if there is a way to unify the cohomology theories along the diagonal. This
is provided by Habiro cohomology, at least in the positive characteristic case.
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A Habiro Cohomology

£ - Coefficients

p - Characteristic

F1GURE 3. The role of Habiro cohomology highlighted in blue generalizing
prismatic cohomology at all primes. Compare Figure [l|.

That is to say that Habiro cohomology, covering a neighborhood of the de Rham
diagonal, specializes to prismatic cohomology at each prime, and spreads out further
than prismatic cohomology along the horizontal étale branches in an appropriate
sense.

The starting point of Habiro cohomology is the example of the ¢-de Rham prism,
the definition of which we now recall.

Example 1.1. The ¢g-de Rham prism is the prism (Z,[[q¢ — 1]], [p]4) where [p], =
11:;;71 is the ¢g-deformation of p with a Frobenius action by ¢ — ¢P. The quotient
Zpllg — 1]]/([plq) is precisely the quotient by the p-th cyclotomic polynomial and

hence isomorphic to the cyclotomic extension Zy[(p].

Computing the prismatic cohomology of A%p[cp] relative to the ¢-de Rham prism,
one finds that this is computed by an obvious ¢g-deformation of the de Rham complex.
The cohomological comparisons of the preceding discussion suggest that there is a
deformation of the de Rham complex given by

Va2 Zp[Gpl[2]lg — 1] — Zp[Gpl[2]{lg — 1]]

by 2™ > [n],z" L. Tt is not a priori clear why g-deformations appear in this setting.
Moreover, the construction of prismatic cohomology over the ¢g-de Rham prism is
expected to be functorial in automorphisms of A% c but it is unclear if (and how)
this construction is invariant under change of coordinates. Additionally, the ¢-
deformation suggests that by removing p everywhere, one can find a construction
independent that works for all primes p. In particular, the instructor conjectures in
[Sch17] the following:
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Conjecture 1.2 (Scholze; [Sch17, Conj. 1.1]). If R is a smooth Z-algebra equipped
with an étale map Spec(R) — ACZl, there is a cohomology theory for smooth proper
varieties over R valued in finitely generated R[[q — 1]]-modules with a g-connection.

The g-connection captures precisely the difficulties with coordinate transforma-
tions articulated above, and the specialization at ¢ = 1 recovers the de Rham coho-
mology of X with a Gauss-Manin connection. This suggests that algebraic varieties
have a canonical g-deformation with connection compatible with the Gauss-Manin
connection on classical de Rham cohomology, and was proven after p-adic comple-
tion in [BS22] and in general by Ferdinand Wagner in [Wag24] using the machinery
of adelic gluing.

Theorem 1.3 (Wagner; [Wag24, Thm. 1.7]). Let R be a smooth framed Z-algebra.
There is an isomorphism between the (¢—1)-adic completion of the g-de Rham—Witt
complex and the cohomology of the quotient of the g-Hodge complex by (¢ — 1).

Let us consider an example of this phenomenon.

Example 1.4. Consider the Legendre family of elliptic curves X with affine model
y? = z(z — 1)(z — A) over R = Z[1, ), ﬁ] We have HJ(X) free of rank 2,
containing the Hodge filtration Filhdg = HY(X, Q& / ) with canonical differential
w= d—yx. Denoting V the connection on HJz(X), we have w, V(w) a basis of HJg(X)

and
1 2\ —1
BV R= A)V(“)'

A horizontal section is f(A)-A(1=X)—f (A)A(1—=X)V(w) for a certain hypergeometric
12
function f(\) = ano H;:ol <ﬁ§> A

There is a g-analogue of hypergeometric functions.

VA (w)

Example 1.5. The g-hypergeometric function

Y
ZH([zﬁ]q) !

n>0 t=0

satisfies a second order g-difference equation that deforms the Picard-Fuchs equation
whose solutions describe periods of elliptic curves [nLab-a].

The example suggests that there is a possible connection between ¢-hypergeometric
functions — the g-analogue of hypergeometric functions — and ¢-deformations of de
Rham cohomology.

In the case of de Rham cohomology as in Example @, there is not only a con-
nection V, but also a choice of canonical vector w = %“’ obtained by the filtration.
Then considering the differential equation the class satisfies produces the desired
differential equation — the module and connection alone are insufficient to produce
the differential equation. The main barrier to considering the g-analogue, then, was
the lack of choice of such a class.
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Recent computations of Shirai [Shi2(] and work of Garoufalidis-Wheeler remedy
this by producing explicit classes in ¢-de Rham cohomology, allowing the procedure
above to be repeated.

This course will consider what happens to these g-deformations when g approaches
a root of unity (,,, knowing that it recovers the classical construction at ¢ = 1.
Working over the Habiro ring

H= lim Z[g]/(1—¢")" =limZ[g]/(g; q)n

m,n>1
allows us to consider specializations at different roots of unity.

One issue that arises in trying to naively generalize Habiro cohomology to schemes
of higher dimension is that the specialization of prismatic cohomology over the ¢-
de Rham prism at ¢ = 1 recovers de Rham cohomology, but at other roots of
unity recovers only Hodge cohomology — this does not put all roots of unity on
equal footing. This is already seen in the theory of prismatic cohomology where
p-adically, specialization at ¢ = 1 recovers de Rham cohomology, but specialization
at p-power roots of unity gives Hodge cohomology.

Remark 1.6. In dimension zero, however, these nuances dissapear as we are just
computing cohomology of the structure sheaf.

If the g-de Rham cohomology could be modified to be Hodge cohomology in an
appropriate manner, however, this would give a cohesive theory. This was shown by
Meyer-Wagner in [MW24].

Theorem 1.7 (Meyer-Wagner; [MW24, Thm. 1.7]). Let R be a p-torsion free p-
complete ring which is a quasiregular quotient over Z, and such that the Frobenius
on R/p is semiperfect. If R admits a lift to a p-complete E; ring spectrum Spg
such that R ~ SR@Spr then the ¢-Hodge filtration on the p-complete derived
g-de Rham complex is a g-deformation of the Hodge filtration on the (ordinary)
p-complete derived de Rham complex.

The proof of Meyer-Wagner once again leverages highly technical machinery, in
particular the relationship bewteen prismatic cohomology and topological cyclic
homology. However, there is a more computational way of achieving the same goal.

Theorem 1.8 (Scholze). There is an explicit ring stack over an analytic version of
the Habiro ring yielding a full six-functor formalism.

Remark 1.9. This in particular yields a sheaf theory.

These are related to the constructions of the ring stacks for prismatic cohomology
following Drinfeld [Dri20] and Bhatt-Lurie [BL22].

Here “ring stack”
and “analytic” are
to be taken in the
sense of condensed
mathematics [CS23].

While multipli-
cation is easy to
define in this ring,
addition is  not:
in particular, the
instructor remarks
that he spent a

whole day comput-
ing what 1 4+ 1 is in
this ring.
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2. LECTURE 2 — 2ND MAY 2025

The goal of this course is to develop a theory of Habiro cohomology, a functor
that associates to a smooth Z-scheme X its Habiro cohomology — a graded module
over the Habiro ring, or more generally its “category of constructible sheaves” which
in this case we tentatively denote Dy,p(X) of “variations of Habiro structure.”

We begin with an exploration of what these structures are in terms of coordinates,
and we will later show that the constructions we discuss are in fact independent of
these coordinates. Let us make the notion of coordinates precise.

Definition 2.1 (Framed Algebra). A framed algebra is a pair (R,J) where R is a
smooth Z-algebra and an étale map O : Spec(R) — A2 or O : Spec(R) — G4,.

Remark 2.2. It is often simpler to consider the case where the coordinates are
invertible, that is, the case of GY,.

As a first pass, let us contemplate these constructions in the case where X is
affine and equal to either A% or G and only later consider the generalization to the
case where X is étale over one of these spaces. Moreover, under these assumptions,
we need not make any completions and one can work directly over Z[qF].

Recall Habiro cohomology subsumes de Rham cohomology in an appropriate
sense, and takes the ¢-derivative — the Gaussian g-analogue of the derivative — as
an input. These g-derivatives were first investigated by Jackson [Jacl(].

Definition 2.3 (g-Derivative). Let R be Z[¢g*|[T1,..., Ty or ZlgH|[Ti, ..., TF).
The g-derivative V! : R — R for 1 < i < d is defined by
f(Tl,...,qTZ',...,Td) — f(Tl,...,T‘Z',...,Td)
qT; — T; '
Remark 2.4. More explicitly, this operation is given on monomials by
VHTM . T = [ngg - T T T

Vi(f(Th,....Ty) =

1—qg™
1—¢

where [n], = is the Gaussian g-analogue of n.
q

Remark 2.5. V{ is closely related ; : R — R the automorphism by

T i
Tjr <! ]#Z
ql; j=1

allowing us to write VJ(f) = %

The g-derivative does not satisfy the Leibniz rule on the nose, but does so up to
a twist by the automorphism ~; of Remark P.5.

Lemma 2.6. Let R be Z[¢*][Th,..., Ty or Z[g*)[TF, ..., Tf]. Then for f,g € R
we have equalities

Vi(fg) = n(f)-Vi(g) +g-VI(f) = f-Vi(g) +lg) - Vi(f)

2The terminology here borrowed from “variations of Hodge structure” as studied in classical algebraic
geometry.
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Proof. We first show the second equality. We use Remark @ to observe that the
latter two terms are given by

%(f)-%(g) 9., ) —f _ vlHlg) —%(Hg+7(fg—rfa _ %(f)vlg) — fg

(- T V- DT («- T, (¢- T,
and
.2i49) = gﬂ,(g)%(f) —f _2%@f = fg+7(Hilg) —vil9)f _ %(Hilg) = fg
(-1 "7 (¢- DT (¢ —DT; (¢—DT;

respectively, which are evidently equal.
We now show the first equality. Note that v; is an automorphism R — R, and in
particular a homomorphism so v;(fg) = vi(f)7i(g) in which case we have

vi(f9) —fg _ i(H)rilg) — fg
(¢—1T (¢—1T

whence the claim. [ |

We can now define the ¢g-de Rham complex following Aomoto [Aom90].

Definition 2.7 (¢-de Rham Complex of A2 and G%,). Let R = Z[¢F][T] be Z[¢*][T1, - . .

or Z[g*|[TE, ... ,Tf]. The g-de Rham complex ¢-Q23, ; of Spec(R) is the complex

(21) 0 — Zlg*)T] — Z[gH]TP — 2T — . —— zlgt)[T] — 0

with differentials given by the differentials for the Koszul complex of commuting
operators V{,..., V1.

Remark 2.8. Recall that these are precisely the differentials for the classical de
Rham complex. See [Stacks, Tag OFKF] for an explicit description via equations.

Remark 2.9. Since the first differential Z[¢*][T] — Z[¢E][T]% by (VY,...,VY)
does not satisfy the ordinary Leibniz rule, the complex (ﬁ)» is not a differential
graded algebra. Later, we will see that working in the derived (co-)category, one
can endow this with the structure of a commutative ring.

The complex (@) computes ¢g-de Rham cohomology, or Aomoto-Jackson coho-
mology of Spec(R). But to compute Habiro cohomology, we use a closely related
variant based on a modified g-derivative.

) Td]

Definition 2.10 (Modified g-Derivative). Let R be Z[¢*][Th, ..., T4 or Z[g*)[Ti, ..., TF].

The modified g-derivative is given by

f(Tl,...,qTi ...,Td)—f(Tl,...,T%,...,Td)
T:L' .

V(T ..., Ty)) =

Remark 2.11. In other words, VI(f) = (¢ — 1)VI(f) = %(Qif-

Recomputing everything using this modified derivative gives the ¢-Hodge com-
plex.


https://stacks.math.columbia.edu/tag/0FKF
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We will henceforth
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Note that a g¢-
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additional data on a
module.
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Definition 2.12 (¢-Hodge Complex of A and G%,). Let R = Z[¢*][T] be Z[¢*|[T1, . . .

or Z[gF|[T, . .. ,Tf]. The ¢-Hodge complex ¢g-Hdgp of Spec(R) is the complex

(22) 0 — zZlg*)IT] — Z[gH TP — 2t TP — . —— zlgt)T] — 0

with differentials given by the differentials for the Koszul complex of commuting
operators Vi,..., Vi

Remark 2.13. The nomenclature of Definitions @ and are justified by the
fact that they recover the ordinary de Rham and Hodge complexes, respectively, at
q=1.

Remark 2.14. An automorphism of A% or G would give rise to an automorphism
of the complexes (@) and (@), at least as an object in the derived category,
but it is extremely difficult to understand these automorphisms from this explicit
perspective.

In parallel to the correspondence between algebraic D-modules and modules with
flat connection, one would expect the existence of a category of modules with an
approrpiate connection to play the role of Dy, (X) alluded to earlier. To make this
precise, we consider modules with g-connection. To simplify matters, we make these
considerations on the Abelian and not oo-categorical level.

Definition 2.15 (g-Connections on Modules). Let R = Z[¢*][T] be Z[¢F][T1, ..., T4]
or Z[g*|[T, ..., T7]. A module with (flat) g-connection is a Z[g*][Z]-module with
commuting Z[gT]-linear operations V? v - M — M which satisfy the g-Leibniz rule

vg,M(fm) =%(f)- VZM(m) +VI(f)-m
for f € Z[¢T)[T] and m € M.

Remark 2.16. To unwind any possible confusion between the similar-looking VY :
ZqF)[T) — Z[¢F][T), V¥, : M — M, we have

Yilf) - Viy(m)+ VI(f) - m
~—— ) N———

~—
€zt eMm ezjgt)m M
eM

eM

so everything type-checks.

Example 2.17. If X = A% then recall that modules with connection are equivalent
to modules over the Weyl algebra Z[¢*|{T, 9,}/(¢T0, — 8,T + 1) since we have the
operators 70, 0,1 take T to q[n],I™, [n+1],1™, respectively, but ¢[n], —[n+1], =

q - 11__qq 1_1‘1_2“ = —1. Passing to the associated-graded of the degree filtration,

one gets commuting variables with the correct g-twists.

n

Similarly, we can construct modules with a modified g-connection.

Definition 2.18 (Modified g-Connections on Modules). Let R = Z[qg™][T] be
ZlgF| [Ty, ..., Ty) or Z[g*)[TE,. .. ,Tdi]. A module with modified g-connection is

) Td]
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a Z[qT][T]-module with commuting Z[g*]-linear operations %Z v i M — M which
satisfy the g-Leibniz rule

Vi (fm) = 5i(f) - Vi (m) + VI(f) -m
for f € Z[g*][T]) and m € M.

Remark 2.19. For a more in-depth discussion of modules with g-connection, see
Morrow-Tsuji [MT21] and André [And01].

Remark 2.20. Let T; be invertible. Unwinding the definition of the modified ¢-
derivative, we have
Vi (fm) = %)) - Vi (m) + (@ = VI -m

where in particular we observe that the second summand has denominator T;. Define

a new operator
~q ~
_ 7 o4
Vi,M =T vz’,M

which satisfies

In particular,
~q ~q
<VZ»7M —I—idM> (fm) =v(f) (Vi’M +idM> (m)
~q
so denoting v; pr = <Vi7M + idM), we have v; v (fm) = vi(f)yi,m(m) simplyfing

the relation.
The preceding discussion of Remark implies the following.

Corollary 2.21. Let R = Z[qi][Tli, e ,Tdﬂ. There is an equivalence of categories
between R-modules with modified g-connection and R-modules with commuting
vi : R — R-semilinear endomorphisms v; ps : M — M.

Note that for R = Z[¢T][T], (—) ®g (—) does not define a symmetric monoidal
structure on the category of modules with g-connection: for (M, VY, ), (N,V{ )
two modules with g-connecition,

(M ®gr N,V @ridy +idy ®g Vi)
is not a module with g-connection. One needs instead to take the twist

defining v; ps : M — M in an analogous way to Remark . While a priori
appearing assymetric in M, N, there is in fact a canonical isomorphism between
them.
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Proposition 2.22. Let R = Z[¢*][TF, ..., Tf]. The category of R-modules with
modified g-connection is symmetric monoidal.

Proof Outline. Using the equivalence of Corollary , the latter category of R-
modules with v;-semilinear endomrophisms ~; 57 is symmetric monoidal, hence the
former can be promoted to a symmetric monoidal category. |

Proposition 2.23. Let R = Z[¢*|[T5, . .. ,TF). There is a fully faithful embedding
from (g—1)-torsion free R-modules with g-connection and R-modules with modified

g-connection by (M, VY, ) — (M, 6?M) with essential image those that are (¢ —1)-
torsion free and such that 6§M =0 (mod (¢ —1)).

Proof. This is the identity on modules and sends the g-connection to its (¢ — 1)-
multiple. (¢— 1)-torsion-freeness implies that the map is fully faithful. The essential
image of the functor is necessarily (¢ — 1)-torsion-free and such modules have trivial
connection modulo (¢ — 1). [

The discussion thus far has been done entirely in terms of coordinates. This

prompts:

Question 2.24. To what extent are the cohomologies and categories discussed thus
far independent of coordinates?

Let us consider the following example.

Example 2.25. Let X = G% = Spec (Z[qi][Tli,...,Tj]). The modules with
modified g-connection are quasicoherent sheaves on (G,,/¢%)? — the 7;’s act by
multiplication by ¢ on the coordinates so the data of the endomorphisms ~; a7 on
the modules prescribe descent data to the quotient stack (ie. as an fpqc quotient).

Let us relate the discussion of complexes Definitions @ and , their cohomolo-
gies, and these categories of modules with (modified) g-connections.

Proposition 2.26. Let R = Z[¢*|[TF, . .. ,Tdi].
(i) The ¢ de Rham complex ¢-Q, /7, computes RHomg Modj, (1,1) in the derived

category of modules with g-connection ¢-Modpg on Spec(R).
(ii) The ¢-Hodge complex ¢-Hdgp computes RHom (1,1) in the derived

q—MOdR

category of modules with modified g-connection ¢-Modg on Spec(R).

Proof Outline of (i). Using the equvialence between modules with g-connection and
modules over the Weyl algebra, we compute a resolution of the symmetric monoidal
unit Z[gF][T] in the category of modules over the Weyl algebra — which precisely
recovers the de Rham complex, whence the claim. |

Example 2.27. Consider the case of A} taking R = Z[¢*][T]. We compute
RHom(Z[¢F][T], Z[¢T][T]) as RHom(—, Z[¢*][T]) of a free resolution of Z[¢*][T] in
the category of modules over the Weyl algebra Z[¢*|{T, 9,}/(¢T0, — 0,1 + 1) (vis.
Example E) This produces

0 = Z[g*)[T) 2> Z[g*][T] - 0
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which is the g-de Rham complex (after passing back to modules with g-connection
along the equivalence).

Moreover, in the setting of higher algebra, these promote canonically to commu-
tative algebra objects.

Corollary 2.28. The ¢-de Rham complex and ¢g-Hodge complex have canonical
structures as Eo-rings.
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3. LECTURE 3 — 9TH MAY 2025

In Lecture E, we constructed the ¢g-de Rham and ¢-Hodge complexes for A%, (Gp)?

using the ¢-derivatives V? and modified g-derivatives 6?, respectively. This recovers,
for example, the modules with g-connection over G, as the modules over the g-torus,
where the operation ¢g-commutes xy = qyx.

We now consider the construction of the ¢-de Rham and ¢-Hodge complexes
more generally in the case where the T; are invertible and using the logarithmic
g-derivative V#'%8 = T;V?. We first define these in the case R = Z[¢*][] =
ZigHTE, ..., TH.

Definition 3.1 (Logarithmic g-Derivative). Let R = Z[¢*][T5, . .. ,Tj]. The loga-
rithmic ¢g-derivative V?’log : R — R for 1 <i < d is defined by
Yilf) = f

VI(f) = 222,
Definition 3.2 (Modified Logarithmic g-Derivative). Let R = Z[qi][Tli, . ,Tdi].
The modified logarithmic g-derivative V?’log : R — R for 1 <i<d is defined by

VI(f) =n(f) = f.
Remark 3.3. The commutation relation for the ordinary logarithmic g-derivative

are given by v;T; = qT;7; since multiplying by T; and applying the map T; — ¢T; is
the same as applying the map 7; — ¢7; and multiplying by ¢7;.

Example 3.4. Using Remark @, we deduce that category of logarithmic g-connections
on G,, are modules over the ring Z[¢*]{T*,~v}/(yT — qT7) (cf. Example @)

We undertake the task of constructing the ¢-de Rham and ¢-Hodge complexes
for general smooth Z-schemes X locally admitting an étale framing. For simplicity,
we will restrict our attention to the case where X = Spec(R) with R a smooth
Z-algebra and O : X — (G,,)¢ is étale (equivalently, Z[T:, ..., TE] — R étale).

If we were to mirror the constructions of Definitions E and , we would want
to produce R[g*]-modules with commuting semilinear endomorphisms ~; s : M —

M (used to produce V{,,, VI, ). This semilinearity ought be defined in terms of
Yir ¢ R[gt] — R[g*] which extend 7; on Z[¢*][T*], but there is no reason such
maps should exist. Put in other — more geometric — terms, the automorphisms ~;
on (G,,)? need not lift along the map 0 : X — (G,,)%.

Completion allows us to resolve this issue: after (¢ — 1)-adic completion, there are
unique such v; g : R[[q¢ — 1]] = R[[q — 1]] restricting to the identity modulo (¢ —1).
This is a consequence of the infintesmal lifting property for (formally) étale maps
[Stacks, Tag 00UP]:

Z(lq — 1))[T7] D—> R[lq - 1]]
mi s l (mod (g-1))
R[lg — 1] R.

(mod (g—1))


https://stacks.math.columbia.edu/tag/00UP
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More formally, 0 : Z[T%] — R is étale, and étaleness is preserved under base
change, so O : Z[[q — 1]][T*] — R[[q — 1]] is étale and R[[g — 1]] — R is an in-
finitesmal thickening, so the desired lift exists rendering the entire diagram com-
mutative. Geometrically, (¢ — 1)-adic completion the automorphisms v; on (G,,)?
are infinitesmally close to the identity, hence lift uniquely along the framing map
(that is, the framing map on schemes O : Spec(R[[g — 1]]) — Z[[g — 1]][T*]). This
allows us to define (modified/logarithmic) g-derivatives and the notion of modules
with (modified /logarithmic) g-connection. This notion is illustrated in the following
equivalence of categories.

Lemma 3.5. There is an equivalence of categories
{étale Z[qiuzﬂ/(q—m} ~ {étale Z[zi]} .

algebras algebras

Proof. See [Stacks, Tag 039R]. [

Theorem 3.6 (Bhatt-Scholze, [BS22, §16]; Wagner, [Wag24, Thm. 1.5]). Let (R, )
be a smooth framed Z-algebra. The ¢-de Rham complex q-QZR 0)/Z{lg—1]] given by

a\d d
Rllq— 1) Y25 D Rlg -1 — .
=1

as an object of D(Z[[q — 1]]) is canonically independent of the choice of coordinates.

Such coordinate independence is somewhat easy to deduce in the case where R
is a Q-algebra.

Example 3.7 ([Schl7, Lem. 4.1];[BMS18, Lem. 12.4]). Consider the case of a
smooth framed Q-algebra (R,) where O : Spec(R) — G, 0. We can use Taylor’s
theorem to write

F(aT) = f(T) +log(q) (V5 f)(T) + %log(q)Q((ng)zf)(T) o

where log(g) = 3,50(—1)" 152 € Qllg - 1)] and VEf(T) = 5 f/(T). So
taking the difference of f(¢qT) and f(T), we find the operators Vq’log,ﬁq’bg are
given by

O O 2
vt — OB (s ) (1) 5 OB (V82 )() .

VI~ log(q) (V5 1)(T) + 5 og(@* (V02 1)(T) + ...

Using that V08 = log(q) V'8 we get
~ ~ 1 ~
Vq,log — vlog - vlog 2 o
+ 2( )"+

we get that Valog — exp(%log) + 1. In particular, for smooth framed Q-algebras, the
data of modified logarithmic g-connections are equivalent to modified logarithmic
connections up to a transformation, and allow us to interpolate between the two
structures.


https://stacks.math.columbia.edu/tag/039R
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Example @ yields the following more general result.
Proposition 3.8. Let (R, ) be a smooth framed Q-algebra. There is an symmetric

monoidal equivalence of categories

(g—1)-adically complete R[[¢g—1]] | ~, J (g—1)-adically complete R[[g—1]]
-modules with g-connection - -modules with connection ’

Moreover, these categories are independent of choice of coordinates on R[[q — 1]].

Proof Outline. The computation of Example @ in several variables (cf. [Schl7,
Lem. 4.1]) shows an equivalence of data between modified logarithmic g-connections
and modified logarithmic connections, and since we are working over Q and the
torus, these are the same as ordinary (g-)connections. Thus for a fixed (¢ — 1)-
adically complete R[[q — 1]]-module M with g-connection, there is a unique ordinary
connection with which it can be endowed, and conversely.

The latter statement follows from the observation that the latter category of
(¢ — 1)-adically complete R[[q — 1]]-modules with connection are visibly coordinate
independent. |

As in the case of (G,,)? in Proposition (i), we have in this case the following
result.

Corollary 3.9. Let (R,) be a framed Q-algebra and denote the category of (¢g—1)-
adically complete R[[g — 1]]-modules with g-connection by ¢-Modg,—1). The g¢-
de Rham complex q—QZR’D) /Q computes RHomy mod R[[q_l”(l, 1) and is canonically
independent of coordinates.

We seek to treat the case of modified g-connections expressing logarithmic con-
nections in terms of ordinary ones, but the case of modified g-connections is more
subtle as the convergence of the exponential becomes problematic.

To that end, we introduce the following notion.

Definition 3.10 (h-Connections). Let R be a Q-algebra. A h-connection over R[h]
is an R[h]-module M with a map V;: M — M ®p Q}%/Q satisfying (V)2 : M —
M ®pr Q%{/Q the zero map and

Var(fm) =h-V(f)-m+ f-Va(m).

Remark 3.11. Such constructions are known as A-connections in the literature and
appear in Hodge and twistor theory. Specialization at h = 1 recovers the ordinary
notion of a connection, while specialization at h = 0 gives a Higgs field (cf. [MT21,

§2.3]).
We would like to see an analogue of Proposition @

Proposition 3.12. Let (R,0) be a smooth framed Q-algebra. There is an sym-
metric monoidal equivalence of categories

(¢—1)-adically complete R[[g—1]]-modules - h-adically complete R[[h]]-modules
with modified g-connection s.t. Vg’}&g’s are top. nil. with h-connection s.t. Vs is top. nil.
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(M.(VIPL) —— (ML)

where h = (¢ — 1) and 6?}’}\? = exp(%ﬁ?ﬁ[) — 1. Moreover, these categories are
independent of choice of coordinates on R[[q — 1]] = R|[[h]].

Proof Outline. Observing that the topological nilpotence of the operators imply

convergence of the exponential, the proof outline of Proposition goes through
verbatim. The latter statement is immediate from the former as the latter category
is visibly independent of coordinates. |

Remark 3.13. The topological nilpotence condition is typically satisfied in practice.
Regardless, this is likely the best construction one can hope for — it is unlikely that
one can produce an equivalence on larger categories.

Once again, observing that the right hand side is coordinate independent, we get
coordinate independence for modules with modified g-connections.

Corollary 3.14. Let (R,0) be a framed Q-algebra and denote the category of
(¢ — 1)-adically complete R[[g — 1]]-modules with modified ¢g-connection where the

operators 6?7’]1\(/}% are topologically nilpotent by q—l\ﬁgd R[lq—1)]- The ¢g-Hodge complex
¢-Hdg(r o) /q given by
vyd d
Rllg— 1) 2= @D Rllg— 1] — ...
i=1

computes RHom 1,1) and is canonically independent of coordinates.

q‘ms/dR[[qfl]](

Remark 3.15. The operators are topologically nilpotent on the symmetric monoidal
unit as they are defined by mutliplying the ordinary operator by (¢ — 1). Moreover,
the Ext-terms classify extensions, which remain topologically nilpotent. Thus the
RHom(—, —) computation in this case remains unaffected by passage to the subcat-
egory where the operations are topologically nilpotent.

Deferring the discussion of coordinate independence integrally — which can be
done by similarly isolating subcategories of modules with convergence conditions on
their g-connections — we seek to understand the preceding constructions of modules
with (modified) g-connections not just in the (¢ — 1)-adically complete but more
generally in the Habiro case, namely at all roots of unity.

In the preceding discussion, (¢—1)-adic completion allowed us to leverage étaleness
of the map to produce a unique lift of the endomorphism on Z[q*|[T*] since ~; was
infinitesmally close to the identity after (¢ — 1)-adic completion. But noticing that
(p is p-adically close to 1, we can attempt a similar approach using (¢ — (p)-adic
completion.

Example 3.16. Let (R,0) be a framed Z-algebra with O : Spec(R) — G,,,. This
gives a map
ZIT*pllg — 1) — Rpllg — 1]
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which on specialization to ¢ = ¢, yields
Zp|Gp] <Ti> — R;/o\ [Cp]

where using that ¢, is close to 1 p-adically, 7 : Zp[(,[(TF) — Zp[QNTF) by T +— (T
lifts uniquely to an endomorphism g : R[(,] — R)[Cp]. However, R[Cy] — R)[Cp]
may not have image stable under g, for example, G,, \ {1} is not stable under
multiplication by (.

So as seen in the example above, we will require an alternative description. For
this, we produce an endomorphism of Rg [¢p] that does globalize to all of R using
the Frobenius.

Example 3.17. The Frobenius map ¢ : Z[T*] — Z[T*] by T + TP lifts uniquely
to Ry and reduces to the pth power map g/, : R/(p) = R/(p) modulo (p). Via
the Frobenius, we get an isomorphism

R) @gr+) ZTH/P] —F—— R)

TP | T

since after p-completion RI/)\ is finite free over itself — RIC contains itself as a subring
where “only p-powers are allowed.”

Example 3.18. Building on Example , we similarly have an isomorphism

R ®gpr+) ZIG)[THYP) ———— RG]

TP y T
where the automorphism yga(,) : R)[C] = Rp[Gp] by T = (T lifts to the au-
tomorphism idgy ® [TVP s (,TVP] on R} ®yzir+) Z[Gp) [T+/P]. Observe that
since T € R} @gpr+) Z[(p][TEY?] is sent to TP € R)[(), it is fixed by VRA[G,) @S
YRy [¢p) (T7) = (GT)P = TP. Evidently we have an inclusion into the p-completion
R @gpr+) ZIGIT7) = RY @gprs) ZIG]T7]

but since Yga(c,] is given by the identity on the R} factor, it is stable under the
p 5P P
automorphism, resolving the issue posed at the end of Example .

This motivates the following definiton.
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Definition 3.19 (Root of Unity Algebra). Let (R, ) be a smooth framed Z-algebra
and m > 1. Define the mth root of unity algebra R("™ to be the étale Z[(,,, TF]-
algebra

R™ = R @gppa) Z[Gm) [T

where Z[Cm,li]—algebra structure on R is by T} — Til/ " and equipped with the
automorphism %(m) =idr ® [T; — (T3] lifting T; — (T} on Z[Cm,zi].

This gives a well-defined construction.

Example 3.20. Let X = G, \ {1} = Spec(Z[T*, :1+]). The associated root of
unity algebra R(™) is given by Z[Cn][TF, | and the Zariski spectrum is visibly
stable under T+ (,,T'.

By unique deformations of étale algebras, the construction of Definition
extends from the specialization at ¢ = (,, to ®,,(¢)-adic completion, where ®,,(q)
is the mth cyclotomic polynomial. More formally:

Definition 3.21 (Completed Root of Unity Algebra). Let (R,) be a smooth
framed Z-algebra and m > 1. Define the completed mth root of unity algebra R,,
to be the formally étale Z[qi][zi]gm(q)—algebra (R(™) [qi])gm(q) and equipped with

the automorphism ~; g, : Ry, — Ry, lifting ~; : Z[qi][zi]gm(q) — Z[qi][zi]gm(q).

Remark 3.22. The lifting diagram is given by

oy,
ZIg) L)) — 3 Bm

(mod @1 (q))

Having produced these étale algebras R,, and their endomorphisms ; g,, for each
root of unity (,,, we can similarly define derivatives and modules with (modified)
connections over these rings. A priori, these give distinct constructions for each
m > 0, but we can seek to combine them using a “Habiro ring”-like construction
in a by gluing where roots of unity meet in positive characteristic. In particular,
Cpm = Gm in characteristic p, so the Frobenius gives an isomorphism

(3.1) RO™ /(p) = R/(9) @ 1) Fp [Com TEV/P™ | ———> R/(0) @ 1) Fp [Cm TV ™] 2 RO /()

T1/pm | T1/m

Moreover, these constructions deform uniquely over the ®,,(q)-adic completions
allowing us to define the Habiro ring of a framing and repeat the process to define
categories of modules with (modified) g-connections over the Habiro ring of a framing
H (g0 which is an algebra over the Habiro ring of the torus HZ[Zi], where we have
defined the latter to be as follows.

The notation here is
that of the author,
not of the instructor.

Once again, author’s
notation.
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Definition 3.23 (Habiro Ring of (G,,)?). The Habiro ring of (G,,)? is given by
the completion Hypp+) = limpen Z[qi][zi]gn(q) where ®,,(¢q) is the nth cyclotomic
polynomial.
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4. LECTURE 4 — 23RD MAY 2025

Using the gluing procedure of (@) allows us to correct for the overspecification
of prescribing a local algebra R(™) for each positive integer m in characteristic p
— that is, gluing R R(™) where my is coprime to p and m = mop® m’ = mop®
using the Frobenius.

More generally, we can define the Habiro ring of a smooth framed Z-algebra (R, )
by passing to the limit of the rings R, where there are surjective transition maps
Rym — Ry, given by the (necessarily unique) lift of the isomorphism (@) along the
(necessarily unique) deformation of étale algebras R™ to R,,.

Definition 4.1 (Habiro Ring of Framed Algebra). Let (R, ) be a smooth framed
Z-algebra. The Habiro ring H (g ) is given by the limit
/H(R7D) = 711%?\] Rn
where R, is the completed root of unity algebra of Definition .
Analogously, we can define g-connections.

Definition 4.2 (¢g-Connections over Habiro Ring). Let (R,J) be a smooth framed
Z-algebra and H gy its Habiro ring. A module with modified g-connection over
H(ro) is a H(gp)-module M with commuting ~;-semilinear maps v; pr : M — M.

Proposition 4.3. Let (R,) be a smooth framed Z-algebra. The Habiro ring
H(r,oy of (R,0) is given by

m . VmeN, Vp prime
(41)  Hrp) = {(fm)m>1 e [T r™lla—¢mll: ¢p<f,,m>=fme<R<"">>;[[q—cmne(R@'"bg[[q—cmn}
m>1

where ¢, lifts the Frobenius on R(™) /(p) by raising each variable to the p-th power
and fixes ¢ and (.

Remark 4.4. There is an obvious map from the Habiro ring of the torus Defini-
tion @ Hyrs) = H(ro) endowing the Habiro ring of (R, ) with the structure of
a(n étale) Hy - -algebra.

Let us consider some explicit elements of the Habiro ring.

Example 4.5. Let R = Z[T,..., Ty, ﬁ] with framing O : Z[Ty, ..., Ty —
R. The element
S ] b T e zigm)
K1,k >0 1
is an element of the Habiro ring H (g ) where

[k1+-~~+kd} _ O
k1 ... kq q (q; Q)k’l RN (q; Q)kd

kllj "';rkd). More generally, explicit elements
1.--kq
of the Habiro ring can be constructed by considering ¢-deformations of rational

functions (vis. Example and surrounding discussion).

is the g-deformation of the multinomial (

The lecture
tained a  fairly
substantive  sketch
of the proof Exam-
ple @, which the
author has defered
to  Appendix

for continuity of
exposition.

con-
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Returning to a discussion of Habiro cohomology of a smooth Z-algebra with
framing O : Spec(R) — (G,,)%, we recall that there are lifts of the automor-
phism ~; to H g m): more explicitly, for a section (fim)m>0, the action v; acts by

(fm)m>1 — (’y(m) (fm))m>1 where %(m) is the automorphism given in Definition .
This produces a Z%action on H(r,0), and we can define Habiro-Hodge cohomology
to be the group cohomology of the action of Z¢ on H(r,0)-

Definition 4.6 (¢-Habiro-Hodge Cohomology). Let (R,d) be a smooth framed Z-

algebra. The g-Habiro-Hodge cohomology is the cohomology of the g-Habiro-Hodge
complex ¢-Hdg p ) given by

._1)d d ._1)d
(4.2) Hinoy 2= D Hpo) 2= D Hpn) — -
i=1 i<j
For this to be functorial, we would expect this to be coordinate independent, at
least at the level of derived categories. As a first step, we study the cohomology of
the complex modulo (1 — ¢™) — that is, at specalizations to roots of unity.
If m =1, then H(p)/(1 — ¢q) = R and all differentials are zero, so

(4.3) H' (CJ-Hdg(R,D)/(l - CI)) ~ po() = Qr/z
and is therefore independent of coordinates since the middle term is so.

Remark 4.7. While a priori we only have a isomorphism to a free module of a
certain rank, there is additonal structure that allows us to identify this with the
module of Kéhler differentials: the Bockstein map associated to the triangle

X (1—q)
g-Hdgr,oy/(1 —q) R q-Hdg(r,0)/(1 — 9)° — ¢-Hdg g,y /(1 — q) — (‘I'Hdg(R,D)/(l - Q)> (1]

inducing
H' (¢-Hdg(roy/(1 — @) — H* (¢-Hdg(p)/(1-0))

which gives a derivation
HY (- Hg(s0)/ (1~ 0)) — H' (a-Hdg(ry/(1 - a))

and hence an isomorphism H' (q—Hdg(RE)/(l - q)) — Q}%/Z. In addition, the ring
structure on cohomology induces the structure of a commutative differential graded
algebra on H*® (q—Hdg(RD) /(1— q)) and this structure is in fact independent of
coordinates on the nose and not just up to quasi-isomorphism.

For general m, H*® <q—Hdg(R7D)/(1 — qm)) has the strucuture of a commutative
differential graded algebra that is coordinate independent.

Theorem 4.8 (Wagner; [Wag22, Prop. 5.7]). Let R be a smooth framed Z-algebra.
There is a canonical surjection

Win(R)la)/(1 = ¢™)* — H° (¢-Hdg(rry/(1 - g™))
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inducing

Qw,.(mlgl/a—qm) — H* (q-Hdg(R,m/ (1- Q))
which is coordinate independent, degreewise surjective, and with kernel independent
of coordinates.

Proof Outline. For every commutative differential graded algebra B receiving a map
from a commutative ring A in Oth cohomology, there is an induced map from the
initial commutative differential graded algebra generated by A to B — the latter
being the de Rham complex. |

This produces a description of H* (q—?—[dg( roy/(1— q)) that is visibly indepen-
dent of coordinates, being the quotient of coordinate-independent objects.

In fact we can do better. For any R, there is a notion of ¢-Witt vectors ¢-W,,,(R)
and g-de Rham-Witt complexes ¢-W,,2r which is a commutative differential graded
algebra with first term given by the ¢-Witt vectors ¢-W,,(R) isomorphic to the

complex H*® <q—7—[dg( roy/ (1 — qm)> as a commutative differential graded algebra.
Theorem 4.9 (Wagner; [Wag22, Thm. 5.7]). Let R be a smooth framed Z-algebra.
There is an isomorphism

4 Wk — H* (¢-Hdg(p)/(1 - ™)
where ¢-W;,Q% is the g-de Rham-Witt complex.

Remark 4.10. This is related to the classical construction of the de Rham-Witt
complex, though the sense in which the preceding constructions are g-deformations
are quite subtle.

Remark 4.11. One can often reduce to the case of computing on the torus, since
many of the constructions “commute with étale maps” in the sense that they are
preserved under étale base change.

Based on this, one might hope that these complexes are independent of coordi-
nates.

Example 4.12. Let R = Z[T*]. The ¢-Habiro-Hodge complex is given by
~1
ZQTH)/(1 = ¢™) = Z[g[T]/(1 = ¢™)

by T* — (¢* — 1)T*. We can compute the kernel of this map — the Oth cohomology
— by noting that the map preserves the degree of T, we can compute the kernel in
each degree to see that it is given by

il
geeatrm) —1 7l ko ( cd(k,m) k
| T" = Z[q)/ (1 — ¢&“Y"™)Z]q ) T,
® (o) ™= 2l
We similarly compute first cohomology to see it is also given by

P (2lal/ (1 - =)z [g]) T

kEZ
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Indeed, when m = p is prime, the Oth cohomology is a subring of Z[q][TF]/(1 — ¢?)
(hence a subring of Z[T*] x Z[(,][T*P] C Z[T*] x Z[(,)[T*]) and is generated by TP
and [p],T" for 1 <i <p— 1.

The computations of Example is suggestive of a connection to Witt vectors
since the cohomology lies in the product of rings Z[T*] x Z[(,][T*P]. Recall that for a
p-torsion free ring R, the p-th Witt vectors W),(R) consists of elements (zg, z1,...)
has ghost maps ghy,gh, : W),(R) — R by (zo,71,...) = zo and (z9,21,...) =
zh + px1, respectively. The image of (gh;, gh,) : W,(R) — R x R consists precisely
of those pairs (z,y) € R x R where y = 2P (mod p).

Proposition 4.13 (Wagner). Let R = Z[T™] with the identity framing and ¢-Hdg(r )
its g-Habiro-Hodge complex. There is a canonical embedding

Wy(R) = H (¢-Hdg(nr)/(1 - ¢"))
rendering the diagram

wp(zo) + [plgz1

HO (g-Hdg(p,0)/(1 = 47)) —— Z[T*] X ZIG,][T*7]

] l

Wa(R) (ghy,ghy,) RxR

(zo,21) ! (w0, xf + px1)

commutative.

Remark 4.14. On the ¢-Habiro-Hodge cohomologies, we can relate the different
specializations by Frobenii and Verschiebungen

. Fy,
H' (¢-Hdg(roy/(1 - ™)) == H' (¢-Hdg(poy/(1 - a™)).
kaxll%
More generally, we have the following.

Proposition 4.15. Let R be a flat Z-algebra. There is a commutative diagram

) Hd|m R

/ \[ \[(R)d_)(RKm/d])m/d

Won(R)al/(1 = ") ———> ¢-Win(R) s Ty RIG

where the Frobenii and Verschiebungen are defined on ¢-W,,(R).

(ghd)d\m

Remark 4.16. On the right, the map takes the dth factor of the product Hd‘m R
to the ‘th factor of the product ], R[Cd-

Remark 4.17. There are no restriction maps on the ¢-Witt vectors ¢-W,,(R).
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This shows that on the level of cohomology, the ¢-Habiro-Hodge complex is co-
ordinate independent after specialization. However, due to a theorem of Wagner,
this is the best we can do: there is no way to make the ¢-Habiro-Hodge complex
itself coordinate independent in the derived category in such a way that remains
coordinate independent on specialization.
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5. LECTURE 5 — 30TH MAY 2025

Recall from Definition @ that the ¢g-Habiro-Hodge cohomology is defined to be
the cohomology of the g-Habiro-Hodge complex ¢-Hdg(r ) of (@3’, or equivalently,

the group cohomology of Z? on the Z[Z%-module H(r,m)- More explicitly, for each
m > 1 we have the commutative differential graded algebra

(5.1) (H' (Q‘Hdg(R,D)/(l - qm)) ;% (1= qm))

with the Bockstein operator of multiplication by (1 — ¢™) as in Remark @
Let us consider the case of rational coeflicients as an example.

Example 5.1. Note that Q[¢*]/(1 — ¢™) = [T4m Q(Ca) by @ = (Ca)apy- After base
change to QQ, we the commutative differential graded algebra of (ﬁ) splits as a
product of commutative differential graded algebras. A factor of this product is

H* (Q-Hdg(R,D) Rz[q*] Q(Cd))
where by construction we have that
(5.2) ¢-Hdg(r 0y zig+] Q(Ca) = R @yt Q(Ca)[T7]

where the Z[T*]-algebra structure on Q((y)[T*] is by T; + T and the operators
are given by idr ® [T; — (4T;] (cf. Definition @; Recalling that Oth group
cohomology recovers invariants, we observe that the invariants under this action
consists of consists of polynomials with dth roots, and the action does not extract
additional roots of the coordinates giving a canonical isomorphism

H° <Q-7'ldg(R,D) ®z[g*] @(Cd)> = R ®z Q(Ca)-

Having explicitly determined H°, the universal property (cf. Proof of Theorem @)
implies that there is a morphism of commutative differential graded algebras

Qreseicyz — H° (Q'Hdgm,u) ®zlg] @(Cd)> :
This map can be shown to be an isomorphism.
Proposition 5.2. Let (R,0) be a smooth framed Z-algebra and fix m > 0. For
each d|m, there is an isomorphism of commutative differential graded algebras
Qresacnsz — H° (q'Hdg(R,m ®zlg+) @(Cd)) :

Proof Outline. Using the identification of (@) above, we note that the action by
the commuting operators is trivial. So both modules are in each degree free of the
same rank and are isomorphic in degree 0. This produces morphisms in all higher
degrees, which can be shown to be isomorphisms. [

In other words, rationally, ¢-Habiro-Hodge cohomology at a fixed root of unity m
is entirely determined by the algebraic de Rham cohomology at each of its factors.



HABIRO COHOMOLOGY - BONN, SUMMER 2025 27

Proposition 5.3. Let (R,0) be a smooth framed Z-algebra and fix m > 0. Each
H'(q-Hdg gy /(1 — ¢q™)) is Z-torsion free and there exists an injection

; m —®zQ i
(5.3) H (q—%dg(R,m/ (1-gq )) > [ Qhsaca 2z

The proof is fairly elementary, albeit computational, and hence omitted. More-
over, the target is manifestly canonically independent of coordinates, and we can
show that H i(q—’Hdg( r0y/(1 —¢™)) is independent of coordinates by showing its
image is so.

Theorem 5.4 (Wagner). Let (R,) be a smooth framed Z-algebra and fix m > 0.
The image of the map (p.3)

; m -®zQ i
H' (g-Hdg )/ (1= ™)) = Tl Ynosaicaz-

is given by the degree i piece of the g-de Rham-Witt complex q—WmQ% /z and hence
independent of coordinates.

Proof Outline. Recall that the g-de Rham-Witt complex ¢-W,,(25, Iz of Proposi-
tion is a commutative differential graded algebra whose degree zero piece is
the ¢-Witt vectors ¢-W,,,(R). By a universal property argument, there is a surjec-
tion

Q;—Wm(R)/Z —» H°* (C_I‘Hdg(R,D)/(l - qm)>

which factors over the ¢-de Rham-Witt complex. By explicitly identifying the re-
lations of the surjection Q;-Wm(R)/Z —» q—Wka/Z, the relations on Q;-Wy (R)/z CAN

be seen to coincide with the relations of the image of (@) in Hd|m QE@ZQ(Cd) Iz
producing the desired isomorphism

Q;-Wm(R)/Z » H* <Q'Hdg(R,D)/(1 - qm)>

~,

Q‘WmQ;g/Z

Remark 5.5. Note that the g-de Rham-Witt complex ¢-W;,{2% is distinct from the
intial free commutative differential graded algebra over the ¢-Witt vectors ¢-W,, (R),
the (ordinary) de Rham complex of the ¢-Witt vectors Q;_Wm (R)"

Remark 5.6. The ¢-Witt vectors are not g-analogues of the Witt vectors, in the
sense that specialization at ¢ = 1 does not recover the ordinary construction. Re-
gardless, these are closely related constructions as exhibited in Proposition .

While the preceding constructions show the richness of specializations of ¢-Habiro-
Hodge cohomology at roots of unity, we show that this construction does not glob-
alize. In particular, we show (an variant of) Wagner’s theorem [Wag24, Thm. 5.1]:
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a no-go result showing that the framing is a necessary part of the definition of the
g-Habiro-Hodge complex.

Theorem 5.7 (Wagner; [Wag24, Thm. 5.1]). There is no functor from smooth
Z-algebras to the commutative algebra objects of the derived co-category D(Z[q*])

Algy" ———— CAlg(D(Z[¢*])) ; R ———— ¢-Hdgg

such that the following hold:

(i) For all étale framings O : Z[T*] — R there is an isomorphism of D(Z[g*])
commutative algebras ¢-Hdgp ~ (’H(R,D))hzd.

(ii) The isomorphism of (i) induces an isomorphism H° (¢-Hdgp ®z[q*] Q(¢a))

R ®7 Q(¢q)-

Remark 5.8. In the statement of the theorem, the commutative algebra object
g-Hdgp is not the ¢g-Habiro-Hodge complex ¢-Hdg g ) of Definition which de-
pends on the framing O : Z[T*] — R.

>~

Remark 5.9. It is likely that the theorem holds true without condition (ii), but it
may be possible to write down for any R some arbitrarily complicated framing [ :
Z|T*] — R and some arbitrarily complicated isomorphism q-Hdgp ~ (H; RE))th
for algebras in sufficiently many variables. Condition (ii) prescribes the additional
data needed to avoid the situation of the preceding discussion by requiring that the
putative object ¢-Hdgp at least has degree 0 cohomology that agrees with what we
have constructed thus far.

Remark 5.10. The statement of Theorem @ differs from [Wag24, Thm. 5.1] in
several ways: Wagner works only with specializations modulo (1 — ¢") in terms of
g-de Rham Witt forms, but is also able to conduct the proof using only the module
structure.

The proof of Theorem @ will require significant oo—categoricl machinery, in
particular the language of animation, which we recall in Appendix B. For the proof,
we will require some results about the cotangent complex.

Lemma 5.11. Let R be a perfect Fj-algebra. Then Lg/r, = 0.

Proof. Since R is perfect, we compute that for any x € R,
de = dz? = pzP~1dz = 0.

Moreover, the Frobenius map gives an isomorphism Q}Q /F, Q}Q /F which is zero
P P

by the computation above. The animation of the Frobenius map Lz, — Lg/F,

remains an isomorphism, and is zero since the animation of the zero functor is zero.

In particular, the zero map gives an isomorphism Lp/p, = Lg/r,, showing that
Lrsr, = 0. |

Note that this only gives vanishing of the cotangent complex over F,. However,
in the case of Z-algebras, we can show the following.
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Lemma 5.12. Let R be a flat Z-algebra such that R/(p) is a perfect F,-algebra.
Then for ¢-Hdgp as in Theorem @, (¢-Hdgr/"(p,1—q)) = R/(p)[0].

Proof. Observe that ¢-Hdgpr/(1 — ¢) has a canonical exhaustive filtration by

7= (¢-Hdgr/(1 — q))

with ith associated graded Q% /Z[—i] as in (@) So animating the functor R
g-Hdgr/(p,1 — q) we observe that (¢-Hdgr/“(p,1—q)) has an exhaustive filtra-

i

tion with associated gradeds (L’R/Z/L(p))[—i], but we have LR/Z/L (p) = LéR/L(p))/Fp

which vanishes for all strictly positive ¢ by the factorization of the functor I[f(f JL(p))/F
p
as

Ani (/\(—>> o Ani (9 )/m,)
and we just observe that in degree 0 we simply recover the quotient R/(p). |

Corollary 5.13. Let R be a flat Z-algebra such that R/(p) is a perfect F,-algebra.
Then for ¢g-Hdgp as in Theorem p.7,

(¢-Hdgp/ (1~ ) = (R)[0].

N

Further, (q—Hng/L(l - Q))(pvq_l) = (Rl[[q — 1]])[0].

Proof. The p-adic completion (q—’Hdg /(1 — q))g is the unique lift of the quotient

(q—?—[dg r/F (0.1 — q)) to characteristic zero, and the unique lift of R/(p)[0] computed
in Lemma p.19 is precisely (R))[0]. [ |

Proposition 5.14. Let R be a flat Z-algebra such that R/(p) is a perfect F-algebra.
If S = R/(f) for some f € R a non-zerodivisor, then (¢-Hdgg/"(1 — q))aoq_l) is
concentrated in degree 0 and flat over Z,[[q — 1]].

Proof. We have (]LS/Z)]/D\ ~ Lg/r =~ S[1], the latter isomorphism by R — S being
a regular closed immersion. Thus the g-Habiro-Hodge complex has after (p,q — 1)-

adic completion the desired properties by animating the ¢-Habiro-Hodge complex
modulo (¢ — 1). [

We now proceed with the proof of Theorem @

Proof Outline of Theorem @ Pick R admitting some étale framing O : Z[T*] — R
and consider (R,J) as a smooth framed Z-algebra. By (i), there exists an isomor-
phism

(5.4) H® (q-Hdg /(1 — ¢™) = (H(noy/(1 - ¢™)"" .
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Thus HY (¢-Hdgp/(1 — ¢™)) is Z-torsion free, as the right hand side — which by un-
winding the definitions is H° (q—Hdg( roy/(1— qm)) — is Z-torsion free by Proposi-

tion @ so there is an embedding into Hd|m HO (q—?—[ng Qz¢#] Q(Cd)) by rational-
ization inducing the diagram

HO (¢-Hdg /(1 — ™)) 28 T] g H (¢-Hdgp ©21) Q(C))

l? (ii)

[ B ©2 Q(Ca)

with the isomorphism on the right by assumption (ii) of the theorem. The image
of the map H° (¢-Hdgr/(1 —q™)) — [ L4 B ®z Q(Ca) is necessarily the ¢-Witt
vectors ¢-W,,(R) after using the identification of (p.4) and applying Theorem @
This shows

H° (¢-Hdgr/(1 — ™)) = ¢-Wn(R)

and is further compatible with specializations at (4 for d dividing m. The universal
property then induces a surjective map of commutative differential graded algebras

Oy iy —————> (H* (¢Hdgp/(1 = q™)) . x (1 — q™))

which is surjective, inducing an isomorphism q—WmQ% 1z = HY (¢-Hdgg/(1 —q™))
after a choice of framing — note that after taking the quotient by (1 — ¢"*), the
we have H' (¢-Hdgp/(1 — ¢™)) = H* (q—?—[dg(Rﬂ)/(l — qm)> = q—WmQ’E/Z, the first
isomorphism by the framing-independence at specializations result of Theorem @
and the second as discussed in the proof of Theorem [b.4.

We show the failure at the trivial root of unity, and other roots of unity can be

treated by a a similar argument using a Frobenius twist of the element. By Corol-
lary ﬂ and uniqueness of deformations of étale algebras, we have an isomorphism

(Rpllg — 11]) [0] = (¢-HdgR)(p1 g

giving us an explicit description of ¢-Hdgp after (p,q — 1)-adic completion. To
get a contradiction, let R = Z,(t'/?™)/(t — p) and we have (Lgryz), = R[1]. So
(L%/Z)I/J\ = R[i] so (q—Hng)(ApJ_q) is R concentrated in degree 0. In particular,

there must exist a map
A

(q_HngP<t1/poo>)(p,q—l) — (q_/Hng)a;,l—q)

by functoriality. The source is given by (Z,(t'/?)[[¢ — 1]]) [0] by the above, and
(¢-Hdg R)?p,l— g) 18 given by adjoining g-divided powers of (¢ — p) to the source. The

element ¢ — p in the source must map to the unique element of the form ;:—? as the
source is (¢ — 1)-torsion free.
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Similarly, at other roots of unity, ¢ — p in the source maps to the unique element
ep(t—p)—[Pl¢0p(t—p)
1—qP
Witt complex. From here, we can observe that (¢ — p) is a unit vanishing in R/(p)
so R = 0 by applying the derived Nakayama lemma, a contradiction. |

where here we have used the §-ring structure on the ¢-de Rham-
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6. LECTURE 6 — 20TH JUNE 2025

Despite Wagner’s negative result in Theorem @, things can still be made to work
in certain situations. The general idea around these positive results is that things
work after inverting small primes. The following is the subject of work in progress
by Wagner.

Conjecture 6.1 (Wagner). There exists a symmetric monoidal functor

{smooth Z-algebras R s.t.

1 cR,d=dim(R) } — D(H)

by R +— g-Hdgp such that the following hold:

(i) For all étale framings (0 : Z[T*] — R there is an isomorphism of D(H)
commutative algebras ¢-Hdgp ~ (H(R,D))hzd.

(i) The isomorphism of (i) induces an isomorphism H® (¢-Hdgg ®z,+] Q(C4))
R ®7,Q(Ca)-

Remark 6.2. Note that the symmetric monoidal structure on the category of
smooth algebras in Conjecture Ej above is not the naive one — one has to invert
the factorial of the dimension of R ®z R’ for R, R’ in this category. Being a com-
mutative algebra object in the higher categorical sense also imposes some additional
constraints.

[ad

Another perspective yielding positive results is the relation between g-de Rham
cohomology and topological Hochschild homology relative to the complex K-theory
spectrum KU. We recall here the definition.

Definition 6.3 (Topological Hochschild Homology). Let R be an E;-ring. Then
THH(R) - R ®R®SROpp R

This extends the relationship between prismatic cohomology and topological
Hochschild homology. In particular Devalapurkar and Raksit has observed that
relative to KU these g-deformations appear naturally.

Conjecture 6.4. There is an equivalence of cyclotomic E., rings
soku'“? o~ THH(Z,[(,] /S[a))p-
This was shown in Devalapurkar’s thesis.

Theorem 6.5 (Devalapurkar; [Dev25, Thm. 6.4.1 (a)]). Let p > 2 and Z,[(p] an
S[[¢"/? — 1]]-algebra by ¢'/? + (,. There is an S' x Z, -equivariant equivalence of
cyclotomic Eo-S[[g — 1]]-algebras

kuj ™ = THH(Z,[¢,]/S[[g"/” — 1])).

This connects the seemingly disparate objects of the complex K-theory spectrum
with topological Hochschild homology and prismatic cohomology.
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The construction here proceeds as follows. For a smooth Z-algebra R admit-
ting a flat lift kug to ku, then 7, THH(kug/ku)"S" is extremely closeley related to
(¢-Hdg R)g\qfl)‘ But THH has genuine equivariance, so we can consider

(THH (kup/ku)Cr) "/

where (—)Cm are the genuine fixed points whose homotopy groups are closely related
to (¢-Hdg R)E\qm_l). If R was further étale, there would be a unique such flat lift
which recovers the Habiro ring of R. To wit, the Habiro completion at all roots of
unity is closely related to genuine equivariance under finite subgroups of S* that is
a recurring theme in the discussion of topological Hochschild homology. This gives
a conceptual origin for ¢-Hodge cohomology. This discussion, however, still depends
on the existence of the lift to ku which can be awkward to work with.

Example 6.6. Framed algebras have a preferred lift.

Example 6.7. Lifts as an [E;-algebra are unique up to unique homotopy after
inverting small primes.

One can also leverage the machinery of refined topological Hochschild homol-
ogy and its varia following Efimov and as discussed in the work of Meyer-Wagner
[MW24]. This produces a version of Habiro cohomology where a prime being a unit
over the ring need not imply that it is a unit in Habiro cohomology such as in the
construction of Conjecture where if R had some prime p inverted, p would also
be inverted in ¢-Hdgp, and where ¢-Hdgp can be nontrivial modulo p.

Remark 6.8. This phenomena of non-inversion of primes also occurs in the ana-
lytic variant of prismatic cohomology where for a rigid space over @, the prismatic
cohomology can still contain p-torsion information.

Remark 6.9. In the language of the previous semester’s course on the Habiro ring
of a number field, we did not produce p-adic congruences over the primes dividing
the discriminant of the number field. But this construction using refined localizing
invariants hopefully will allow us to understand the behavior of the Habiro ring at
these bad primes and bad roots of unity.

While these are approaches that have borne fruit in the past, we will not discuss
them in the remainder of this course.

Recall from Lecture [ll that the goal is to produce for any separated finite type
scheme X over the integers a category Dyap(X) of coefficients for Habiro cohomol-

ogy.

Example 6.10. Recall the discussion from Figure E] of cohomology theories and
their coefficients:

e The coefficients for Betti (ie. singular) cohomology are the Betti sheaves.
e The coefficients for de Rham cohomology are D-modules.
e The coefficients for étale cohomology are the constructible étale sheaves.

The instructor
remarks that it is
these connections
with homotopy
theory that rein-

vigorated his hope
for the existence of
Habiro cohomology.

The instructor de-
scribes the approach
using refined topo-
logical ~ Hochschild
homology as “more
fancy.”
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We will embark on a more geometric approach. Bhatt’s principle of transmuta-
tion [Bha22, Rmk. 2.3.8] — a program first initiated by Simpson — suggests that
there is a functor SchSZft — AnStky that preserves finite limits and colimits along
gluing diagrams taking a separated finite type Z-scheme to an analytic stack over
the Habiro ring H such that Dyap(X) ~ Dqcon(XH2P) — that is, the category of
coefficients for Habiro cohomology is equivalent to the derived oco-category of quasi-
coherent sheaves on the putative Habiro stack XH2®. This is already substantiated
by known cases.

Example 6.11. Continuing Example , we have the following transmutation
constructions:
o Betti sheaves arise as the quasicoherent sheaves on the Betti stack.

e D-modules arise as the quasicoherent sheaves on the de Rham stack.

Recall now that we have already determined GH2P to be
DHab(Gm) ~ DQcon (Ggfb) = {modified g-connections on G, 3 }

in Example . These are just quasicoherent sheaves on G, 7/ q”% as the modified ¢-
connections merely prescribe the descent datum to the quotient by the multiplicative
action of ¢Z. The upshot of this approach is that it suffices to deterimine (A%)Hab as
a ring stack since all separated finite type Z-schemes are built out of A% from finite
limits and gluing (in a sense we make more precise below). This is the content of
the following proposition.

Proposition 6.12. Let F : Schi® — € be a functor such that

(1) F commutes with finite limits.
(2) F commutes with colimits along diagrams which are frames of spectral spaces
with transition maps open immersions.

Then the value of F' on any object is determined completely by F' (A%).
Proof. Note that any separated finite type scheme is spectral and by (2) we have
F(X)= F(colimgpec(rycx Spec(R)) ~ colimspec(R)ng(Spec(R))

so it suffices to deterimine F(Spec(R)). Since X is finite type, R is of the form
Z[Ty, ..., ]/ (f1,- .-, fr). Now we observe F'(Spec(R)) = F(Spec(Z)) x p(ay) F'(A7)
by (2) as Spec(Z[Th,...,Tn])/(f1,..., fr)) is the fibered product (ie. limit) of the
diagram

SpeC(Z[Th .. '7T7L]/(f17 SRR fr)) BE— A%

(6.1) l l

Spec(Z) Al
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opposite to the coCartesian square in algebras
Z[Th...,Tn]/(fl,...,fT) — Z[Tl,... ,Tn]

7 — ZITy,. .., )]

and observing that each A7 is the iterated fibered product of Aé’s the assertion
follows. |

Remark 6.13. Consdiering the affine case for simplicity, if X = Spec(R) we would
have after passage of (@) through F(—) = (—)"2P a Cartesian square

Spec(R)M® s (A7)H®

| |

Spec(Z)H® ————— (Ap)™®

but the map (A%)Hab — (A7)H2P is determined by the “Habiroization” of the left
vertical map on affine space of (p.1)), or equivalently of the map of algebras T; — f;
of (6.2). Thus, we need to understand addition and multiplication of (A%)Hab (in
particular (AL)HaP). That is, to understand (A})H3P as a ring stack.

We already understand what G!H2P should be — X. And we can build (AL)"2P from
GHab by observing that we have a coCartesian diagram

(G \ {1 ———— G

! |

(A \ {1 ———— (AP

and that we have an isomorphism (A} \ {1})H2P = GHab by the coordinate transfor-
mation z — 1 — x. The crux, then, is to define the map z — 1 —x (cf. the marginal
note of Remark @) In other words, to define a map (G, \ {1})H2® — GHab which
is “(z — 1 — 2)H3®” and addition can be completely built off this one map. Once
we have this map we can perform the gluing. Moreover, defining the multiplication
is easy as we know GH3® not only as a stack but as a group stack. The explicit
construction of this map via g-series will be the subject of the subsequent lectures.

Remark 6.14. Bhatt-Lurie [BL22] and Drinfeld [Dri20] undertake a similar ap-
proach for prismatic cohomology defining (A%p)A which is somewhat easy to under-
stand as a stack and where the multiplication operation comes readily, but where
the construction of addition is also fairly involved.
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7. LECTURE 7 — 4TH JuLy 2025

We continue our discussion of the construction of the analytic Habiro ring #H2"
and the functor (—)H2b : Sché® — AnStackyan from schemes separated and of finite
type over the integers to analytic stacks over the Habiro ring which commutes with
finite limits and gluing and such that the functor X + Dqcon(XHP) is a six-functor
formalism. It turns out that one can extend the functor (=)™ from Scht to
Berkovich spaces of finite type over Z.

At least in the case of schemes, the functor (—)"® by X s XHab is fully deter-
mined by (A})H3P as a ring object in stacks. In the setting of Berkovich spaces, we
need to supply additional structure.

For this, recall that the Berkovich affine line A%’Berk admits a norm map |T'| to
[0,00) taking a point | - |, in A%’Berk to its value |T'|; on the coordinate 7. Open
discs in the Berkovich affine line Aé’Berk are of the form D, (0)°, the preimage of
[0,7) € [0,00) under the map |T'|. Similarly, the closed disc D,(0) = (.., D;(0)°
is the intersection of all strictly larger open discs is the preimage of [0, 7] C [0, 00)
under |T'|. This definition of closed discs captures its overconvergent nature, where a
convergent function on the closed disc converges already in a slightly larger open disc.
In particular, covers of the half-interval pull back to covers of the Berkovich affine
line by discs. Under the functor (—)"2P, we would expect a similar correspondence
on coverings. For this to make sense, we will require a notion of normed ring stacks:
there is a norm map N : (A%’Berk)Hab — [0, 00)Betti satisfying the usual axioms of
a non-Archimedean norm where [0, 00)geyti is the analytic Betti stack associated to
the topological space [0,00). In particular, the value of the (—)"2P-functor will be

Hab
determined on Berkovich spaces by (A%’Berk as a normed ring stack.

Ongoing work of Aoki provides an (oo, 2)-categorical realizations of Berkovich
motives are equivalent to normed ring stacks with certain properties.

Remark 7.1. We should be careful to distinguish between the existence of a norm
on an analytic ring and a norm on a ring stack over an analytic ring. These are
related in the sense that a norm on an analytic ring is precisely the norm on the
affine line over it as a ring stack.

With this language in hand, we can restate our desideratum as finding a normed
ring stack_(AL)H3b over an analytic ring H2" such that (G,,)"" is G, 3 /g% as in
Example . The composition

b N
Gmpan — Gryagan /qF =2 (Gpy)™2P 55 [0, 00) Betti

exhibits Gy, 3an as a normed analytic stack. This constructs a norm on nonzero
elements of H®" and by conventions on norms, a norm on the analytic ring H3" in
the sense that the map AnSpec(H?"[T]) = A}.. — [0, 00]geri satisfies the expected
properties and where the preimage of [0, 00)gett is A;ﬁ? the analytic affine line over
the analytic Habiro ring.
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Example 7.2. For a normed analytic ring A4, there is a map Aly — [0, 00]gett; such
that for any A-algebra B and f € B the diagram

T A114 L [0, 00]Betti
I ==
f AnSpec(B)

induces a norm | f| on AnSpec(B). In particular |f| takes a point |- |, € AnSpec(B)
to [fla-

Example 7.3. Let Z((u)) the Laurent series in u. Its solid analytic ring structure
A = Z((u))g is a normed analytic ring for 0 < |u| < 1. Saying that |u| = ¢ for
0 < ¢ < 1 is saying that the map |u| : AnSpec(A) — [0,00]|getti is the constant
map with value ¢. The preimage of [0, 7]getti C [0, 00|Betti 1S the overconvergent disc
Do(r)t = {T € Z((u))q : |T| < r} = {T : |T| < |u|"}. Equivalently, the sequence

k .
%) is a nullsequence.
k

We can produce an affine analytic stack of overconvergent functions on this disc.

Definition 7.4 (Overconvergent Functions on the Disc). The ring of overconvergent
functions on the disc of radius r is

Z((uw))(T)] = ZanT" tap € Z((w)),3Ir' > r st Jay|r™ — 0
n>0

= ZanT" Cap € Z((u)), I’ > 7 st 27l 0
n>0
This language gives us a more precise definition of the overconvergent disc.

Definition 7.5 (Overconvergent Disc). The overconvergent disc of radius r is the
T

analytic spectrum of the overconvergent functions on the disc AnSpec(Z((w))(T')r)o-

This shows that (Z((u))(T)})o is an idempotent Z((u))o[T]-algebra: the canonical
map

id@F[Z((w))a[T)—(Z((w){T)1)a)

(Z((u)(T))o (Z((){T)Do @z (Z(@NT)D)o
is an isomorphism. These become injections on taking AnSpec(—) giving
AnSpec(Z(()){T)})o — AnSpecZ((u))(T].

In the preceding discussion it was crucial that we used the condensed or topological
nature of the algebra.
We can now define the analytic affine line.

Note that the O
here denotes solid-
ity, not a framing as
has been convention
thus far.
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Definition 7.6 (Analytic Affine Line over Z((u))g). The analytic affine line over
Z((u))o is
1,an o T 1
Agite = U Do) S A

<00

Functions on A%’E’(Z))D should be thought of as entire functions in T, that is,

N anT" < ay € Z((w), ¥r < o0, Jaglr™ 0
n>0

Remark 7.7. There are far fewer functions on A%((u))m than on A%’(a(';))m.

We can now define the analytic Habiro ring.

Definition 7.8 (Analytic Habiro Ring). The analytic Habiro ring H?" is the free
Z((u))o-algebra with element ¢ where |¢| = 1 such that:

(i) The sequence ((q;q)n)n>1 has rapid decay in the sense that for all & > 1

(%> is a nullsequence.

k
utt ) >

(ii) For all n > 1, 1 — ¢" is invertible in 2" and for all € > 0 the sequence

uE" .
17 is a nullsequence.
7/ n>1

Remark 7.9. This definition is only preliminary. Indeed, one would only want (i)
in principle, but working with this object is significantly more difficult without (ii).

The analytic Habiro ring is a promotion of the Habiro ring, and admits a com-
parison map from it. In fact, this is already implied by the first condition.

Lemma 7.10. There exists a morphism H — H2".
Proof. Any element of the ordinary Habiro ring H can be written as ano fr(@)(q; q)n
where f,(q) € Z[g*]. Its image in H2" is of the form > n>0 u"fn(q)M The terms

un

(%)nx form a nullsequence and thus ano u” fn(q)(q;# is summable as Lau-
rent polynomials are of bounded norm and u” has exponential decay. |

The second condition in fact implies that the Habiro cohomology of the disc is
trivial.

Proposition 7.11. The Habiro cohomology of Dg(1)! = AnSpec(Z((u))(T)DD is
trivial.

Proof. The Habiro cohomology is computed via the complex Ha”<T>J{ — 7—[3”<T>1
by T" +— (1 — ¢")T"'. The cohomology complex should be quasi-isomorphic to
this one, and by invertibility of (1 — ¢") and the growth condition in (ii) imply the
complex is zero in higher degrees, showing the claim. |
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The triviality of cohomology on the disc is analogous to case of Berkovich motives,
and makes the theory simpler in many ways. In particular (ii) removes undesirable
phenomena of cyclotomic torsion.

Having considered the case of the Habiro ring, we can consider analytic G,
over the analytic Habiro ring. Recall that in the ordinary case, we have that
GHab — Gmn/ q% where the quotient prescribes the descent data of modules with a
g-connection.

Definition 7.12 (Analytic G,, on the Habiro Ring). (G,,)H2® is the quotient
/G where

G =A{z: ((z;¢)n)n>1 has rapid decay} C Gy, pon.

Remark 7.13.
G = AnSpec | colimy,H" <(kaf]n)n>
u n>0

where 3" < (fj%)n ) y ] is the free module on the nullsequence. Assumption (i) of
nz

Definition implies ¢ € G, and we should think of G as a thickened ¢%.

Lemma 7.14. f : x/¢* — */G induces a fully faithful functor f* : Dqcon(*/G) —
Dqcoh(*/¢%). In particular, Dqcon(GHaP) = D( e /G) is a full subcategory of

(G 3 /4")-

Proof Outline. Writing (xy; q), as a polynomial in (z;¢q), and (y; q)n—, with coeffi-
cients given by a g-power-multiple of a g-binomial, condition (ii) shows that f, of
the unit of the source is the unit, giving full faithfulnes. |

In this sense the category of coefficients for Habiro cohomology on GH2P form a full
subcategory of quasicoherent sheaves on G, /q” satisfying a convergence condition.
We now show that the analytic Habiro ring is nonempty.

Example 7.15. Consider
1
B = Q((u)ola - 1) | 2|
q—1
the ring of overconvergent “meromorphic” functions at the point ¢ = 1.
(i) (g;q)n is divisible by (1—¢)™ and for all k, (%) — 0 as overconvergence
n

implies the absolute value of (1 — ¢) is less than any power of u by going to
a smaller disc.
(ii) Using 1 —¢" = (1 — q)[n]q where [n], is a unit of norm 1 so

uan 1 u&n
1—¢" 1-¢q (Mq)

so the increasing powers of u being a nullsequence imply this is a nullsequence
too.




40 WERN JUIN GABRIEL ONG

exhibiting the Z((u))g-algebra By as a specialization of the analytic Habiro ring. In
particular, the analytic Habiro ring H®" is nonzero.

Remark 7.16. The main reason the conditions (i) and (ii) do not contradict each
other in this example is that (ii) only asks that the sequences are not too large
integrally, but their product behaves like a factorial so decays faster.

More generally, for all m > 1, we can define

By = Q(Gn)(u))0(a — Gm) [1]
q— Gm
which also satisfies the conditions of the analytic Habiro ring. One can also show
that H2"/p # 0 and connects to the theory of Berkovich motives in characteristic p,
and in fact defines a new ring stack in that setting.
Moreover, this construction is related to g-divided powers as we now discuss.
Recall that to define the de Rham stack integrally, we use the quotient G,/ Gg in

place of ((/}\a where Gg = Spec (Z [TTZL] ) So in the settting of g-de Rham cohomology,
we would expect to use GG,H/G%{ where G4* = Spec (7—[ [(T ]) but this is not

)
a subgroup for addition, so this is not the correct approach. We can try and do

a similar approach using G, » /G%H where GZ,;%H = Spec (7—[ [%D which for
Hab

a long time was the instructor’s candidate for G[2°, but this does not work as ¢-
divided powers are in general poorly behaved. In particular, difficulties arise in
defining addition.
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8. LECTURE 8 — 11TH JuLy 2025

We will construct the Habiro ring stack. Recall that we have defined the analytic
version of the Habiro ring Definition [7.§ as the free Z((u))g-algebra in one variable
q with appropriate growth conditions at roots of unity. We will consider a variant of

this, where the condition that for all € > 0 the sequence <%) o is a nullsequence
is removed. This will make the construction easier, but ring stack that we produce
will be ill behaved on the locus where the abovementioned condition does not hold.

Consider the analogous situation in de Rham cohomology. In characteristic zero,
the de Rham stack X9R is defined to be the quotient of X along the formal com-
pletion of the diagonal. But in characteristic p > 0, one either needs to take the
quotient by divided powers along the diagona. If not, the ring stack will compute
infinitesmal cohomology, and does not recover de Rham cohomology.

Recalling the discussion from the end of Section [, the crux is defining a map
r +— 1 =M 2 which will allow us to define the gluing of (G,,)™2 with itself to
( A%‘ ) Hab.

Lemma 8.1. Let G be the subgroup of G;’L’ﬂan given by
{2 € G g+ ((759)n),,>0 has rapid decay} C G 3

at ¢ = ( is the overconvergent neighborhood of the subgroup of mth roots of unity
numgU U where p,, = {x € G%"Han s =1}

Proof. Obserbe the symbol (x; G, )y is periodic. So it suffices to show that (1 —z™)"
has rapid decay. Equivalently, 1—a™ lies in an overconvergent neighborhood of zero,
and z is in an overconvergent neighborhood of ti,. |

Example 8.2. Let ¢ = 1, then G = ({1} C G;;‘ﬂan)T and the quotient G} 3an /G is
the analytic de Rham stack of Rodriguez Camargo.

This leads to the expectation that there is an isomorphism (A;zi,?)"'aﬂq:l =

(A?l_;: )9R between the ¢ = 1 specialization of the Habiro ring stack (A?l_;: yHab
and the analytic de Rham stack over the Habiro ring. In particular, at ¢ = 1,
(1 —Hab x)|q=1 = 1 —z. More generally, for m arbitrary, we are considering the quo-
tient G3 gjan / (1im C Gfgﬂan)T. Note that by passing to mth powers, there should be

an isomorphism

dR
a0 gon (tim € Gonan)t ———— (G303 )

m

ZT t T

so taking (A;;? )H2b| —¢,. should recover the analytic de Rham stack (A;;f 4R but
the specialization of the operation of (1 —"2P 2)|,_. ~should be sent to (1 —2™)}/™

on the analytic de Rham stack.
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By virtue of (A;ﬁ: )Hab being a ring object, there should be a canonical map

Hab

Z — (A;_;? )Hab taking an integer n to its Habiroization nH3® whose specialization

1/m Hab

at q=Cn isn when n"?® is invertible.

Example 8.3. Consider the subring of H2" [ql/ 2] consisting of those series such that
(—ql/z; q)n, has rapid decay. Then (—1)H2b = ¢'/? as its square is sent to the coset G

under the quotient of Example B.2. In particular, at ¢ = (p, (—1)Hab|q:<m = (om =
1/2
q’e.

To construct z — 1—H2Px we pick = € G%"Han \ G and seek to construct a G-torsor
together with an injective map to Gj‘r’;’%an. Equivalently, this will be a subspace of
G2" that is a G-torsor.

Definition 8.4 (1 —H2® z). 1 —Hb 2 is the set of all y € G 30 such that the

sequence
k(k—1) , £(£—1)
e R n k 0
Z (—D)"q > 2 e nfkfé]qu
k>0, k+-0=n
has rapid decay.

The origin of this theory arises from some Cartier duality computations for alge-
braic groups: we seek to produce a map G?r?,’}-[ \ G = G,,/G, but we can identify

the latter with Hom,qq(G" /¢%, BG,,) of additive homomorphisms where GV is the
Cartier dual of G. We can write

;
GY = AnSpec [ H" uk"% ) )
go P ( < (4 ¢)n >

We then want to specify a map G2"\ G — Homaqgq(G" /q%, BG,,) instead. Using that
Hom,qg(GY/q%, BG,,) C Mor,(GY /q%, BG,,) of pointed maps of stacks on which a
certain line bundle is trivial. So for x € G27 \ G, we can construct a line bundle on
GV /q” by taking the trivial line bundle on GV and prescribe it descent data to the
quotient where ¢ acts by multiplication by 1 — x as the composite

G Gy \ G —— G

1 __Hab

gt > g ¢ gx.

The action of ¢" in general given by multiplication by (1 — gz)(1 — ggx)...(1 —

q"1gr) = (97; q)n. Recall that (t; ¢)oo Was a section of a line bundle on Hype, Lz
T1—t

and (1 — t;¢)so its inverse defined on HZ[ti /20— So the product (;q)eo(t —
Tt

1; @)oo should actually be a function on the G torsor

(Ghlaen \ G) X, \1pyHeb (G ggn \ G)
which solves two g-difference equations, viewing both the Habiro rings as G-torsors
G aen \G — (G,,\{1})H2b. Conversely, solutions to those two g-difference equations
will give rise to sections of line bundles on the product GV /¢% x GV /¢*.
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This construction gives rise to a ring stack defining z —y = z(1 — %) and we can
verify the ring axioms. The only nontrivial verification here is for the associativity,
which is given by the five-term relation for the dilogarithm.

Remark 8.5. Alternatively, (Aj20) = A2/ ~ where o ~ y if (z;y), has rapid
decay for all n.

Example 8.6. 1 +H201 = 2Hab j5 the set of all y € H2" such that
n
n m(m—1)
> (=™ [ } ¢ = "W QDn-m
q

has rapid decay.

This completes the
computation alluded
to at_the end of Sec-
tion [l.
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APPENDIX A. ExprLICIT ELEMENTS OF THE HABIRO RING
(D’APRES GAROUFALIDIS- WHEELER )

This appendix contains the proof sketch of Example @ The interested reader
is encouraged to consult [GW25] for further details.
We want to show that the element

1 B kit ka\ o ka
1—T1—"-—Td_ Z < ki...kq )Tl -1 € Z(IT]

k1,...,kq=>0
has a g-deformation. More precisely, we seek to show that for R = Z[T7, ..., Ty, ﬁ]
that the element
(A1) S [ e zigtim)
k1 yoonrig >0 1

obtained by g-deformation of the multinomial lies in H g ) where O : Z[¢*][T] — R
is the obvious map. For this, it sufficse to show that R(™[[g — ¢n]] € Z[Gnl[[T, q —

Cm)]-
We have that

1
m) =7z |T,...,T,
R |:17 ) dvl_T{n__TC?ln
and that the Frobenius gluing is already completely determined by the injectivity
R™[[qg — Cml] = Z[CGnl[[T,q — Cm)] as it can be checked after T-adic completion.
Note, furthermore, that

1
1—Tm— - =Ty

1

- _|Nzmn,...T
[ TT—T () zlT all

Z|:T17-~7Tda

:Q|:T1’~-~7Td’

as subrings of Q[[T1,...,T4]], so it suffices to verify the statement rationally. Using
q = Cm eﬁh% we get an isomorphism Q(¢m)[[¢ — Gml] = Q(¢m)[[A]] and seek to

develop (JA.1)) as a power series in h:

. .2
1—q’:1—exp(ih):—ih—%hQ—...

(¢:Q)n = (=1)"A" <1 Lontl) )

4
Using that
ki+-+k

kitotkg] _ (F1 d

[;l...kdd}q—( A )-om)
where O(h) is a power series in h with coefficients in Q[k,...,kq], we have that
each term in the power series expansion in h at m = 1 is of the form

ki+--+kq k k

A2 P(ky,... kg)Tyt ... T4,
( ) Z ( kl-”kd ) (17 7d)1 d

k1,...,kq=>0

We then use the following lemma.
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Lemma A.1. Let P(ki,...,kq) € Q[k1,...,kq] as in (@) lies in

1
= T, ..., T, .
R Q|:17 ) d’].Tl"'Td:|

Proof. Without loss of generality, we can take P to be a monomial k{* ... k¢, We

get, up to a constant, that (V)% ... (V8)ed of ﬁ lies in R. [ |

More generally the power series expansion at m is given by

mky + -+ + mkg . X

A3 P(ky, ... kg)T/™" . T

( ) Z ( mkl...mkd ) (17 ’ d> 1 d
k1,....,kq>0

which by similar arguments can be shown to lie in R as well.
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APPENDIX B. ON ANIMATION

We recall the construction of animation following [Lur09, §5.5.8] and as discussed
in Section f and the proof of Theorem p.7.

The construction of animation, or non-Abelian derived functors, dates back to
the construction of the cotangent complex, following Quillen and Illusie. We first
recall the Dold-Kan correspondence.

Theorem B.1 (Dold-Kan Correspondence; [Stackd, Tag 019G]). Let A be an
Abelian (1-)category. There is an equivalence of categories between simplicial ob-
jects of A and the subcategory of A-chain complexes concentrated in non-negative
degree.

We now define the cotangent complex (cf. [Stacks, Tag 08PL]).

Definition B.2 (Cotangent Complex). The cotangent complex is the chain complex
associated to the simplicial R-module

—
Z|Z|ZR||| — Z|Z|R Z|R
— ZZZIR)) [Z[R]) ==} ZIR
with degeneracy maps augumentation maps under the Dold-Kan correspondence.

This construction is motivated by the fact that on smooth (in particular polyno-
mial) Z-algebras R, the cotangent complex is given by Lp/; = Qp 1z [0] which has
an explicit description in terms of generators and relations.

More generally, the analogy between derived functors and their non-Abelian coun-
terpart arises from the fact that in both situations one passes to “free resolutions,”
applies the functor there, and shows the resulting construction is independent of the
choices made.

Before defining animation, we make the following recollections.

Definition B.3 (Compact Projective Objects). Let C be a category with 1-sifted
colimits. An object X € C is compact projective if Hom¢(X, —) commutes with
1-sifted colimits, or equivalently, with filtered colimits and reflexive coequalizers.

Example B.4. We consider some examples of categories and their compact projec-
tive objects.

C cep
Sets finite sets
CRing | finitely generated polynomial algebras over Z and retracts thereof
AbGrp free finitely generated Abelian groups
Grp free groups on finitely many generators

Denoting the full subcategory of C spanned by the compact projective objects
C we have by the Yoneda embedding fully faithful embeddings

CP < sInd!(CP) — C

where sInd!(—) is the closure under 1-sifted colimits.


https://stacks.math.columbia.edu/tag/019G
https://stacks.math.columbia.edu/tag/08PL
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Definition B.5 (Category Generated by Compact Projectives). Let C be a cate-
gory with all colimits. C is generated by compact projective objects if there is an
equivalence of categories sind!(C%®) = C.

We are now ready to define animation of a category in earnest.

Definition B.6 (Animation of a Category). Let C be a category admitting all
colimits. The animation Ani(C) of C is the oo-category sInd(CP), the closure of (the
nerve of) C? under oo-categorical sifted colimits.

In other words, Ani(C) is a cocomplete oo-category generated under filtered col-
imits and geometric realizations of simplicial objects by CP, or as the localization
of the category of simplicial objects of C at the weak equivalences. The animation
Ani(C) of C possesses the universal property that it is initial object in the (non-full)
subcategory of cocomplete co-categories under (the nerve of) CP with sifted-colimit
preserving functors [CS24, §5.1.4].

Example B.7. We consider some examples of categories and their animations.
C Ani(C)

Sets Ani, the category of animae or co-groupoids
CRing Ani(Ring) the category of animated (commutative) rings
AbGrp complexes of Abelian groups conc. in deg. > 0, ie. D>o(Z)

A any Abelian cat. D>o(A), once again by Dold-Kan

The construction of animation is furthermore functorial, and we can form the
animation of functors. For ' : C — D a 1-sifted colimit preserving functor between
cocomplete categories generated by compact projectives, restriction yields a functor
F|ce : CP — D and thus a functor to Ani(D) by composition. This yields a solid
diagram

cep DUV L > Ani(C)
FlCCPJ/ \ iAnl(F)
D T(_)> Ani(D)

Since the diagonal composition map C® — Ani(D) preserves (nerves of) 1-sifted
colimits — the preservation of co-categorical sifted colimits is vaccuous as the source
is (the nerve of) a 1l-category — the dotted factorization exists by the universal
property of animation.

Definition B.8 (Animation of a Functor). Let F' : C — D be a 1-sifted colimit
preserving functor between cocomplete categories generated by compact projectives.
The animation Ani(F) of F is the unique sifted colimit preserving functor Ani(C) —

Ani(D) factoring C? — Ani(D).

Remark B.9. Just as in the case of ordinary categories, animated functors do not
necessarily compose well. See [CS24, Prop. 5.15] for the requisite hypotheses.

Let us return to the cotangent complex.

The instructor states
that the plural of
anima is anima,
not animae, despite
this being gramat-
ically incorrect.
The author, having
previously studied a
classical language,
remains insistent
on adhering to the
correct grammatical
conventions.


https://logeion.uchicago.edu/morpho/animae
https://logeion.uchicago.edu/morpho/animae
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Example B.10. Let R be a ring and Q%—)/Z : CRing — AbGrp the functor taking

each commutative ring to its module of Kéhler differentials. The cotagnent complex
L_,z : Ani(Ring) — D>0(Z) is the animation of the functor Q%_)/Z.

We conclude with the following result about the animation of rings and polynomial
algebras.

Proposition B.11. The animation of the inclusion functor of polynomial Z-algebras
in finitely many variables into the compact projective objects of commutative rings
¢ : Poly; < CRing®P is an equivalence Ani(¢) : Ani(Poly;) — Ani(Ring).

Proof. Every retract of polynomial algebras over Z in finitely many variables is
a quotient, and hence a 1-sifted colimit. In particular, the closure of (the nerve
of) Poly; under sifted oco-categorical colimits coincides with that of the analogous
construction for CRingP. |
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